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Preface

For several decades the semimartingale processes were the best model in or-
der to implement many ideas. The stochastic calculus for semimartingales
and the general theory of stochastic processes, which are closely connected
to the theory of stochastic integration and stochastic differential equations,
were originated by N. Wiener (Wie23), P. Lévy (Le48), K. Ito (It642), (1t644),
(It651), A.N. Kolmogorov (Kol31), W. Feller (Fel36), J.L. Doob, M. Loéve,
I. Gikhman and A. Skorohod (the list of related papers and books is very long
and we do not mention it here in full). Those ideas were developed further by
several authors, among them there are K. Bichteler (Bi81), C.S. Chou, P.A.
Meyer and C. Stricker (CMS80), K.L. Chung and R.J. Williams (ChW83),
C. Dellacherie (Del72), C. Dellacherie and P.A. Meyer (DM82), C. Doléans-
Dade and P.A. Meyer (DDM70), H. Féllmer (Fol81a), P.A. Meyer (Me76) and
M. Yor (Yor76). These theoretical data were fruitfully discussed and summa-
rized in the monographs of J. Jacod (Jac79), R. Elliott (El82), P.E. Kopp
(Kop84), M. Métivier and J. Pellaumail (MP80), B. @ksendal (Oks03), P.
Protter (Pro90). Limit theorems in the most general semimartingale frame-
work were proved by J. Jacod and A.N. Shiryaev (JS87). A very convenient
way to consider financial markets is to insert them into semimartingale mod-
els, as perfectly demonstrated by I. Karatzas and S. Shreve (KS98), A.N.
Shiryaev (Shi99), F. Delbaen and W. Schachermayer (DS06). The Malliavin
calculus for the Wiener process was presented in the books of P. Malliavin
(Mal97) and D. Nualart (Nua95). However, in recent years the well-studied
theory of semimartingales turns out to be insufficient in order to describe
many phenomena. On one hand, telecommunication connections, asset prices
and other objects have “long memory”. This effect cannot be described with
the help of such processes as the Wiener process, which has independent in-
crements and has no memory. On the other hand, the concept of turbulence in
hydrodynamics can be described by self-similar fields with stationary (depen-
dent) increments (A.M. Yaglom (Yag57), A. Monin and A.M. Yaglom (MY67)
and A.M. Yaglom (Yag87)).
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A.N. Kolmogorov (Kol40) was the first to consider continuous Gaussian
processes with stationary increments and with the self-similarity property; it
means that for any a > 0 there exists b > 0 such that

Law(X (at); t > 0) = Law(bX (t); t > 0).

It turns out that such processes with zero mean have a special correlation
function:

1
EX(8)X(s) = 5 (s + |t = [t = s*")

where 0 < H < 1. A.N. Kolmogorov called such Gaussian processes “Wiener
Spirals” (“Wiener screw-lines”). Later, when the papers of H.E. Hurst (Hur51)
and H.E. Hurst, R.P. Black and Y.M. Simaika (HBS65), devoted to long-term
storage capacity in reservoirs, were published, the parameter H got the name
“Hurst parameter”. The stochastic calculus of the processes mentioned above
originated with the pioneering work of B.B. Mandelbrot and J.W. van Ness
(MvN68) who considered the integral moving average representation of X via
the Wiener process on an infinite interval and called this process fractional
Brownian motion (fBm). Note that B.B. Mandelbrot worked with fractional
processes during a long period and his later results concerned the fractals and
scaling were summarized in the book (Man97). Note also that it was proved
in the paper (GKO05) that the moving average representation of fBm is unique
in the class of the right-continuous, nondecreasing concave functions on R;..
The first result where fBm appeared as the limit in the Skorohod topology
of stationary sums of random variables was obtained by M. Taqqu (Taq75);
another scheme of convergence to fBm in the uniform topology was considered
in (Gor77). Spectral properties of fBm were studied by G. Molchan (Mol69),
G. Molchan and J. Golosov (MG69), G. Molchan (Mol03), and later by K.
Dzhaparidze and H. van Zanten (DvZ05), (RLT95), (SL95).

The next intensive wave of interest in fBm arose in the 1990s. It can be
explained by various applications of fBm and other long-memory processes in
teletraffic, finances, climate and weather derivatives. The paper (DU95) was
one of the first paper devoted to stochastic analysis for fBm. Note that fBm
is neither a semimartingale (except the case H = 1/2 when it is a Brownian
motion) nor a Markov process. However, it is closely connected with fractional
calculus and can be represented as a “fractional integral” (with the help of a
comparatively complicated hypergeometric kernel) via the Wiener process not
only on infinite, but also on finite intervals. This was stated by I. Norros, E.
Valkeila and J. Virtamo (NVV99) and C. Bender (Ben03a). Such a representa-
tion, together with the Gaussian property of fBm and the Holder property of
its trajectories (fBm with Hurst index H is Holder up to order H) permits us to
create an interesting and specific stochastic calculus for fBm. The development
of the theory of long-memory processes moved in several directions: stochastic
integration, stochastic differential equations, optimal filtering, financial appli-
cations, statistical inference, from one side (these topics create the main points
of this book) and a lot of other theoretical problems and applications, from
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the other side. In our Preface we mention for the most part the papers that
are not mentioned and used in the text of the book but play a very im-
portant role in the development of the theory of long-memory processes.
For example, series, spectral and wavelet analysis for fBm was considered in
(AS96), (ALP02a), (Mas93), (Mas96), (RZ91), (DvZ05), (DF02), (DvZ04),
(SL95), (Mac81b); local times, the Tanaka formula, the law of the iter-
ated logarithm, maximal properties and the Kallianpur-Robbins law for fBm
and related processes were studied in (Ber69), (CNT01), (HO02), (HP04b),
(Sin97), (HOS05), (GRV03), (KK97), (KM96), (KO99), (Ros87), (KM96),
(Kono96), (Sh96), (EIN93), (Tal96) and (Taq77). Furthermore, stochastic
evolution equations driven by fBm were investigated in the papers (AG03),
(CDO01), (MNO03), (TTV03) and some methods of construction of fBm were
proposed in (Yor88) and (Sai92).

R.J. Adler and G. Samorodnitsky (AS95) considered super processes con-
nected to fBm. The Clark—Ocone theorem for fBm was established in (BE03)
and (AOPUO00); forward and symmetric integrals for fBm were constructed in
(BO04), (CN02), (Zah02b) (note that the general theory of forward, backward
and symmetric integrals was created by F. Russo and P. Vallois in (RV93),
(RV95a), (RV95b), (RV98) and (RV00)).

Detection and prediction problems were discussed in the papers (BP88),
(GN96), (Dun06); the stochastic maximum principle for a controlled process
governed by an SDE involving fBm was proved in (BHOS02); stochastic Fu-
bini theorem for fBm was studied in (KMO0O0); time rescaling for {fBm was in-
vestigated in (Mac81a); Hausdorff measure and packing dimension connected
to fBm were considered in (Tal95), (TX96), (Xia0o91), (Xia096), (Xiao97a),
(Xiao97b); estimation of the parameters of long-memory processes, in particu-
lar, the estimates of the Hurst parameter are presented in (Ber94), (BGKO06),
(BG96), (BGIS), (GRO3a). Markov properties of some functionals connected
with an fBm were considered in (CC98).

Rough path analysis for fBm was studied in (CQ02) and some of its ap-
plications were considered in the manuscript (HNO06); the properties of the
Gaussian spaces generated by an fBm were established in (PT01); distribution
of functionals connected with fBm was obtained in (CM96), (LN03), (EIN99)
(Sin97), (Zha96), (Zha97); the Skorohod-Stratonovich integral for fBm was
studied in (Dec01), (ALNO1), (AMNO1), (AN02); the properties of spectral ex-
ponent of fBm were established in (LP95); multi-parameter fractional Brown-
ian fields were studied in (ENOO02), (Kam96), (ALP02b), (Lind93), (Gol84),
(KK99), (0Z01), (PT02a), (Tal95), (TV03), (TT03), (Tud03), (MisI03),
(MisIlo4), (MisIl06), (Mur92); set-parametrized fractional Brownian fields
have been studied in the papers (HMO06a), (HMO6b); asymptotic properties
of two-dimensional fractional Brownian fields were considered in (BaNu06).
The Malliavin calculus for fBm was developed in (Hu05), (Pri98), (Nua03),
(Nua06); fBm in Hilbert space was constructed and investigated in (DPMO02).
The papers (HN04), (KLeB02), (AHLO1), (ALNO1), (CKMO03) are devoted
to stochastic fractional Ornstein—Uhlenbeck, Riesz—Bessel and Lévy type
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processes. An interesting formula of transformation of fBm with Hurst in-
dex H into fBm with index 1 — H was obtained in (Jost06). Mention also the
papers (DU98), (Daye03) and forthcoming book (BHOZOT).

Note that fBm has a long-memory property only for H € (1/2,1). In
the case H € (0,1/2) it is a process with short memory. The theory of such
processes is quite different. FBm with H € (0,1/2) was studied in (ALNO1),
(AMNO00), (AI04) and (CNO5); simulation of fBm and various applications
of fBm were considered in (CM95), (CM96), (Nor95), (Yin96), (Dun00),
(Dun01), (DF02), (Seb95) and (Sin94).

Fractional Brownian motion as a model of financial markets was proposed
in a large number of papers. (See, for example, (AMO06), (BE04), (BSV06),
(BO02), (BH05), (Che01b), (Dun04), (EvHO1), (EvH03), (Gap04), (HOO03),
(HOS03), (HOS05), (Rog97), (Sch99), (Shi0l), (Sot01), (SV03), (WRLO03),
(WTT99), (Wyss00) and (Zah02a).) Financial markets with memory were
considered in (AlI0O5a), (AIO5b), (INA07) and (INO7). Moreover, filtering
and prediction problems were considered in (CD99), (INA06), (KKA98D),
(LeB98), (KLeBR99), (KLeB99), (KLeBR00), (Dun06) and (GN96). In addi-
tion, some related applied problems were studied, e.g., in (MS99), (Nar98),
(Nor95), (Nor97), (Nor99). An estimate of ruin probabilities for the models
with the long-range dependence was studied in (Mis05), (HP04b). Statistical
inferences for the processes related to fBm are a very extended area. The
major contributions to this theory were made, among other authors, by M.
Taqqu and P.M. Robinson. We mention here also the papers of P. Doukhan,
A. Khezour and G. Lang (DKL03), L. Giraitis and P.M. Robinson (GR03b),
and the papers (DH03), (HH03), (KS03), (MS03), (BLOPST03), (WTT99).
Of course, our list of the papers devoted to the theory of fBm is not exhaus-
tive. The book of P. Doukhan, G. Oppenheim, M. Taqqu (editors): Theory
and Applications of Long-range Dependence (Birkhduser, Boston 2003) con-
tains papers devoted to different aspects of stochastic calculus for fractional
Brownian motion and related processes. We mention, in particular, the papers
of D. Surgailis (Sur03a), (Sur03b) and M. Maejima (Mae03), devoted to cen-
tral and non-central limit theorems, where the asymptotic distribution is not
the classical standard normal and the limit process is not the Wiener process.
The processes of moving average type are obtained as the limiting ones for
increasing sums of some stationary sequences that do not have finite vari-
ance. See also the papers (Ho96), (Dec03), (Do03), (Mol03), (PT03), (Taq03),
(SWO03) from this edition describing stochastic analysis and other aspects of
the processes with long memory; papers concerning statistical problems were
mentioned above. It is clear from the aforesaid descriptions and citations that
there exists the urgent need to systematize the existing results devoted to frac-
tional Brownian motion, to select the best of them (in the author’s opinion)
and to present them in appropriate form. Also, some well-known results admit
generalizations, and it can be done without great technical difficulties. The
present book is devoted to the solution of these two problems. Of course, we
cannot claim the complete presentation of all the results concerning fractional
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Brownian motion; it is impossible as the reader can see from aforesaid list.
So, we choose only the following topics: Wiener and stochastic integration,
1t6 formula, Fubini and Girsanov theorems, stochastic differential equations,
filtering in the mixed Brownian—fractional-Brownian models, financial appli-
cations, some statistical inferences for fractional Brownian motion and the
stochastic calculus of multi-parameter fractional Brownian processes. These
fields coincide with the main directions of our own interest in the long-memory
effect.

The book consists of six chapters divided into 41 sections. Chapter 1 is
devoted to the Wiener integration (when the integrand is nonrandom) with
respect to fractional Brownian motion. Section 1.1 is devoted to the principal
definitions from fractional calculus. We recall the notions of fractional integrals
and derivatives both for finite and infinite intervals, formulate the Hardy—
Littlewood theorem, give the Fourier transformation for fractional integrals
and derivatives and calculate the values of some important fractional deriva-
tives. Section 1.2 contains some elementary properties of fractional Brownian
motion including the simplest spectral representations. Section 1.3 contains
the Mandelbrot—van Ness representation of fractional Brownian motion via the
Wiener process and some fractional kernels on real axes. These kernels are the
prototypes for the future definition of the Wiener integration w.r.t. fBm. Sec-
tions 1.4 and 1.5 describe the construction of fractional Brownian motion and
fractional noise on white noise space. Such space is convenient for applications
since it is possible to consider mixed Brownian—fractional-Brownian processes
and linear combinations of fractional Brownian motions with different Hurst
indices on such space and to apply Wick calculus to them. It is proved that
any fractional noise with H € [1/2,1] belongs to the Hida distribution space
S* (we establish the corresponding estimates for the negative norms). The re-
lations between motion and noise are established as in the usual Wick calculus
for the Wiener noise. In Section 1.6 we return to fBm on arbitrary space. The
section contains the definition of the Wiener integral with respect to fBm and
various relations between different “integrable spaces” related to fBm. Section
1.7 is devoted to (non) completeness of the Gaussian spaces generated by fBm,
in connection with their norms. Section 1.8 contains the representation of fBm
via the Wiener process on any finite interval [0,7] and some representations
for auxiliary processes. Sections 1.9 and 1.10 present moment estimates for
Wiener integrals w.r.t. fractional Brownian motion. Using the conditions of
continuity of the trajectories of Wiener integrals w.r.t. fBm (Section 1.11) we
extend in Section 1.12 the upper moment estimates to solutions of very simple
stochastic differential equations containing Wiener integrals. Section 1.13 con-
tains the proof of the stochastic Fubini theorem for the Wiener integrals w.r.t.
fractional Brownian motion. Section 1.14 deals with such Gaussian processes
that can be transformed into martingales with the help of some kernels
(fBm can be transformed into the Wiener process with the help of hyper-
geometric kernels). Section 1.15 is devoted to different convergence schemes,
in which fBm is approximated by the sequence of semimartingales, and even
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by the continuous processes with bounded variation. In the last case Wiener
integrals w.r.t. fractional Brownian motion also can be approximated. Sec-
tion 1.16 demonstrates the Holder properties of the Wiener integrals w.r.t.
fractional Brownian motion. Section 1.17 contains some auxiliary estimates
for fractional derivatives of fBm and for the Wiener integrals w.r.t. Wiener
process via the Garsia-Rodemich—Rumsey inequality. Section 1.18 contains
one- and two-sided bounds for power variations for fBm and Wiener integrals
w.r.t. fBm. Section 1.19 contains the result stating that some conditions of
quadratic variation of a stochastic process supply that this process is an fBm;
it is kind of generalization of the Lévy theorem for the Wiener process. Section
1.20 concludes; it describes Wiener fields on the plane and related fractional
integrals and derivatives.

Chapter 2 is devoted to stochastic integration w.r.t. fractional Brownian
motion and other aspects of stochastic calculus of fBm. There exist several ap-
proaches to stochastic integration w.r.t. fractional Brownian motion: pathwise
integration, Wick integration, Skorohod integration, isometric integration and
some others that are not mentioned here. Pathwise stochastic integration in
fractional Sobolev-type spaces and in fractional Besov-type spaces is described
in Section 2.1 and is generalized to fBm fields in Section 2.2. Wick integra-
tion is considered in Section 2.3 and is reduced to the integration w.r.t. white
noise. Two approaches to the Skorohod integration and their connections with
forward, backward and symmetric integration are discussed in Section 2.4.
Isometric integration is the subject of section 2.5. The stochastic Fubini the-
orem and various versions of the Itd formula and the Girsanov theorem are
contained in Sections 2.6-2.8 which conclude Chapter 2.

Chapter 3 is devoted to different properties of stochastic differential equa-
tions involving fBm. Section 3.1 contains the conditions of existence and
uniqueness of solution of a “pure” stochastic differential equation containing
a pathwise integral w.r.t. fBm and the estimates of its solution. Most of the
theorems are stated in the spirit of the paper (NR00O) but the results of Zahle
(Zah99) on existence of local solutions are also presented since they are used
later for construction of global solutions in the cases when other results cannot
help. Some properties of SDEs with stationary coefficients including differen-
tiability and local differentiability of the solutions are presented in Subsection
3.1.4. Existence and uniqueness of solutions of SDEs with two-parameter frac-
tional Brownian fields is contained in Subsection 3.1.6. Semilinear “pure” and
“mixed” SDEs are considered in detail in Subsections 3.1.5 and 3.2.1. The rate
of convergence of Euler approximations of solutions of SDEs involving fBm is
the subject to Section 3.4. SDEs with fractional white noise are considered in
Section 3.3, and a detailed discussion of SDEs with additive Wiener integrals
w.r.t. fBm is presented in Section 3.5.

Chapter 4 is devoted to filtering problems in the mixed fractional models.
Section 4.1 considers the case when the signal process is modeled by mixed sto-
chastic differential equations involving both fractional Brownian motion and
the Wiener process and the observation process is the sum of the fractional
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Brownian integral and the term of bounded variation. Optimal filtering in con-
ditionally Gaussian linear systems with mixed signals and fractional Brownian
observation is studied in Section 4.2. In these sections we consider only non-
random integrands in all the stochastic integrals. In Section 4.3 we make an
attempt to generalize the model and consider polynomial integrands depend-
ing on fBm.

Chapter 5 is devoted to financial models involving fBm. In general, fi-
nancial markets fairly often have a long memory and it is a natural idea to
model them with the help of fBm or with the help of some of its modifica-
tions. Nevertheless, it is not so easy to do this because the market model
is “good” when it does not admit arbitrage and the models involving frac-
tional Brownian motion are not arbitrage-free. So, this chapter is devoted to
some methods of construction of the long-memory arbitrage-free models and
to the discussion of different approaches to this problem. In Section 5.1 we
introduce the mixed Brownian—fractional-Brownian model and establish con-
ditions that ensure the absence of arbitrage in such a model. In Section 5.2
we consider a fractional version of the Black—Scholes equation for the mixed
Brownian-fractional Brownian model which contains pathwise integrals w.r.t.
fBm, discuss possible applications of Wick products in fractional financial
models and produce Black—Scholes equation for the fractional model involv-
ing Wick product w.r.t. {Bm.

Chapter 6 is devoted to the solution of some statistical problems involving
fBm. The choice of the first problem which is solved in Sections 6.1 and
6.2 was evoked by some financial reasonings considered in Chapter 5. More
exactly, we try to determine which of the two geometric Brownian motions
from (5.2.6) serves as the better model for the real financial market, i.e. we test
the complex hypothesis concerning the shifts in the geometric fBm; one of the
shifts corresponds to the pathwise integral, and another to the Wick integral.
In Section 6.3 we consider the existence and the properties of estimates of the
shift parameter in different “pure” and “mixed” models involving fBm and,
possibly, the Wiener process, which can be independent of or, conversely,
“linearly dependent” on fractional Brownian motion.

T am grateful to Esko Valkeila who invited me several times to Helsinki Uni-
versity during the period of 1997-2005 and presented a possibility for fruitful
work and discussion of the problems connected to fractional Brownian mo-
tion and related topics. Also, I am grateful to David Nualart for inviting me
to Barcelona University during 2001-2003 when we discussed the problems
connected to stochastic differential equations involving fBm. My thanks to all
my other coauthors, with whom we have written the series of papers devoted
to the stochastic calculus for fractional Brownian motion, especially to Jean
Memin, Alexander Kukush, Georgij Shevchenko and Taras Androshchuk. My
special thanks to Murad Taqqu and Christian Bender for their useful sug-
gestions concerning contents of the minicourse of the lectures devoted to the
stochastic calculus for fBm that I delivered in Helsinki Technology University
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in May 2005. I wish to thank also Celine Jost who has carefully read a part
of the text of this book and made a lot of improvements.

Kiev, Yuliya Mishura
April 24 2007
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1

Wiener Integration with Respect to Fractional
Brownian Motion

1.1 The Elements of Fractional Calculus

Let a > 0 (and in most cases below a < 1 though this is not obligatory).
Define the Riemann—Liouville left- and right-sided fractional integrals on (a, b)
of order a by

(1, /f t)(x —t)*tdt,

(L= f / f)(t —z)*tdt,
respectively.

We say that the function f € D(Ig, )) (the symbol D(-) denotes the
domain of the corresponding operator), if the respective integrals converge for
almost all (a.a.) € (a,b) (with respect to (w.r.t.) Lebesgue measure).

The Riemann—Liouville fractional integrals on R are defined as

and

(I3 f) /f t)(x —t)*tdt,
and

(I%f)(z) : /f t)(t —x)* tdt,

respectively.

The function f € D(I¢) if the corresponding integrals converge for a.a.
z € R. According to (SKM93), we have inclusion L,(R) C D(I$),1<p<
Moreover, the following Hardy—Littlewood theorem holds.

Theorem 1.1.1 ((SKM93)). Let 1 < p,q < o0, 0 < a < 1. Then the
operators IS are bounded from L,(R) to L,(R) if and only if 1 < p < %

«
and q = p(1 — ap)~t. This means, in particular, that for any 1 < p < % and

q9= 1" ap, there exists a constant Cp g such that
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(/R (/le(u)lxuwldu)qu) " < Chaall fllL, @) (1.1.1)

Fractional integration admits the following composition formulas for frac-
tional integrals:

802 f =100 0 f=10""f

for f € Ly[a,b]. If a+ (8 > 1 then these equalities hold at any point = € (a, b),
otherwise they hold for a.a. x. Also,

121 = 13

for f € Ly,(R), o, >0and a+ 3 < %. Let f € L,la,b], g € Lqgla,b], p,g > 1
and%+% <l4a,orletp>1,¢>1and :+ L =1+a. Then we have
the following integration-by-parts formula for fractional integralsintegration-
by-parts formulalfor fractional integrals:

b b
/ o) (I% 1) (@)de = / )2 g)(@)de.

Let f € Lp(R), g € Ly(R), p>1,¢> 1 and ; + ; =1+ a. Then

/R o (&) (IS f) ()de = / F(@)(I%g) () dz. (11.2)

Let C*(T) be the set of Holder continuous functions f : T — R of order ), i.e.

CMT) = {f: T =R |Ifllr := sup | £ (1)
teT

+ sup |f(s) = It — )7 < oo}

s,teT

If « >0 and ap > 1, then I$(L,(R)) C C*a,b] for any —0o < a < b < 00
and 0 < A< a— %.

The next result is evident.

Lemma 1.1.2. Let 0 < a <1, f € L,(R), 1 <p < L and I f = 0. Then
f(z) =0 for a.a. x € R.

For p > 1, denote by I$(L,(R)) the class of functions f, that can be
presented as Riemann-Liouville integrals, more exactly, f = I¢y for some
¢ € L,(R), p > 1. Lemma 1.1.2 ensures the uniqueness of such function ¢.
For 0 < a < 1 it coincides for a.a. z € R with the left- (right-) sided Riemann—

Liouville fractional derivative of f of order «. These derivatives are denoted
by
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(1) = (DN i= Frmy e [ A0 =0
and

(1= Pa) = (D2 Pa) = ey zs | FOE=0) 7t
respectively.

For p > 1, the class I¢(L,(R)) coincides with the class of those functions
f € Ly(R), r = y£, for which the integrals

/ T @) — F0) @ — 1y

and ~
[ v@- o) -eta
z+e
respectively, converge in L,(R) as ¢ — 0. Thus, for f € I$(L,(R)) with p >
1 the Riemann-Liouville derivatives coincide with the Marchaud fractional
derivatives

(B3N(a) = =g [ (@)= fa =)y~

and
(B2 D) = =gy [, (@) = fGo )y,

respectively. If & > 0 and ap < 1, then I¢(L,(R)) C Ly(R) for % = % —a.
The Riemann—Liouville fractional derivatives can be considered on any

interval [a,b] C R in the following way: we introduce the class I$(Ly[a, b]) of

functions f that can be presented as f = I o (f = Iy @) for ¢ € Lyla,b],

p > 1, where we denote

(12N = (P20 = ey g5 [ 1O =07
and
b
(1)) = (D) =~ =y s |, SO =)t

respectively. In this case the Riemann-Liouville fractional derivatives Dg
and D;* f admit the Weyl representation of fractional derivatives (we suppose
that f = 0 outside (a,b)):

(D2 N)@) = 7 (@)@ =)
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and

(DE- D) = pr—a (F)0 =)

b
o [ (@) = £t = 2)7 ) L o),

respectively, where the convergence of the integrals holds pointwise for a.a.
x € (a,b) for p=1 and in Ly[a,b] for p > 1.

According to (SKM93, Theorem 13.4), we have that f = I, ¢ for some
¢ € Lyla,b], where 1 < p < o0, if and only if f(z)(x —a)~* € L,[a,b] and

b
sup/ [the (2)|Pdx < 00,
a

e>0 +e

wherewg(x):f‘r*g%dt a+e<z<b Let feI}(L,(R),0<a<1l

a

and p > 1. Then

121 = g, (1.13)
moreover, for f € Li(R) we have that
IZOI9f = f. (1.1.4)

We set I f := f.
The composition formula for fractional derivatives has the form
D D}, f =Dy, (1.1.5)

where @ >0, > 0 and f € I317(L1(R)).

Also, under the assumptions 0 < a < 1, f € I2 (Lyla,b]) and g €
I (Lgla,b)), 1/p+1/qg < 1+ a we have the integration- by parts formula
for fractional derivatives

b b
[0z n@e@ids= [ @0 9@ds. (1L0)

For 0 < a < 1 and f € C*[a,b], the derivatives D&, f and D' f exist, belong
to Lyla,b] for 1 <r < 1/a, and have the form

ey _ 1 _ —a
Dy, = Ta—a) (f( x—a) / f(t dt)
and
« _ 1 —«
Db_fF(l—a)(‘f( )(b—z)” /f dt)
respectively.

Let the general indicator function be given by
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1, a<t<b,
1(a,b)(t) =< -1, b<t<a,

0, otherwise.

Lemma 1.1.3. Let H € (0,3) U (
we have the equality

,1) and « = H — 5. Then, for allt € R,

1 1
2 2°

(1210)(@) = 5 (¢ = 202 = (<))

Proof. Let H € (1,1) and, for example, z <0<t (the other cases can be
considered similarly). Then,

(I lon)le) = ﬁ /OO Lo, (uw)(u—2)* du

1 t a—1 —# — ) — (=)@
oy | = = s (=) = (). (1)

Let H € (0,3). According to the definition of the fractional derivative and
(1.1.3), we must prove that

/Oo((t S0 — (W) (u— @) du = D(—a)[(a + Digg(e). (1.18)

Let, for example, 0 < z < t. Then the left-hand side of (1.1.8) equals

[ (t—uw)*(u— x)_“_ldul(oﬂg) (x)

=Bla+1,-a)lgy(z) = I'(—a) I (a+ 1)1 (z).
The other cases can be considered similarly. O
Remark 1.1.4. Obviously, (I$1(44)(z)) = ﬁ((b — 1) —(a—1x)%),
—oo < a<b<oo.
Let f € Li(R). The Fourier transform of f is defined as

-~

fla) = / ¢ f (1)t

Denote by S(R) the class of smooth, i.e. infinitely differentiable, and
rapidly decreasing functions.

Theorem 1.1.5 ((SKM93)). (i) Forany0 < a <1 and f € L1(R) it holds
that

(Ff)()

FILf) = flz) - (Fiz) ™,

where (Fix)® = |z|% exp {$oz;rz signx}.
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(ii) For any 0 < a <1 and f € S(R) it holds that

~

FULYS) = fx) - (Fiz)™.

For H € (0,1) we introduce the set

Fuim {1 € La®). R—R | [ [F@Plel#ds < oo

with the norm

112, = / F@)? - Jo|-2ds.

Here and throughout the whole text « := H — 1/2 . The set Fy will be
considered in detail in Sections 1.6 and 1.7.

We say that f is step function, or elementary function, if there exist a
finite number of points ¢t € R,0 <k <mn—1, and a; € R,

1 < k < n, such that
n
= Z ak‘l[tk,htk)(t)
k=1

Lemma 1.1.6. Let f € Fy. Then there exists a sequence of step functions
fn, such that

If = fallFw — 0, n — oo

Theorem 1.1.7 ((PT00b)). For H € (0,1), the set Fy is a linear space with
inner product

/f 9(x)|z|2dz, oa=H-1/2.

Moreover, the set of elementary functions belongs to Fp, and it is dense in
Fu.

Proof. The first statement is evident. Furthermore, for any —oco < a <
b < oo, it holds that 1¢, € Fu, because [, |T(aﬁb)(x)|2|x|_2“das =
Jg |7 — €™@|2|z| 727224z, and the latter integral is equivalent to the con-
vergent integral [ |#|~272%dx, in the neighborhood of +oco, and equivalent
to the convergent integral [ || 2*dz in the neighborhood of 0. Therefore,
any step function belongs to Fg. The second statement then follows from
Lemma 1.1.6.

Lemma 1.1.8 ((PT00b)). Let f € La(R). Then, for any H € (0,1), there
exists a sequence of step functions f, such that

/ |f z)|z| 72 2de — 0, n — oo. (1.1.9)
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Proof. Indeed, for € > 0, put fg(:ﬂ) = A(:c)l{‘m|>5}. Then [ |]?(x) —J/C\E(I)de
0, = 0 Let H € (0,1). Then o) = (F@lal®1quoe) el =
ge(x)|z|~%, where g. € La(R), « = H—1/2. Now (1.1.9) follows from Lemma
1.1.6. In the case H € [1,1) the proof is similar. O

1.2 Fractional Brownian Motion: Definition
and Elementary Properties

Let (£2,F, P) be a complete probability space.

Definition 1.2.1. The (two-sided, normalized) fractional Brownian motion
(fBm) with Hurst index H € (0,1) is a Gaussian process Bf = {Bf t € R}
on (2, F, P), having the properties

(i) B’ =0,

(i) EBH =0,t € R,

(iii) EBBE = L([t|*" + [s|*" — |t — s|*7),s,t € R.
Remark 1.2.2. Since E(Bff —BH)? = |t—s|*! and B is a Gaussian process, it
has a continuous modification, according to the Kolmogorov theorem. Indeed,

2ﬂ
for all n > 1 it holds that E|B — B " = == (2|t — s,
T2

Remark 1.2.3. For H = 1, we set Bff = B} = t£, where ¢ is a standard

normal random variable.

Remark 1.2.4. Tt is possible to consider the fBm only on R (one-sided fBm)
with evident changes in Definition 1.2.1.

The characteristic function has the form
< 1
oa(t) := Eexp {z; )\kBi} = exp {—Q(C’t/\, )\)} ,
where C; = (EBgZBg)lSi,kSn and (-,-) is the inner product on R™.

Therefore, it follows from item (iii) of Definition 1.2.1, that for any 8 > 0

Px(ft) = exp {—;B2H(Ct/\,A)} : (1.2.1)

Definition 1.2.5. A stochastic process X = {X;,t € R} is called b-self-
similar if
{Xo,t e R} L {aX,,t € R}

in the sense of finite-dimensional distributions.
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From Definition 1.2.5 and (1.2.1) it follows that B is H-self-similar.
Note that

1
E(B{'=B)(B,=B,") = 5 (|s—u*+[t—v[*" ~[t—u*" ~[s—v[*"). (1.2.2)

It follows from (1.2.2) that the process B¥ has stationary increments (ev-
idently, it is not stationary itself). Let H = % Then the increments of
BH are non-correlated, and consequently independent. So BY is a Wiener

process which we denote further by B or W. For H € (0,1) U (3,1) and

t1 <ty <tg < ty, it follows from (1.2.2) for « = H — 1/2 that

ta
E(BH — BIY(BY — BY) = 20l / )20 o,

t3

Therefore, the increments are positively correlated for H € (7 1) and neg-
atively correlated for H € (0,1). Furthermore, for any n € Z\ {0}, the
autocovariance function is given by

r(n) == EB{(BY,, - B}) _2aH/ / )2 du dv

~2aH|n|**7,  |n| — cc.

If H e (0,%), then Y-, ., [r(n)| ~ 2 onez\{o} [n]?2*~! < oo,

If H € (3,1), then Y-, |r(n)] ~ 2 onez\{o} [n]?*~! = co. In this case we
say that fBm BH has the property of long-range dependence. For the spectral
density function of { X[ := BIf |, — BIl n € Z}, which is denoted by fg(}),
it holds that (BG96; DvZ05),

() = Ol =12 37 |x+ 20k 7272 N e [-m,q],

keZ
where Cg)) is some constant depending on H. It is easy to see that
Fr () ~ O AP 7272 = O A7

as A — 0. Therefore, for H € (1,1) it holds that fz(\) — oo as A — 0, and,
for H € (0, 3), it holds that f(A) — 0 as A — 0.

According to (PT00b) and (ST94), BH admits the spectral representation
(BE,t € R}y £ {C [(e"* — 1) (iz)"}|z|~dB(z),t € R}, where B =
B; + iBs is a complex Gaussian measure with By(A) = B1(—A), B2(4) =
—By(—A) and E(B1(A))? = E(By(A))? = % for any Borel set A of

F(2H+1) sin(1/2-7(H+1/2)) ) z

27

finite Lebesgue measure mesh(A) and Cg) = (
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1.3 Mandelbrot—van Ness Representation of fBm

Let W = {W,,t € R} be the two-sided Wiener process, i.e. the Gaussian
process with independent increments satisfying EW; = 0 and EW, W, = sAt,
s,t € R. Evidently, W = B2. Denote kg (t,u) := (t — u)¢ — (—u)g, where
a=H— % The following representation is due to Mandelbrot and van Ness
(MVNGS).

Theorem 1.3.1. The process B = {Ef{j € R} defined by

_ 1 1
B, =c? / kg (t,u)dW,, H e <0, 2> U (2,1> ,
R

1 )fé _ (2HsinmHI'(2H))

2 o« a2
where C\?) = (/R (1+5)* —5) ds + 5o TH+1/2) ;
+

1/2

has a continuous modification which is a normalized two-sided fBm.

Remark 1.3.2. The constant Cg) is calculated in Appendix A.

Proof. Evidently, B is a Gaussian process with E{]{ = 0 and EE:I = 0.
Furthermore, it holds that for ¢t > 0,

0 t
E(Ef{f = (C’g)y(/ k3 (t, u)du —|—/O (t— u)ZQdu) =21,
For ¢ < 0 we have that
t 0
—H 2 o
E(B, ) = (C’g)) (/ k%[(t,u)du—i—/ (—u)? du) = (—t)*1.
—o0 t

Furthermore, for h > 0, it holds that

Bl,-Bl = c}f’/ (ki (s + hyu) — kg (s, u))dW,,

— 00

s+h
—l—/ kg(s+hu)dW, =1 +I,. (1.3.1)

Note that the terms I; and Iz on the right-hand side of (1.3.1) are indepen-
dent, and the Wiener process W has stationary increments. Therefore,

0 h
I i/ (K (s,u) — kg (0, ) dW,,, 122/ ks (hy w)dWy,

—00 0

H

and E(Eih —-B,)?= E(Ff)2 = h2H. By combining these results, we obtain

that
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—H—H 1 —H\2 —H\2 —H  =H\2
EB'B! = §(E(BS )y +E(B) - BB, -BY) )
1
— 5(\7:|2H +[s]? =t —s?"). (1.3.2)

The proof follows immediately from Definition 1.2.1 and Remark 1.2.2. O
Define the operator
(3) 7
Mff = {CH ]:I:fa H e (P,%)U(%,l), (133)
f7 H = 2
where C’S) = C;?F(H +3)-

Corollary 1.3.3. It follows from Lemma 1.1.3 and Theorem 1.3.1, that for
any H € (0,1) the process

B = /R(Mfl(o’t))(s)dWs (1.3.4)

is a normalized fractional Brownian motion.
A little later we shall establish (see Corollary 1.6.11) that any fBm B
can be presented in the form (1.3.4) with a suitable Brownian motion W.

Remark 1.3.4. It is easy to see that the domain D(MH) of the operator M
has a form

. LJIS}KéL]g(R)7 H e (% 1), a:H—%,
DMZ) = § Upz1 1% (Lp(R)), H € (0, 3),
all measurable functions, H = %

1.4 Fractional Brownian Motion with H € (3,1)
on the White Noise Space

Consider the probability space of the white noise. Namely, recall that S(R)
denotes the Schwartz space of rapidly decreasing infinitely differentiable real-
valued functions, and let S’(R) be the dual space of S(R), i.e., the space of
tempered distributions with weak* topology. We consider S’(R) as a proba-
bility space {2 with the o-algebra F of Borel sets. According to the Bochner—
Minlos theorem, there exists the probability measure P on ({2, F), such that
for any function f € S(R) with the norm || f| ., ), it holds that

Eexp(i(f,w)) =eXp{—;||f|%2(]R)}7 (1.4.1)

where (-, ) denotes the dual operation.
Note that from (1.4.1), we obtain that
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BE(f,w) =0, E{f,w)* =%, (1.4.2)

where f € S(R), and the duality (f,w) can be extended by isometry
to f € La(R). Note that from (1.4.1)-(1.4.2), it follows that the process
Wi := (1jo,4,w) is a standard Brownian motion.

Now, let H € [3,1), fi € L2(R) and fo € L (R). Then M{ fy € L_1_(R),

MH f; € Ly(R), therefore, we can consider on Ly(R) the inner product of the
form

(M )y = [ Fia) (M7 o))
By (1.1.1) and (1.3.3), it holds that
(f, M7 ),y = (M f1, f2) Law)-
According to (SKM93), denote the spaces
B(R) = {¢ |6 € S(R),¢"(0) = 0,k > 0}

It was proved in (SKM93) that M (®#(R)) C #(R) and that the space ®(R)
is closed in S(R).
Now, define two stochastic processes

B (t)(w) = (MI1,,w), teR.

Then the processes B (t) are Gaussian, EBY (t) = EBf(t) = 0. For the
covariance function, it holds that

BBEWB(s) = [ (ME10.0)@)(ME10.) @) (1.4.3)

By considering the sign “—”, we obtain from (1.3.4) that the right-hand
side of (1.4.3) coincides with

EBIBH — /(Mf’l(o,t))(x)(Mfll((Ls))(:v)dx
R
1
= S + s = [t = s[*").

One obtains the same result if one considers the sign “4”. Therefore, each of
the processes B (t) has a modification that is a normalized fBm. The process
BH(t) is called a “backward” fBm. It coincides with usual Mandelbrot—van
Ness representation and depends only on the past, i.e. on {Wy, s € (—o0,t)}.
Indeed, B (t) = [(MH1(g4))(s)dW, where Wy (w) = (1(9,4),w). The process
Bf (t) is called a “forward” fBm; it admits the representation

B = [~ (= 0DaW, = [ (0.
t
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and depends on future values of W, i.e. on {Ws,s € (t,+00)}.

The case H €(0,1/2) can be considered similarly. Also, it is possible to con-
sider the linear combinations of the operators M1* and of fractional Brownian
motions with different Hurst indices (in what follows we consider only the case
Hy €[1/2,1)):

Myf(x):= Zaka’“f(x), o >0
k=1

and .
BY (1) = 3" 0k B (1) = (M0, (1.4.4)
k=1

Clearly, the operators M, are mutually adjoint in the same way as Mf .
Indeed,

(f1, M_f2) o) = (M4 f1, f2) Lo(r)

for appropriate functions f, fs.

1.5 Fractional Noise on White Noise Space

Let Ngo = NU {0} and Z be the set of all finite multiindices a = (o, ..., o)
with a; € Ny. Denote |a| = a1 + -+ aq, a! := a1l a,!. (Of course, in this
and similar situations « as a multiindex differs from our o = H — 1/2 but it
will not lead to misunderstanding.) Define the Hermite polynomials by

n
o d

() = (~1)"e" o (e™)

and Hermite functions

hn(x) := 7r_1/4(n!)_1/22_"/2hn(x)e_x2/2, n > 0.

It is well-known that the functions {En, n > 1} form an orthonormal basis in
Ly (R) with Fourier transform

/ N hy (z)de = (27)Y2"hy (), 1> 1.
R

Define

n

Ha(w) := [ ] o, (i),

i=1

the product of Hermite polynomials and consider a random variable
F = F(w) S LQ(Q) = LQ(S/(R),F, P)

Then, according to (HOUZ96, Theorem 2.2.4), F(w) admits the representation
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=) caHalw), (1.5.1)

aEl

and

P70 =D alcd < oo

a€Z

Next, we introduce the following dual spaces.
(i) F € S if the coefficients from expansion (1.5.1) satisfy

1Pz =" alc(2N)* < oo
acl
for any k > 1, where (2N)? =[]/, (27)",7 = (71,- -, ¥m € ).
(ii) F' € S* if F admits the formal expansion (1.5.1) with finite negative norm
|F||7 Z ale 1Y < o0
a€l

for at least one ¢ € N (in this case we say that F' € S_,).
For F=3  coHy€S, G=>, doHy € S* we define

= Z alend,,

a€l

Taking into account the Parceval identity, we can also define
L3, (R) = {f: Myf € La(R)} = {f : Msf € La(R)},

where, according to our notations, g(\) = [ e g(y)dy is the Fourier trans-
form of the function g.
The inner product in L3, (R) is defined by

(f,9) /Mif r)Myig(z)dr = (Myf, M1g)rL,®)-

Also, define an inverse operator ML 1in terms of the Fourier transform.
For g(x) = MI'f(x) € Ly(R), it holds that f(z) = Mig(z), and, according
to Theorem 1.1.5, we have the equalities

FO) =300 anC) A,

k=1

where C)) = exp { %™ sign A} C§?) and oy, = Hy — 1/2. Hence,

(M (Zoko“ )T,
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Lemma 1.5.1. The functions ef = M;li;;; k > 1, exist and form an ortho-
normal basis in L3, (R).

Proof. Let, for simplicity, m = 1, so that My = M¥ and o, = 0. Consider,
for example, the sign “- ”. Then it holds that

—

er (V) = (@Ca(V) T A he(A) = (0Cu (V)i V2mA[*hi(N), @ = H —1/2.
Therefore, e, exists and belongs to S(R). The second assertion is evident. 0O

Now we want to present the linear combination B} (¢) of fBms in terms
of hy, k> 1.

Lemma 1.5.2. It holds that

BM(t) /Mijk (2)dz(hy,w), tER, we S'(R), (1.5.2)

and the series converges in Lo({2).

Proof. Let w € S(R). Then, from equality (1.4.4) it follows that
BY (1) = (Ma1(),w) = (L(0,0), Myw),

and Mzw € S(R). Since 1(g 4 € L?Wi (R), it admits the expansion

o0

1o = Z<1(0,t)7 €%>Mielzi:7
k=1

where the series converges in L?, . (R). Then,
o0
<1(0 t) M¥W Z 1(0 t) 6k My <€k) 7M$(“J>
k=1

and the series converges in Ly ((2). Furthermore,

o0
S (Lo, €2 (e, Myw) = /Mi1(0 o (@) Maci (2)da(MycE, w)

k=1
—Z/ (0.0 (@) M hy,(z)da (hy,w Z/ M=hy(z)dz by, w),

i.e. we obtain (1.5.2) for w € S(R). Moreover, we can extend (1.5.2) on S’(R)
since S(R) is dense in S’(R) in weak* topology, and this topology generates
the weak convergence. Since

<l~lka w> =He, (w),
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where e, = (0,...,1,...,0), where 1 is in kth place, we have that

oo t 7 2 oo t 7 2
D k=1 ‘fo Mzhy(2)dz| (ex!)? = 3200, ’fo Mijk(x)dx’ = Hl(o,t)HL%/[;
<ommLST ot < oo

Now, we introduce the fractional noise BY as the formal expansion
. 0 ~ ~
B (w) = M hy(z)(he, w),
k=1
and the linear combination of fractional noises as
o0
B (w) =Y Myhg(x)(hg, w).
k=1
Recall, that here we consider only H € [1/2,1) and that B,(w) =

S5 | hi() (hy,w) is white noise.

Lemma 1.5.3. The fractional noise BY and the linear combination BM of
such noises belong to S* for any x € R.

Proof. 1t is sufficient to consider B¥. By using the Fourier transform and
Theorem 1.1.5, we obtain that
/|t>1

where Cr ;; denotes suitable constants. We have that hi \) = C’kﬁk()\), Ci =
i*v/2m, and

)

’MleLk(a:)‘ = Chx

/ e—mﬁk(t)(z’t)—“dt’ < Cux
R

~ Ck='/"2 for |\ < 2Vk
hr(N)] < 2 -
)] < { Ce " for |A > 2Vk

where C' > 0 and v > 0 do not depend on A and k. Therefore,

‘Mf%k(x)’ < C</| k*1/12|t|fadt

t<1

+/ k71/12|t‘70‘dt+/ |t|a6wt2dt> (153)
1<[t|<2vE [t|>2vE

< C(k—l/” 4 f1/12p3/4-H/2 | 6—27¢E) < CR2/3-H/2,
From (1.5.3) it follows that
BN, = 3 My () P(28) 7 < © 3 k5710 < o
k=1 Pt

for any ¢ > 7/3 — H. So, for ¢ > 7/3, it holds that HBfH%q < oo for any
z € R. This completes the proof. a
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1.6 Wiener Integration with Respect to fBm

Now we return to an arbitrary complete probability space ({2, F,P), and
continue the considerations of Sections 1.1-1.3.

Consider the space LE(R) := {f : MHf € Ly(R)} equipped with the
norm ||f||L§(JR) = ||M§f||L2(R)
Definition 1.6.1. Let f € LI (R). Then the Wiener integral w.r.t. fBm is
defined as

:/Rf(s)dBSH = /R(Mf’f)(s)dws. (1.6.1)

Here, B and W, are connected as in (1.3.4). As a particular case, consider
the step function f: R — R given by

= Z ak]‘[tk—latk)(t)
k=1

where tg <t; < --- <t, € Rand ap € R,1 < k < n. Then, from the linearity
of the operator M, we have that

= Zak/Mfl[tkfhtk)(s)dWS => anBff -Bf ), (162
k=1 R k=1

and the latter sum coincides with the usual Riemann—Stieltjes sum. A question
arises: in which sense can we consider formula (1.6.1) as the extension of the
sum (1.6.2)7 Note, that for a step function, it holds that

oy = 3 o [ M M
i k=1 (1.6.3)

= |’M£ifHL2(R) = 2aH/ Fw) f(0) Ju—o** ! dudo,
R2

where the last equality holds for H € (1/2,1) but not for H € (0,1/2).
Nevertheless, for any 0 < H < 1 we have the following;:

Lemma 1.6.2 ((Ben03a)). For 0 < H < 1, it holds that the linear span of
the set {Mﬁl(u’v)’ u,v € R} is dense in La(R).

Proof. (i) Let H € (1/2,1) (for H = 1/2 the assertion is evident). Since
(b+a) =2~ Cx~Y?H g5 2 — oo, we have that the function (b —
)1* — (=x){“ € Li/ug(R). Therefore, for any a < b it holds that g(z) :=
M1, ) (2) € L1,g(R). Therefore, 1(,4) = M%g € I1%(Ly/(R)), and this
is true also for step functions. Since the class of step functions is dense in
Ly(R), it follows that I%(Ly,5(R)) is dense in Lo(R). Let h € I%(Ly,5(R)),
h=MHg, g c Li/p(R). Then there exists the sequence of step functions
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gn — g in Ly/g(R). From the Hardy-Littlewood theorem (Theorem 1.1.1) it
follows that

1M g, = Bl|Ly) < Cllgn = 9llLy, @) — 0,n — 0.

So, the linear span of {Mfll(w,),u,v € R} is dense in I(L;,x(R)), and
therefore it is dense in La(R).
(ii) Let H € (0,1/2). Due to the Parceval identity, it is sufficient to prove

—

that the linear span of the functions M* 1, is dense in Ly(R). According
to Theorem 1.1.5, we have that

—

M1 (x) = OF Crr(2) L0 ) (2)]2] 7,

where C(z) = exp{imsignza/2}. According to Lemma 1.1.8, for any ¢ €
L (R) there exists a sequence of step functions ¢, such that

/ (CD) | Cr(~2)@(x) — @)z 2dz — 0, 1 — oo,
R

because (C}}D’))_ICH(—x)(ﬁ(x) = g(x) for some g € La(R). Then, we obtain
that

/R 18(2) — C Crr ()7 ()]~ Pd
- / (C9) ' Crr(~2)3(x) — G (@)a] Pz — 0, 1 — ox.

O

Remark 1.6.3. Let H € (0,1/2). Then the operator M’ defines an isometric
isomorphism from L (R) to Ly(R). Indeed, the operator I~* is bounded from
Ly(R) to Lf/H(R), according to Theorem 1.1.1. Let f,, be a Cauchy sequence

in LI(R) and ¢,, = M f,,. Then
an - fm||L§1(R) = ||90n - ‘PmHLQ(R) — 0,m,n — oo,

whence ¢, — ¢ € La(R), and f, = (M) 1y, — (MT)"lp = f in
Ly/p(R). We have that

||f||L§(R) = ||‘P||L2(R) < 00,

and
[ fn — f||L§I(]R) = llen — @l @ — O
It means that LZ (R) is complete, i.e., it is a Hilbert space, and equals the

closure of the step functions under L -norm. By (1.6.3), there exists a unique
continuous extension of fractional Wiener integrals for the step functions to
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the space LY (R). For any f € LI (R) and the approximating sequence of step
functions f,,

/f(s)stH: lim /fn(s)dBf in  Ly(R). (1.6.4)
R n—o Jr

Remark 1.6.4. Now, let H € (1/2,1). Then, the domain of the operator M#
coincides with
D(IZ%) = D(D2) = Up>1I2(Ly(R)),

and, according to Theorem 1.1.1 we can take here only 1 < p < a~! since
Ly (R) = {f e DU=*): MI f € Lo(R)}.

Note, that

L5(R) £ Ucpeai 2 (Ly(R)). (1.6.5)
Indeed, it was proved in (SKM93) that all spaces I*(L,(IR)) coincide for 1 <
p < a !and I*(L,(R)) does not coincide with any space L,(R),1 < r < oo.
The description of I*(L,(R)) for 1 < p < 1/a and for p = 1 is contained in
(SKM93, Theorems 6.2 and 6.3) and (1.6.5) follows from these theorems.

Theorem 1.6.5. The space L is incomplete for H € (1/2,1).

Proof. The operator MY : L¥(R) — Ly(R) is isometric. So, LY (R) can be
identified with its image in L(R). According to Lemma 1.6.2, L (R) is dense
in Ly(R), but Remark 1.6.4 demonstrates that Li(R) # La(R). Therefore,
the image M (L (R)), and hence LI (R) itself, is incomplete. O

In spite of the incompleteness of L (R) for H € (1/2,1), due to Lemma
1.6.2, we can approximate any f € LI (R) by step functions f, in LI (R).
Then M2 f, — MH f in Ly(R), and we have that

In(f) = / f(x)dBH = / (M £)(s)dW,

n—oo

= lim [ (MYf,)(s)dW, = lim / fu(s)dBE,
R n—oo Jr

where the convergence is in Ly((2). Furthermore, for H € (1/2,1), we have
that

EII(f)|2=A!(Mff)(x)I2dx

for f € LY (R); however, in general, it does not hold (compare with (1.6.3))
that

Ellu(P =20t [ 1) f(0) = o dudo,
RZ
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even if the last integral is finite. This equality can be obtained only
if we can apply the Fubini theorem or if we can prove that the inte-
gral fR2 fn fn( ) |lu—v** ' dudv with step functions f, converges to

fR2 v|2a_1 du dv. Both things need some additional assumptions.
For H € (%, 1), define the space of measurable functions by

|Rp| —{f RHR‘/ w)||f( )||u—v\20‘_1dualv<oo}7
with the norms

1110 = 20H [ f@F @)= P duds (1.6.6)
72

and
110,12 = 200 / DIF @)l — o dudo.  (16.7)

For H € (0,1), we introduce one more space,

Fu={fR-R|fe LQ(R),/R|f(x)\2|m|_2“dm <o},

with the norm

1F1%, = / )Pl 2. (16.8)

Moreover, consider L (R) with the norm

1 = [ 107 )(o)Pde. (1.6.9)

Below we study the most important features of these spaces. (The space
Fu was partially considered in Theorem 1.1.7.) Note, at first, that the norms
defined in (1.6.6)—(1.6.9) are all generated by corresponding inner products.
Namely,

(gl =208 | | gl dudo, (16.10)
(f,9) 2 = 20H / W)l (o)||u — v~ dud, (1.6.11)
/f (z)|z|' 2" dz (1.6.12)

and

(,0) g = / (MY f) (@) (M g) () (1.6.13)
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Thus, all these spaces are spaces with inner products. Furthermore, (1.6.6)
is indeed a norm on |Rg|. Indeed, we can apply the Fubini theorem, use the
following relation from (GN96):

SAt
/ (s —w)* Lt —u)* tdu = CP |t — s>,

where C}f) = W, and rewrite (1.6.6) as

QQH/ fw)f(v)|u —v** tdudv
R

= ()20t || ) /_ = 2 (o — 2 Vs dud

C(4) 12aH// flw)(u—2)*" 1du/ f)(v—2)°"tdvdz

= (Cy)2Ha(CY)) 2||MHf||L2<R> = 20H(C}; >> Y21 -
(1.6.14)
Note that the relation f € LI (R) means, in particular, that the interior
integral [ [f(u)|(u — )~ du is finite for a.a. z € R.

Lemma 1.6.6. We have that the space L1(R) N La(R) C L1 (R) C |Ru| for
any H € (3,1).

Proof. Tt is enough to prove that for any f € Li(R) N Ly(R) the iterated
integral is finite,

= [ |f<u>( / f(v)llu—v|2“1dv)dU<OO-

From Theorem 1.1.1 with « = 2H — 1, p = 5 and q = gap = 1}H we
obtain that

re ( fisma) ([ ([ ma) Ta)

<Mfllzy ®Cymapn-mea-illfle, @ = CHHfH%%(]R)'

Obviously, L1(R) N Lz(R) € L. (R) for H € (1,1), whence the claim follows.
O

Lemma 1.6.7. The inclusion L1(R) N La(R) C Fy is valid if and only if
H e (3,1).

Proof. Assume that H € (3,1). Since |f(x)\ < N fllz, ) for any z € R, we
have that
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szzfzo‘z: AxQxfzo‘x Ax2x72o‘x
/le()\ll a /sz()lll d+/ Fl)Pl2]2d

|z|<1

SAIf(x)Ide+||fllil<R)/ 1\1‘|‘2adm§ £ 2@ + (1= H)THIAIL, 2)-
x| <

Let H € (0, 3). According to (PT00Db), take the function f(u) = signufluI

[ulP
with p € (H, 3). Evidently, f € L1(R) N La(R). Nevertheless, due to (GR80,
p. 491),

~

FO) =201 —p)(A* + 1)"% sin (1 — p) arctan A) ~ |A[P~!
as |A| — oo, and 2p — 2 > 2o — 1 > —1, which means that || f||#, = +oco. O
Lemma 1.6.8. For any H € (0,1), we have that Fy C LE (R).

Proof. For H = 3, the statement is evident and Fi = L3 (R) = Ly(R).
2

Let H € (%,1) and f € Fpy. Then, in particular, f € Lo(R), and, there-
fore, according to Theorem 1.1.1, the operator I¢f is well-defined and
bounded from Ly(R) to Lﬁ(R). Moreover, according to Theorem 1.1.5

and since [, |F(2)[2]z|~2%dz < oo, it follows that I®f € Lo(R). Therefore,
f € L¥(R). Let H € (0,%). We must prove, that for any f € Ly(R) with
Jz |f(z)|2|z|2%dz < oo, there exists € Ly(R), such that

g=M1f=c®pey (1.6.15)
Consider the function ¢(x) = f(m)\xraCH(x). Since |Cy(z)| =1, ¢ € La(R)
and ¥ (z) = ¢¥(—x), we conclude that ¥(x) = P(x) for some function ¢ €
L>(R). Now we prove that Cg’)go satisfies (1.6.15). Indeed,

@) = @) Crr (—), (1.6.16)

whence \J/"\(m) 2 = |p(x)|?|z|?>. Since fe Ly (R), we have that ¢ € Fi_g, and
from Theorem 1.1.5 and (1.6.16), it follows that

f=1"%.
Therefore, @(x) = C’S’)cp(x) satisfies (1.6.15), whence the claim follows. 0O

Next, by using Lemma 1.6.8 and an example from (PT00b) with a slightly
modified proof, we establish that |Ryz| C LI (R).

Lemma 1.6.9. Let H € (3,1). Then (|Rul,| - ||ry)1) € LE¥(R) and this
inclusion is proper.
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Proof. The inclusion itself follows from (1.6.14). We prove that the inclusion is

strict if we find a function f € Fy\|Rp|. Let f(u) =signu - |u|™? -sinu, 3 <

p < 1. Then f € La(R), fe Ly(R). For calculation of f we consider the
approximations f,(u) = f(u)1l{y<ny — f in La(R). The function f, satisfies
the relations

~

n
fa(X) = 2/ cos Auju| 7P sin u du
0
= / uw Psin((A 4+ 1)u)du — / u Psin((A — 1)u) du
0 0
n|A+1|
=sign(A+ 1)|A + 1|p71/ v Psinwvdv
0
n|A—1|
—sign(A — 1)|\ — 1|p_1/ v Psinvdv
0
— (sign()\ + DA+ 1P~ —sign(A — )|\ — 1|p*1) / v Psinvdv
0

~

= V).

Since % < p < 1, we have that

/ FOO2IA2H dx
R
=C (/ IAP2H A 4 1272 +/ X172\ — 1|2p—2dA> < o0
R R

and it means that f € Fg. Now, let 2 < p < H. We shall use the inequalities

|sinu| > 1 for uw € (nk+ 5,7k + 35), (u+ 5)7P > (2u)7? for u > 2T,
(u+Z—2)7 ' > Qu—2)7 forz>m u> 3 and (u—2)7 ' > (2u—2)7!
for x > 0. Consider

If(w)|(u —2)* tdu) do = lu| 7P| sinu|(u — ) 'du) da
L Vs [ ([ )
> /R (/:o ol 7P| sin ul(u — 2)° ) "de

Vi

o7} k43T
> %/}R(Z/ o u_p(u—a?)ﬁ‘;ldu)de

k=0 Tk+%

1 o] o mk+38 2
> */ (Z/ u P(u— x)ﬁ‘:ldu) dx
4 Jo k=0’ Tk+7%

AT @ D) e o)
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> i/oo (i/ﬂlﬂ'f u P (2u — J;)i_ldu)de

k=0 rrk+%

o0 mk+% 2
/ u P (2u — x)f‘fldu) dx

>

k=1/7k—%
2—21) o0 o0 7Tk?+% B B
> 3 / (Z/ u P(2u — )% du
T Ck=0YTktE
> rk+3 2
—|—Z/ ufp(2u—x)i_1du> dx
k=177k—7%

2—2p o0 oo 2
=3 / (/ u_p(2u—:1c)3‘:1du> dx
u T
272]) e s} jee} 2
=3 / (/ v P (20 — 1)?‘;1du> R
™ To

9—2p [ o0 2
> 3 / 1:2°‘72pda:(/ v P (20 — l)o‘fldu) =00
T 1

2

for H > p. O

Now we consider the representation of the Wiener process via fBm, i.e.,
the relation which is inverse to the relation (1.6.1).

Lemma 1.6.10. Let 0 < H < 1. Then leHl(()’t) € LI(R) for all t € R,
and the underlying Wiener process W admits the representation

Wy = 51;/I%M17H1(0,t)(5)d35a
where Cy = (CS)CS)H)*I,
Proof. We must check that M'~"1(, ) € L (R). Indeed,
MM = 0P 1R ) = (Cr) Moy € La(R).
Furthermore, according to Definition 1.6.1, it holds that
Cn /R (M H1,)(s)dBY = Crr /R (M7 M1 ) (5)dWV,

R

0

Corollary 1.6.11. Any fBm B¥ admits a Mandelbrot-van Ness representa-
tion with respect to the Wiener process W from representation (1.6.17).
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1.7 The Space of Gaussian Variables Generated by fBm.

Denote
By =span{ B ,t € R},

where the closure is taken in Ly (§2). We are interested in the following ques-
tion: which classes of integrands in the definition of the Wiener integral w.r.t.
fBm are isometric to By or to some of its subspaces? The following theorem
from (PTO00Db) gives the general answer to this question.

Theorem 1.7.1. Let T be some class of integrands and let T, C T be the class
of step functions. Under the assumptions

(i) Z is a space with inner product (f,g)z, f,g € Z,

(11) f07" f’g € IS (fa g)I = EI(f)I(g):
(iii) the set Zs is dense in T,

we have the following:

(a) there is an isometry between the space T and a linear subspace of By
which is an extension of the map f — I(f) for f € Ig;
(b) Z is isometric to By if and only if T is complete.

Proof. (a) Let f € Z. By (iii), there exists f,, € Zs, such that {f,,n > 1} isa
Cauchy sequence in Z with norm || - ||z = (-, -)z. According to (ii), I(f,,) is a
Cauchy sequence in Ly (§2), hence it converges to some r.v. £ € Ly(£2). We set
I(f):=¢&. Since I(f,) € By and By is a closed subspace of Ly(§2), we obtain
that I(f) € By. So, we can define the map I: Z — By. For any f,g € T it
holds that

(fa g)I = nlglgo(fnygn)f = nhlrolo E[(fn)l(gn) = El(f)l(g)

Moreover, & does not depend on the choice of the sequence f,, — f in Z. Since
the map I is linear, we get an isometry between Z and some subspace of By.
(b) Since By is complete as a closed subspace of the complete space La(f2), it
follows that 7 is complete if I is an isometry between Z and By . Conversely, let
7 be complete. Then, for any n € By, it holds that n = limn,, n, = I(f,) €
span{BH t € R}, f, € Zs. So, I(fn) — 1 in La(£2). Therefore, from (ii) it
follows that f,, is a Cauchy sequence in Z, and from completeness, f, — f in
I, n=1I(f). O

Corollary 1.7.2. From Lemma 1.6.2, Remark 1.6.3 and Theorem 1.6.5, we
obtain the following: the space T = LI (R) is complete for H € (0,3) and
incomplete for H € (%, 1). Step functions are dense in LY (R) for any H €
(0,1). Therefore, LY (R) is isometric to By for H € (0,%) and isometric to
a subspace of By for H € (%, 1).
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Theorem 1.7.3. The space (|Rul, |||,z ®)) is incomplete for H € (1,1), the
space (Fu, ||| ) is incomplete unless H = %, and the space (|[Rul, |*|||ry,2);
H e (%, 1), 18 complete.

Proof. (i) Consider the space (|Rgl, || |||ry),1), H € (3,1). Evidently, if some
space is dense in an incomplete space, then it is also incomplete. From Lemma
1.6.9, it follows that |Ry| C LI (R), and from Theorem 1.6.5, we have that
LI (R) is incomplete. So, it is enough to establish that | Ry| is dense in L (R).
If the function f € LE¥ (R), then g := M f € Ly(R). Therefore, there exists a
sequence of step functions {g,,n > 1} C Lo(R) such that ||g, — g||r,®) — 0.
Evidently, any step function g, can be expressed as g, = M ¢,,, where @,
is a linear combination of functions Mi_Hl(a’b), —00 < a < b< oo, and @,
can be determined via Lemma 1.1.3. Note that

If = enllzm = M2 — MP |l p,®) — 0,

n — 00, S0 it is enough to prove that ¢, € |Ryl|. As will be established
in Corollary 1.9.3, there exists some constant C' such that ||, |[|r,)2 <

Clienllz , (), and as mentioned in the proof of Lemma 1.6.2, we have that
H

Mi_Hl(ayb) € L1 (R) for all —oo < a <b < oo. Therefore, (|Rul, | [||ry,1)

is dense in L& (R), and hence incomplete.
(ii) Consider the space Fp, H # 1. Let 0 < H < 1, and let {f,,n > 1}
be the sequence of functions

— _ 1
falz) =12l Pl cppiany (@), 5 <p<1-H

Evidently, 3‘; € Ly(R) and }’;(x) = ﬁ(fx) Therefore, ﬁ is the Fourier
transform of some f,, € La(R). Moreover, f, € Fg and since —1 < —2p — 2q,
we have for n > m that

V= il = / () — Fn(@))? |27 da
= /]R |x|72p72a 1{1/n<x<1/m}d‘r — 0.

Suppose that there exist f, € Fy such that ||f — fullz, — 0,n — oc.

Then, there exists a subsequence ﬁ;(m) such that ﬁ:(x) — A(x) for a.a.
z € R, whence f(z) = |z|” 1{jz)<1}- Since —2p < —1 we have that fe
E/\g(R), therefore f ¢ Lo(R). For H € (1/2,1), we can take the sequence
fn($) - |,I‘—P 1{1<\w|<n}7 with p>1-— H.

(iii) Lastly, consider the space (|Rul, |||z, 2): H € (1/2,1). Let {f,n =
1} C (IRl Il ry),2) be a Cauchy sequence. Then there exists a subsequence

S () = f(x) for a.a. x € R, where f is some function. Indeed,

a— 2
0 [lfn = Fmlligy 2 = @** Hfn = fnllLyrpy & mym — o0
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whence the above statement easily follows. Moreover, by the Fatou lemma,
we have that
1l ryp2 < Hm ([ fa g, < 00
n—oo
and
||f_an|RH\,2§kh7m ||fn_fnkH\RH|,2_’0an_>oo- U
— 00

1.8 Representation of fBm via the Wiener Process
on a Finite Interval

Sometimes it is convenient to consider a “one-sided” fBm B¥ = {BF t > 0}
and to represent it as a functional of the form Bff = ¢(Bs,0 < s < t), of some
Wiener process B = {Bg,t > 0}, instead of (1.3.4). For this purpose consider
the kernels

lir(t,s) = CF)s™(t — 8) " I{o<sci}s

and )
mi(t.s) = O ((5)7( =9 =5 [ ur(u—du).
where
Cii’ = (2Hf(f£2a—)321?()1 + a)) o= (F(12£{2FOE)1F_(;.){Zr 1)) K

and o = H—3, H € (0,1). Throughout the book we shall use the notations
a=1-a)? a=(1-a)" 2
(i) Let H € (3,1). Then, by using the equality
1
/ tH(1— )Mz — >t = B(u, 1 — p), (1.8.1)
0

that was established in (NVV99, Lemma 2.2) for any p € (0,1),z € (0,1), we
obtain that for any ¢t > 0

e (t, ) Ry 2

2 t t
= (C’}?) 2Ha/ / (t—u)"(t —8) " “u"%s u — s|**'duds
0o Jo

— 120 (0(5)>2 2HOK/1 u_o‘(l — u)—a (/1(1 — s)_o‘s_o‘|u — S|2a_1d3) du
= b ; )

2
_ -2 (Cg))) 2HaB(o,1—a)B(1 —a,1—a)

- tl—zaF(Q —20)I () (1 — )?
I(1—aPr(a)r(2 - 2a)

=172 « .

(1.8.2)
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Therefore, we can consider the integral

H _ [ s)dBM .= s)dB;!
I (1) = /0 L (t, s)dBI - /RZH“’ 4B, (1.8.3)

where W = {W,, z € R} is the underlying Wiener process. Similarly to (1.8.2),
for any 0 < t < t/, we obtain that

EL () (L) = (U (t, ) () ry 2

t t’
= (c}?)%m/ (t—u)"“u=® (/ (' — )% u — s|2°‘1ds> du
0 0
= (CP22Hat'2*B(a,1 - a)B(1 — o, 1 — ) = 1727,
(1.8.4)
From (1.8.3), it follows that {ItH, t> ()} is a centered Gaussian process. More-
over, from (1.8.4), we obtain for any 0 < s <t < s <t that

E (L (1) = 17 () (1 (L) = I (L)) = 0.

Thus, the increments of I (If) are uncorrelated, and hence independent. It
follows that I}1(lz) is a martingale w.r.t. its natural filtration

Fil=o {1 (ly),0<s<t},

having angle bracket (I (7)) = t'~2* and I (1;7) = 0. By the Lévy theorem,
there exists some Wiener process B = {B;,t > 0}, such that

t
ME = 1H(ly) = a/ s~ *dB. (1.8.5)
0

The process M is called the Molchan martingale, or the fundamental mar-
tingale, since it was considered originally in the papers (Mol69; MG69). See
also (NVV99).

(ii) Now, let H € (0, 3). In this case we need some preliminaries.

1) Let f € BV[0,T], where BV[0,T] is the class of functions of bounded
variation on [0,T], and f = 0 outside [0, T.
Let us calculate MY f. For « = H — % it holds that

07 x>T
(MY f) (2) = S € [ (w—w)df (u) = (T = 2)* f(T-), 0<x<T
Cg)a fOT fw)(u— ) tdu, x < 0.

Let I# := [ f(s)dBY. Then
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Bl () = (o) (a? / OOO w)(u—2)* " du
+/OT de)

0(2 ( //f (/ (u— )" 1(s—x)a_1dx)duds
¥ / / (/ ) (s - )% ) ()

e ' [ o] artw) f(T—)>

(1.8.6)

Evidently, the function f and its variation var f are bounded on [0, T):

there exists C' > 0 such that |f(u)| < C and v, := varp, f <C,0<u <T.
Therefore, on the one hand, it holds that

/ / u)||f(s) (/Ooo(ux)o‘l(sx)aldx> du ds
< 02/ / </ — ) (s — x)aldx> du ds (1.8.7)

=% *2/_ (T — 2)® — (—2)*)* dz < .

dx

/ (u— 2)df (u) — (T — 2)° f(T—)

On the other hand, we obtain that

/T /T (/SM(“ —x)%(s — x)adx) dipydip,
[ [ ([io-oe-era
/ / (/ (u—2)%s - x)adx> dpudips (1.8.8)

<(2a+1)" (// WPt ey dip + // s dy, d%)
T2a+l

< 2 )

Soaril <

Clearly, the last integral in (1.8.6) is finite. It follows from (1.8.7) and

(1.8.8) that the integrals in (1.8.6) are well defined, E ‘I%I(f)‘2 < oo and the
limits of integration in (1.8.6) are changed correctly. Moreover, the integral
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fo s)dBH exists for any f € BV[0,T]. Now, let {f,,,n > 1} be the sequence
of functlons satisfying the assumptions

(a) fn € BVI[0,7T] and there exists C' > 0 such that sup,, varyp 1) frn < C;
(b) fn — 0 pointwise on [0, T].

Then, we can repeat estimates (1.8.6)—(1.8.8) with f,, instead of f and
obtain from the Helly theorem and the Lebesgue dominated convergence the-
orem that E|IH(f,)]? — 0,n — oc. Finally, let f € BVI[0,7] N C[0,T] and

IGEDI f( )1{(k CEIV ST aE Then the functions f, := f — fn satisfy

the assumptions (a) and (b), whence

- kT
I%I(f) = lim Zf () AB,? in Lo(2), (1.8.9)
where
AB/? :Bk B(k 1>T
But

n kT " H - H g H
Zf(n) A B = f(T)Bff =Y Bur & fr — [(T)BF */ By df(t).
k=1 k=1

0
(1.8.10)
We obtain from (1.8.9) and (1.8.10) that IH(f) = f(T)BY — fOT BHdf(t) for
any f € BV[0,T]NC[0,T].
2) Evidently, for any fixed ¢ > 0 the kernel Iy (t,-) € BV[0,t] N C[0,¢], if
H € (0,1). Therefore,

t t t
H (1) = / Lu(t, s)dBH = / BHdly(t,s) = / BH (). (4, 5)ds
0 0 0
t
= faC’S) / BH st — s)771(t — 25)ds,
0

and this integral is obviously a Gaussian random variable. By using the fact
that [y vanishes at the endpoints, we can easily show that
EIF(Ig)IH(ly) =t'72 forany 0 < t <t :
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EIf(ig)I ( )

/ / (P 4 52— = [P (1), (8, ) (L) () duds
_ 1 / / = s[2 (L)t ) (Lo (¢ w)du ds
=3 [ttt ([t e s
-3 [y ( [ - s>2H<lH>;<t',u>du) ds
= alt ) ([ = wr=m i mau) as
o [ Lt 5 ( / (- s>2a<zH>;<t',u>du> ds

t
z—aHCS)/ lg(t,s)
0

(1.8.11)

t/
X / lu — 5|?* sign(u — s)u™ "1t —u) "Nt — 2u)duds.
0
From (NVV99, Proposition 2.1), we can obtain that
tl
/ lu — s**sign(u — s)u™ "1t —u) "Nt — 2u)du
0
==2/a-I'l —a)I'(1+ ).

Therefore, EIX (1) I} (1y) = t'72%. We can conclude, similarly to part (i),
that I/ (Ig) is a martingale w.r.t. its natural filtration, and

t
IH(1y) :&/ s “dB; (1.8.12)
0

for some Wiener process B. Thus, we have proved the following result.

Theorem 1.8.1. Let BY be an fBm with H € (0,1), and let
¢
ME = T1H(ly) = / lu(t,s)dBH. (1.8.13)
0

Then there exists a Wiener process B such that (1.8.12) holds. Moreover,
o{BE 0<s<t} =0{B,,0<s<t}.

The inverse relation can be obtained for any H € (0,1) in the following
way: evidently, for any ¢ > 0 the random variable Y; := fot s~*dBH is well
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defined. It can be proved similarly (but more easily) as the existence of IZ (1)
Furthermore, f(s) := s~ € BV[0,t{]N C[0,t] for any ¢t > 0 and H € (0, §)
Therefore, it holds that

t
Y, =t B} +a/ Bl g=o=14s, (1.8.14)
0
Now, let H € (3,1), f € BV[0,t]NC[0,1] and

t
()= [ 1(s)aBh.
0

Then

t ot
B|L(f)]* = 2Ha/ / fw)f(s)|u — s|** tduds < oo,

0 Jo

and it is easy to see, similarly to (1.8.10) that

1(f) = BEf(t) - / BUdf(s).

~

Let fe(s) = f(8)1fccs<oo} for some € > 0. Then

t t
/ f-(s)aBY = / s~ *dBl
0 €
¢
=Bt~ - BH¢ — a/ Bl s=o=14s,
0
Note that the trajectories of BY belong to CH~*[0,T] for any 0 < p < H,
(see Section 1.16). Therefore B¢~ — 0,6 — 0 a.s. By similar reasoning,
f; BHs=2ds — fg BHs=2ds,e — 0 as.
Evidently, E|[; f(s)dBH|> — 0, — 0, and we obtain (1.8.14) for H €

(3,1). But (1.8.14) is an integral equation with respect to {BH,0< s <t}
and its solution has the form

t t
Bl = t*y, —a/ sa’leds:/ s*dYs. (1.8.15)
0 0

Let MH := I (1) be the Molchan martingale. Then, for H € (O,%)7
integration by parts leads to the equality

¢ t
MHE = C’S) / (t—s) s “dBH = —aC’S) / (t—s8)"*"Y.ds,
0 0

whence
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t ¢ ¢
/ (t —u)* M7 du = —aCS’) / YS</ (t—uw)*(u— 8)_1_°‘du) ds
0 0 s

=—aCPB(a+1,— /Yds

and

t
= C}f)a/ (t —u)*dMH. (1.8.16)
0

Therefore,

t
B =acy (1o / (t — w)*dMH
0
t s t
—a/ 30“1(/ (s—u)ade)ds) :/ m(t,s)dBs. (1.8.17)
0 0 0

Let H € (3,1). Then, by using Theorem 1.8.1, we obtain that
¢ t
/ (t —u)*dMH = a/ (t —u)* M du
0 0
t u
= C’S)a/ (t —u)>! / (u—s)"“s *dBH du
0 0

t ot
= Cg’)a/ (/ (t —u)*(u— s)_o‘du) s~*dBH
0 s

=CaB(a,1-a)Y, = (CF))ay,,
i.e. we have (1.8.16) and obtain (1.8. 17) In this case the kernel my (t, s) can
be simplified to mp (t, s) = aCY s f —s)*"du.
Remark 1.8.2. Tt easily follows from (1.8.17) and (1.8.18) that the process BH

satisfying (1.8.17) is an fBm. Indeed, it is a Gaussian process with zero mean
and covariance

(1.8.18)

(t2H ps2H | S|2H).

DO =

tAs
EBHBH :/ mpy(t, u)ymg (s, u)du =
0

Now we state a result of Le Breton (LeB98), see also (KLeBR00), demon-

strating how the Wiener integral fo s)dBH can be presented as an integral
with respect to fundamental martlngale M H

Theorem 1.8.3. Let f € L (R) wanish outside [0,T], where H € (3,1).
Furthermore, let

¢
K{I(t,s) = C’g) / fw)u™(u — s)* du,
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o e 1/2
where CH = (m) :
Then,

¢ t
/ F(s)dB" = [ KT (¢, 5)dM™. (1.8.19)
0 0
Proof. Note that
t ¢
[ shopraar™y. = €20 - 20) [ ht0)Ps s
0 0
t ot
= (Cg))Q(l - 2a)/ / fu) f(v)uv® (1.8.20)
o Jo
uNv
X / (u—8)*" v — ) 1s72ds du dv.
0
Further, Lemma 2.2 from (NVV99) states that
1
/ tH 11—t e —t) P Vdt = ¢ (¢ — 1) " B(p, v)
0
for p,v >0, ¢ > 1. Hence for u < v, p =1 — 2a, v = o we have that
/ (u—s)* (v —s)*"1s72%s
0
o E —a E B 2a—1 B
Y (u) (u 1) B(l 2a,a)
= B(l - 2a, a) (uv) ™% (v — u)?*7 L,
Moreover, for v < u it holds that
/ (v—38)*"u—s5)*"1s72%s = B(l - 2a, a) (uv) ™% (u — v)2* 7L,
0

By substituting these equalities into (1.8.20), we obtain for the integral on
the right-hand side that

(Cg))Q(l - 2a)B(1 - 2a,a) /Ot /Ot ) f(v)u—v|** tdudv
= 2Ha/0t /Otf(u)f(vﬂu —v|** Ydudv = E|Tg(f)|* < co.

Moreover, the system (Is(f), M2, 0 < s < T) is Gaussian and M# is
Gaussian martingale. Therefore it follows from Theorem 7.16 (LS01) that

1) = [ (G- PO R )aMl ¢ 0.7
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For u < t, we have that

EMIT(f))

=C 5)2Ha/ / fv (u—8)""Liscuy|v — s[> dvds
(1.8.21)

_CS)QH(X/ f(v)/ s7%u — 8) v — s|**ds

0 0
X (1{v<u} + 1{v2u})dv'

The first integral on the right-hand side of (1.8.21) equals, according to
(1.8.1), QCS))HQB (a, 1-—- )fo v)dv. Moreover, according to the equal-
ity (NVV99)):

1
/ 1 =) e —t) TVt
0
1
=(u+v-— 1)B(u,y)c*”+1/ sHTV2 (e —8)THds, > 1, u>0, v >0,
0

the second integral equals, for y=1—-a and v =1 — a, to

C92Ha(1 - a)B(l —a, 1— a) /t Flop® /Ou 2y )01y o,
Therefore, the derivative in u of the right-hand side of (1.8.21) equals
C(H)B(oz7 1-— a)f(u) —C(H)(1- 2a)B(1 —a,1-— a)f(u)B(l - 2a, a)

+C(H)(1- a)B(l —a,1-— a)u‘h /t f)v*(v —u)* do,

where C(H) = 2HaC1(L}E’). It is easy to check that
(1 —Qa)B(l —a, 1 —a)B(l - 2aq, a) = B(a, 1 —a).

Therefore,

w = C(H)B(l —a, 1—04) (1= 2a)u—2

/f (v —u)*tdv
_0(7) — 2 —2a/ flv . )a_ld’l}.

H .
Hence %’W = K}; (t,u), and the theorem is proved. ]



1.9 The Inequalities for the Moments of Wiener Integrals 35

1.9 The Inequalities for the Moments of the Wiener
Integrals with Respect to fBm

These inequalities were originated with paper (MMVO01). Indeed, the Hardy—
Littlewood theorem has an immediate consequence, namely, the estimates for
the moments of the Wiener integrals with respect to fBm.

Theorem 1.9.1. (i) Let H € (0,3). Then L (R) C L1 (R) and there ex-
ists a constant Cr > 0 such that for any f € LE (R), it holds that

£z, @ < Crllflloym- (1.9.1)

(i) Let H € (3,1). Then L1 1 (R) C LI(R) and there exists a constant
Cy > 0 such that for any fe L%(R) it holds that

£l @y < Crllfllzy ®)- (1.9.2)

Proof. (i) Let f € LH(R). This means that M7 f = CP'D=f € Ly(R).
Evidently, f = I"*D”%f and from the Hardy-Littlewood theorem (Theo-
rem 1.1.1 with ¢ = %, p=2 and o = § — H), it follows that

IFllzy @) = HZ"DZ%fllzy ®) < Co, —al D= fllr®) = CullfllLy @)

7H7
(ii) We directly apply the Hardy—Littlewood theorem with
p=+4,a=H—Landg=2
Il @y = IME FllLym) < Cullfllz, ®-
O

Corollary 1.9.2. Let f € LY¥(R). Then there exists I(f) = [ f(s)dBY and

E|I(f)]? = Hf||2L§(]R). Therefore, we have for H € ( 7%) that E|I( NP >
CiP 517,y ands for H € (3,1), it holds that B < CHIfIE, ey

H
Since I(f) is a Gaussian random variable, we obtain the following mequalztzes
for the moments of the Wiener integrals with respect to fBm: for any r > 0,
there exists a constant C(H,r), such that for H € (3,1)

BIAI < CH AL, @

and such that for H € (0, %), we have that

Iz, ) = CCLPEII
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Corollary 1.9.3. Let H € (3,1) and f € L1 (R). Then it follows from
Theorem 1.9.1, (ii), (1.6.7) and (1.6.14), that

1 Ngat2 < ClF L, @

Corollary 1.9.4. Let f € L1 [a,b] and f =0 outside (a,b). Then we obtain

the following estimates: for any r > 0, there exists a constant C(H,r), such
that for H € (,1), it holds that

b "
E| [ fs)aBl| < CUHNIL, s

and

b b r
E / f(S)dBf/ 9(s)aBI | < CH, ") fII7 | 1anllollz | o

Furthermore, for H € (0, %) the opposite inequality holds:

T

b
1915, o < CHDB| [ f(5)iB!

Remark 1.9.5. Let H € (%, 1) and f € |Rp|. Then, from Hoélder inequality,
we obtain the estimate

g = [ ([ 170l = et ) ds
<(/ |f<s>|éds)H ( Las(] |f<u>||s—u|2“du>“lH>IH

Further, from the Hardy—Littlewood theorem with o« = 2H — 1,q = ﬁ
and p = %, we obtain that

1\ 1-H
(/ ds </ |f(u)||s—u|2°‘1du> ) < Cullflle, @-
R R "

Therefore,

Il Ry2 < OHHfHL%(R)-

Remark 1.9.6. Next, we show that the lower inequality in the case
H € (1,1) fails. Indeed, let f(u) = signu - [u|~Psinu with 1 < p < H. Then
according to the proof of Lemma 1.6.9, it holds that f € L (R). Nevertheless,
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[oe] oo S. %
/ |f(u)|%du = / %du =00, since L.
0 0 |u‘ﬁ H

Therefore, the inclusion L%(R) C LI (R) is proper. Moreover, consider
the function f.(u) =u*~H, 0<u <1, 0<e < H. Then

H\*" 1Ir(1—H+¢)I(2a)
17 = (£) 0 1y = U

I'(H —¢) e
1
where Cy = B(1 — H,2a). Since —— = £>* and we can let € tend to 0, it
=H

follows that the inequality
£l Lz ) = CH”fHL%(R)

is impossible for H € (3,1).
Remark 1.9.7. Tt is very easy to check that the function f(u) = u=* ¢ |Ry|
for any H € (3,1). Indeed,

T T 11
/ / uHs™H |y — s]** tduds = / / uHs™H |y — s> duds,
o Jo 0o Jo

for any T' > 0, and this is possible only in the case when these integrals are
infinite.

Now, let H € (0, ). As mentioned in (SKM93), the domain of the operator
D~® does not coincide with any space L.(R),1 < r < +o00. Therefore, the
inclusion L (R) C LI (R) is strict. Moreover, let f(u) = u*~ with ¢ > «
(note that & can be negative). By direct computations, we get

1N, @ = (26 —2a)72

and
17220y gy = Keorr (22 = 20077,
H
where I ) )
e—a
K, =—— 7 (2 =H— —.
= F@f2a+%ﬂ )% a 2
Therefore,
I£1
70[7%@1@) T 400, €] ().
=,

Set g=1I1"°f, f=D%g, then ||, &) = ll9]l Lz r) and

g1l Lz

R 1 o, ] a.

||g||Li(]R)
H
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So, we cannot obtain the inverse inequality to (1.9.1).

Consider now the upper bound for the moments of I(f) with H € (0, 3).

As always, o = H —

2
Let W3(R) be the standard Sobolev space

WER) = {f : R =R [|fllo) + Il o) < 00}
Theorem 1.9.8. Let f € CHR)\WE(R) and |f(z)| + |f'(x)| < Col|z|*~17¢
for some € > 0, as |x| — oo. Then f € LE(R), and there exists a constant
C(H) depending only on H, such that
1fllze @ < CUHEDNfIwzm)-
Proof. Now, we have that

1l = /|MHf )" = o ( /m )

L 1/2
0(3) /l p: " |2dt)

2

_cg)(/R %/_@ [z —u)(—u)“du dm)1/2
= Cg)( /Oo (x4 w)u“du i dx)1/2
R [J0

/ oy @) )

i dx) 1/2> .

<v2c? ((/R

"(u)(u — z)%du

Further, it holds that

2

o "(u)(u — z)%du| dz i
( f'(w)(u - 2)du| dz) 2 o
(2H) 1/2 // u)| dudz)/ = 2H) Y2 'l £, ®)»
and
(/R x:ol () (u—x)*du 2d$)1/2
oo . 2 1/2
- ([|#e+n-a [ s 2t ) (1.9.5)

2 1/2
< V2| fllram) + \/§|a|< d:c) )

u)(u — ) tdu
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From the generalized Minkowsky inequality, we obtain that

[es) 2 1/2 e ] 2 1/2
( fu)(u—x)* tdu dac) = ( / flu+z)u* 'du dx)
R [Jx+1 R 1
= a1 2, \? 2
< [ wtau( [ it oPar) < <1 /al i
(1.9.6)
The claim follows now immediately from (1.9.3)—(1.9.6). o

Now we turn to the case when f = 0 outside some interval [0,7]. In this
case the conditions on f can be much less restrictive. Indeed, then
0, x2>T,
(I°f) (z) = L [T F@(t—w)dt, z € (0,7), (1.9.7)

a—1
F(H%)fo t)(t —x)*dt, x <0.

Consider some partial cases. Let f € IZ%(L,[0,T]), for some p > 1, i.e. we

can present f as a fractional integral f(z) = F(ia) fmT o) (t — z)~trodt,
¢ € L,[0,T]. Then, according to (SKM93), for any = € (0,T) it holds that

d (7 T -
[ s ord = @@ -0 v [ (5@ - FO)E - 01t
(1.9.8)
The same equality holds for f € C?[0,T] for a + 8 > 0.
From (1.9.7) and (1.9.8) it follows immediately that for f € IZ%(L,[0,T)),
in particular, for f € C”[0,T] with a + 3 > 0 we have that

2

)T Ldt| dx

( " dBH’ = a?(C?))? /

+(C) /OT F@)(T - 2) + aL (F(6) ~ St~ 2] dw. (1.9.9)
Introduce now some classes of functions vanishing outside [0, T]:
pf0.11= {: 0.7~ Rl [ | 017 po)ds <
and

Dy[0,7] == {f:[o,T]—mR‘

T T 2
11D 10.19 5=/0 (/ If(x)—f(t)l(t—w)a‘ldt> dm<oo}.
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Theorem 1.9.9. (i) The following inclusion holds: for any p > 7 it holds
that
EM[0,T] == I"*(L,[0,T)) (| Dul0,T] € L0, T].

Moreover, there exists a constant C(H,p), such that for any f € Ef [0,T]

we have that
o\ 1/2 .
( )" < (15 0n T + o).
(1.9.10)

(i) CP[0,T) C LE10,T) and there exists a constant C(H, 3) such that for any
fecCro,T]

(¥ [ s

Proof. (i) Let f € EX[0,T]. ThenE‘ Iy dBH) equals the right-hand side
of (1.9.9) and also f € L,[0,T]. We have the following estimate:

7= | ' / "1 /. (=) (s — ) dwds
/ / )17 (s |/ x)%° 2 dx ds dt

1 1 ?
Sm_m(/ ()] dt)

2(p—1)

1 p—1 P 2 2H—2
< T P, 1.9.12

Therefore, for f € Lp[0,T] it holds that Zy < co. Then the Fubini theorem
implies that the first term on the right-hand side of (1.9.9) equals, up to a

constant
[ s0r6) [ a-ns-arasasa

and can be estimated by the right-hand side of (1.9.12). Moreover, the Hélder
inequality implies that

1/2
)" oo @+ T). o)

4 _2 prL;z
| @ @ e <11 o 7D 1a3)

2ap+p—2)F

From (1.9.12) and (1.9.13) we obtain (1.9.10) with



1.10 Maximal Inequalities for Wiener Integrals w.r.t. {Bm 41

ot p) = e (0 - m) el 1)
Vg ms) ) )

(ii) In this case,

2
1 T 1
ITr < ——r H-1 < - - 2 T2H 1.9.14
) (/0 fle)t dt) S TS TNE 1fllEe0m T2, (1.9.14)

T 9 5 T2H -
| 1@ @ = e < S 1 T, (19.15)

and

T T . 2 T2H+2,8
/ <L|ﬂw—fmw—x> ﬁ>dx<(a+m(H+ﬂﬂﬂbmn

Thus, we obtain (1.9.11) with

CH:(H%i4%+22)v<ma+maﬂ+m)'

1.10 Maximal Inequalities for the Moments of Wiener
Integrals with Respect to fBm

For any fixed T' > 0, denote (; = supg<<t |(t|, where (; is any function
on [0,7). If BE = {BF t >0} is a fractional Brownian motion, then from
its self-similar properties we obtain that E((BH)%)P = C(H,p)TPH | where
6’(H7 p) = E((B¥)%)P. (It is an interesting and open problem how to compute
this maximal moment.) Now let f € LY (R). We try to find possible bounds
for the process I, = Li(f) := fo BH both on random and nonrandom
intervals. Denote ||I%||, := (E(I*) )1/1’

(i) Upper bound on nonrandom interval, H € (%, 1). Note that the process
I(f) is Gaussian, therefore it admits entropy maximal estimates. In this con-
text, suppose that f € |Ry| and consider on [0, 7] the semi-metric p; gener-
ated by the process I, i.e.

§3(s,1) = B(I, - f api|

For any € > 0 denote by N(]|0,T],¢) the metric e-capacity of ([0, T], p), or
the minimal number of points in the e-net of the interval [0,77] in the semi-
metric pr, i.e. the minimal number of centers of closed e-balls covering [0, T').
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Also, let H([0,T7],¢) := log N'([0,T],¢) be the metric e- entropy of this interval
in the semi-metric p;, and let D(T,e) = [; H zdu be the Dudley
integral.

Lemma 1.10.1. Let p(s,t) be some semi-metric on [0,T] and let p(z), z > 0,
be a continuous increasing function, such that p(0) = 0. Also, let g be a
function with g(v) >0, g € L1[0,T], such that for any 0 < s <t < T, it holds
that o(p(s,t)) < f;g(v)dv. Then

Jo 9(w)dv
N([0,T],u) <1+ (2u)

Proof. Consider 0 = 59 < 51 < ... < sy < T, where |sg11—si| =2u, 0 < k <
M —1,|T — Sy < 2u. Such a partition exists, because our condition ensures
the continuity of p(s,t). Evidently, p(2u) < f‘sk“ (v)dv, 0 <k < M—1, and
N([0,T),u) < M + 1. So,

M-1 s34 SM T
»(2u) Z/ dvf/ g(u)duﬁ/ g(v)dv,
0

ie. M < fOT g(v)dv - (p(2u))~L. ]

Lemma 1.10.2. The Dudley integral admits the estimate

D(T,s)g/; [1og(1+ué5H/0T|f(v)|édv)} du,

where Cg is some constant.

Proof. According to (1.9.2) and Corollary 1.9.2, it holds that

E /: f(u)dBH

If we choose p(u) = u# and g(v) = |f(v)|#, then @(p;(s,t)) < fst g(v)dv. We
obtain from Lemma 1.10.1, that for any v > 0 the metric u- entropy of the in-
terval [0,7] does not exceed log (1 +u w(C(H,2))zm -2 1 fo |f (v )

From here the claim follows with Cy = 2’%(C(H, 2)) o m]

2
<CH2fZ, 5.0
H

Theorem 1.10.3. For any p > 0, there exists a constant Cp(H) such that

Izl < Co(E) fllz fo.77-



1.10 Maximal Inequalities for Wiener Integrals w.r.t. {Bm 43
Proof. Denote

o?:= sup EI%
0<t<T

Then according to (Lif95, Theorem 1, p. 141) and its corollary, for any
r > 4v/2D(T, Z), we have the mequahty

P{I}>r}§2<1¢<w>>, (1.10.1)

—y2 .
where &(r) = \/% J* e dy. Since

E(I7)" = p/0°° 271 = F(x))dz,

where F(x) = P{I} <}, we obtain from (1.10.1) that for D = D(T, §) it
holds that

42D
RGP <p [ (1= Fa)ds

+p/°0 P71 = F(2))dx < (4\/§D)p
4+/2D

+2p/ooo(a:+4\/§D)” 1( —é(x))dx 110.2)
<@vapy +pr [ ot (1-a(2)) e

+p2p(4ﬁD)P*1/0 ( ( ))dx
< (4V2D)P + p2PaPCy(p) + 2Pp(4vV2D)P 1o Cy (1),

where Cy(p) = [, 2P~ (1 — &(x)) dz. Now we estimate D = D(T, §). From
Lemma 1. 10 2 and Corollary 1.9.4,

3 I :
DS/ [log <1+u_£IC’H/ |f(v);ldv>1 du
0 0

~ o0 dz
< H(Cyp)H 3 Gxprdz 1.10.3
<HEC" [ ey —

where Cy = Cyy fOT | f(v)|7 dv. Therefore, D < Cr||f|1 , (0.7, where
~ o] 1 exp zdz . ﬁ 1
Cu = (Co)"H [ 27 222 Evidently, o < (C(H,2))2 [Ifll, o
H

(expz—1)H+1

By substituting these two estimates into (1.10.2), we obtain the proof. O
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(ii) Lower bound on nonrandom interval, H € (3,1). According to Remark
1.9.6, the reverse inequality of (1.9.2) fails. Therefore, we obtain the lower

bound under stronger assumptions. We suppose here that f = f(s) > 0 on

[0,T]. Denote g(t) = ﬁ, g7 = esssupg< <7 g(s) and assume that g7. < oo.

Theorem 1.10.4. For any p > 0, we have an estimate
177l = e (H)T (g7) .

Proof. According to the lower bound obtained by Sudakov (Lif95, Theorem
5, p. 152), for any € > 0 it holds that

E(I;) > (EI})? > C,H([0,T],¢)% e,

where H([0,T],e) =log N([0,T],¢). Evidently, N([0,T],&) > 1\/T(29;5)7%.
Therefore,
H([0,T),e) > log (1 V T(2g;5)—%) .

Indeed, take an arbitrary partition 7 = {0 = 59 < $1 < --- < s, = T’} such
1

[or, f(s)dB{

2\ 2
that (E > < 2¢. Then

s 2 2 0\ —
E fs:_l f(S)dBf‘ = ||M£I(1(Sk—175k)f)HL2(R) > (gT) QE‘BSk - B$k71|2
2H

= (97) (51 — sk—1)*",

50, (g5) 77 (s, — sp_1) < (2¢)7. Hence N([0,T],¢) > 1V T(2g5e) "'/ H.
1

For the function ¢(e) = (1og (1v T(Zg}e))fﬁ) : - g, with € > 0, it holds
that .
—— —%TH 2 *\—1
E<T£,n(§§%),190(5) 5¢ (297)"",
whence the claim follows. O

(iif) Lower bound on nonrandom interval, H € (0,%). This case is very

simple, due to inequality (1.9.1). As an immediate consequence, we obtain
the following statement (see also Corollary 1.9.3). Let f : [0,7] — R be a
measurable function.

Theorem 1.10.5. For any p > 0, there exists a constant C(H,p) such that
1171, > CH,p) | £l , o -
H

(iv) Upper bound on nonrandom interval, H € (0, ).
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Theorem 1.10.6. Let f : [0,T] — R, f € L,[0, T] N DI0,T] for some
p > 4, where D0, T] = {f : [0,T7] — R | fo fx (x,t)dt)Pdz < oo} and
oz, t) = fO—f@)l 1f0<z<t<T}). Then there exists a constant Cy(H,p), such

t I)l a
that
117, < CL(H,p)G,(0,T, f), (1.10.4)

([ (/ Tgo(m,t)dt)”dx)i) .

where

=

G,(0,T, f) = <||f||L oz T + T3
Proof. According to (1.10.2), it holds that
E(I})P < (4V2D)P + p2PaPCy (p) 4+ p2P (4V2D)P~ 1o Cy (1), (1.10.5)

where 02 = supy<,;<7 EIf, D = D(T fo ,u)2du and Oy (p) =
Iy~ a7 (1 — &(x))dx. Further, from (1 9 10), we have that

o < C(H,p) ( 1£llg,0m - T2 + / ' ( / ola.t)it) dr)” )

T T » 1/p
< C(H,p) <f||Lp[0,T]TH1/P+T1/21/p( / ( / ol t)at) d:r) )
0 x

(1.10.6)

T

From Lemma 1.10.1 it follows that

(oats.0r < 2 en(it ( [15pau oo

i /St (/: o, )t ) dir- Tp/2_1> |

So, we can put p(z) = aP,

g(u) = 2°C"(H. p) (f(u)lp 2 ([ gt t)” TW*) ,

and obtain the estimate

I g(v)dv
©(2u)

+ /OT (/UT (v, t)dt)pdv : T”/Q_l) =1+ u (G0, T, f))".

Therefore,

N0, T),u) <1+ +CP(H,p)u_p</O |f(v)|Pdv - TPH?
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o

D< /02 (log(1+uP(GL(0,T, f))"))

V20w = p G0, T, f) - Cyp, (1.10.7)

where C), = flzzz 2112 mdz By substituting (1.10.6) and (1.10.7) into
(1.10.5), we obtain the proof. O

Remark 1.10.7. 1. Let f € C®[0,T] with 8 > —a. Then
11,007 < Fllomo.my T7

T T » S )
( | ([ etan) dz) < O f g T,

and

153, < ColH.p) | fll ooy (T + TH + ),

where I} := supg<s<; | 1s]-

2. Similarly to Theorem 1.10.6, we can suppose that f € L, |0, T]ﬂDf [0,T]
and obtain the estimate for |3, 7 > 0. Indeed, the estimate (1.10.5) holds
for any r > 0, and we obtain from (1.10.6) and (1.10.7) that

E(I})" < (4V20,p7 ' GL(0, T, f))" + 12" (C(H, )G, (0, T, f))" Ci(r)
+ 127 (CopT G (0,T, )1 Ci(1) - C(H, p) Gy (0, T, f)
< (C(H,p,m)"(G,(0, T, f))"-
From here || 17|, < C(H,p,r)G}(0,T, f), where C(H,p,r) < 420, - pt +

1/2—1/r r=

20(H.p) - Loz - (P(E)Y" 40172 G p5 <cl< JC(H, p)) /"
Evidently, C(H, p, r) can be estimated as C(H, p,r) < C(H,p)(I'(“£1))/" for
some constant C'(H,p) depending only on H and p.

We continue now with random intervals. Let F = {F;, ¢t > 0} be the nat-
ural filtration generated by the fBm B and let 7 be any stopping time with
respect to this filtration, i.e., the event {7 <t} € F; for any ¢t > 0.

(v) Upper bound on random i?terval, H € (1,1). Let f be a measurable

positive function on R, o = H — 3.

Theorem 1.10.8. Let the function s®f(s) be nondecreasing on R. Then, for
any p > 0, there exists a constant C(H,p) such that for any stopping time T
we have that
* pH 2a
L[l < C(H,p)(E((f(r)) 5 rPH)) o (B(rPH)) 5

Remark 1.10.9. For a bounded positive function f with f(z) < f* < oo,
z € R, we obtain that

12|, < C(p, H) f*(E7PH)YP.

In particular, for f(s) = 1, we obtain the upper bound from (NV98, The-
orem 1.2).
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Proof. Denote Y; = fg s7*dBH. Then BHf = fot 5*dYy and I; = fot 52 f(s)dYs.
Integration by parts gives the following upper bound for I;:

t
i = sw |1l = sw sy - | st(s“f(S))‘ < 25 ()Y
0<s<t 0<s<t 0

Now we use the representation (1.8.16) for Y3,
R t N t
Y, = C’H/ (t —s)*dMH = aCH/ (t —s)>"'MHds, (1.10.8)
0 0

whence Y;* < Cpt®(MH)*. Here Oy = CWa, a = (1 — a)~1/2.
From these two estimates, we obtain for any ¢ > 0 that
I} <2CyHt** f(t)(M[)*, and for the random stopping time 7 it holds that

I < 207 f(r) (M),

Therefore, for any p > 0

B(I;)P < (2Cu)PE(r>*P (f(r)P(MI))). (1.10.9)

From the Holder inequality it follows that

B(rer(f(n)P (M) )P) < (BEer(f(r))s (B, (110.10)
H

whereq=%>1andr:m
From the Burkholder-Davis-Gundy inequalities for martingales, it follows

that for any p > 0 there exist constants c,, C}, > 0, such that

e B(MT)2 < B(MI) ) < CE(MT)Z.

T

But (MH), =172« and
B((MEY)? < C, B0,

Therefore,
E(MH)"Pr < C,.ETPH, (1.10.11)
and the proof follows from (1.10.8)—(1.10.11) with
~ 1 H
C(H,p) = 2Cy)PCh, r= &
O

(vi) Lower bound on random interval, H € (,1). Let f be, as before, a pos-

itive measurable function, 7' > 0 be fixed, g(t) = ﬁ and g7 = supg<,<7 9(5)-

In order to proceed, we need the following auxiliary result from (NV98). De-

note & := t2%|MH|.
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Lemma 1.10.10. For any p > 0 there exists a constant ¢, > 0, such that for
any stopping time T, it holds that

E(&)P > ¢, ETPH. (1.10.12)

Proof. Let p = 2. From the It6 formula we obtain that &2 = fg(s%‘ +
das** Y(MHF)?)ds + 2 [} s** MHIME.
Therefore, for any bounded stopping time 7, it holds that

EE > E/ s2*ds = (2H) ' Er?. (1.10.13)
0

For arbitrary stopping time 7, we obtain by applying (1.10.13) to bounded
stopping time 7 A n, that

E¢? (2H)YE(1 An)*H

TAn-—

and the Fatou lemma gives (1.10.12) with p = 2. Let p < 2. Inequality
(1.10.12) with p = 2 means that continuous and hence predictable process
(¢;)? dominates the (nonrandom) process ¢(t) = 2. Then, from the Lenglart
inequality, for p < 2, we obtain that

B(&)P > e, BT

with ¢, = G U= (DMS2, VI, p. 113).
Finally, let p > 2. Set £ > 0, § > 0 and define a process with positive
values by
ne =0+ kt*7 4 2.

Then, from the It6 formula, for p > 2, we obtain that

WS

P

ok
Il
>

t yd
+/ (gng‘l((uzkﬂ)s?a+4a32H—3(M5H)2)
0

1 p_ t
+5pp = 2)ns 2sG“(MSH)Q)ds + / i st M am
0
Therefore, for any bounded stopping time 7

z p 2c
EnZz > E/ 775 (1+2kH) ds

I \/

fE/ k212D 2005 . (1 4+ 2kH) (1.10.14)

k*fl

> PH
> g (L+ 2kH)Er

From the Fatou lemma, applied, for any stopping time 7, to 7 A n, we
obtain (1.10.14) for 7 A n and for § = 0.
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So,

B(kr? 1 g2)p » ML+ 2KH)

ErPH,
= 2H T

From the inequality
(k72 + €)% <25 (RErPH 4 gD,
we obtain that

51 .
Be? > (21*%—/’€ (;; 2kH) _ ]{:5>ETPH.

This means that (1.10.12) holds with

1
P » (+ +2H
Cp:ki(Qlii%iH)—l) >0

for k < 1 0O
2

H(22-2)"

Now we are in a position to establish the lower bound on a random interval
for H € (%, 1).

Theorem 1.10.11. Let, for any t € [0,T], the function
o(s) :=s"*(t—s)"g(s) be nondecreasing on [0,t]. Then, for any p > 0, there
exists a constant ¢(H,p) > 0, such that for any stopping time T < T it holds
that

1711, = e(H,p)(g7) " (ETPH)HP.

Remark 1.10.12. Either of the following conditions (a) and (b) is sufficient for
Theorem 1.10.11:

(a) g € C'0,T] and for any s € (0,T), it holds that ¢'(s) > g(s)(2 — 72=).
(b) The function g(s)s~“ is nondecreasing on [0, T] (or the function f(s)s* is

nonincreasing on [0, T]; compare with the condition of Theorem 1.10.8).

Remark 1.10.13. The class of functions satisfying the condition of Theo-
rem 1.10.11 is nonempty. For example, f(s) = s 7e™#° with v > « and
B > 0 belongs to this class. (In this case assumption (b) is satisfied.)

Proof. Let 0 < a < b < 1. Then the martingale M can be represented as

bt t
li(t,s)dBT + | 1y(t,s)dBY
at bt
bt
=MF(a)+ | 1u(t,s)g(s)dl, + MF (1 —b). (1.10.15)

at

at
MHE :/ I (t,s)dBI +
0

The middle term can be integrated by parts, and we obtain from the
condition of the theorem that
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bt
L (t, s)g(s)dIs

at

bt
L (t,08)g(bt) Iny — L (¢, at)g(at) Lo — / Id(lg (t, 8)g(s))

at

(1.10.16)

<O gt (1 =)~ + (1 —a)"a™®).
Therefore, the process & = t2*| M| can be estimated as & < t2*| M} (a)+

MHE(1 - b)| + Cyl;gf, where Oy = 20}5’)(((1 —b0)")b 4+ (1 —a) %™ *).
Now we use Lemma 1.10.10 and obtain

CpET < E(&)P
< 2771 Er% MH (a) + ME(1 = b)|P + 2P 2OV E(IF)P(g)P. (1.10.17)

Further, from (1.10.8) we have that

M (0)] < CD|(H(1 - a)) =V - / Yad(t - 5)~°]
0

<CRYE 201 - )™ < 20}?61{7(1 ¢ = (M)
—a
Hence a
M (0)] < Cp—2—— (M) 1.10.18
| T(a)I_CH(l_a)a( DI ( )

where Cy = QC’S)GH.

In order to estimate M} (1 — b), note at first that for fixed ¢, the process
BHF .= BE — BF 0 < s <t is a fractional Brownian motion with Hurst
index H. Therefore,

t t(1—b) _
MP(1-b)=C / (t—s)"“s *dBH = C?) / w(t —u)~*dBY
thb 0

and similarly as in the above estimates (1.10.15), we obtain that

v -oy < (150) (1.10.19)

where M# is the Molchan martingale for By But the symmetry of the kernel
Li(t, s) leads to the equality MfT = [} 1y (t,s)dB, = [} lu(t,s)dBE = M.
Hence,
1-b
M (1= 1)) < Ca(—) (ME)". (1.10.20)
From (1.10.7), (1.10.18), (1.10.20), (1.10.10) and (1.10.11) with f = 1 we
obtain that
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2 ACH B - (g5
a® (1-0)"
(1—-a)> + b

> C,ErPH — or=tCy Er?Pe. (M:)p( )ETpH - Cp.

By choosing a sufficiently small and b close to 1, we obtain that
B(I7) > (97)"ET™ - Cpm,

where

Cpir =2"7CH " [cp — 2" Cpe, <(1 - ot a _bb) )] >0. O

(vii) Upper and lower bounds for power functions and H € (%7 1).

The function f(s) = 1 does not satisfy the condition of Theorem 1.10.11.
To cover this case, we consider the power functions f(s) = s7, v > —2«, and
obtain a better result than in Theorems 1.10.11 and 1.10.6:

Theorem 1.10.14. Let f(s) = s¥ with v > —2a. Then, for any p > 0, there
exist constants ¢, g and Cp g, such that for any stopping time T it holds that

CP7H(ETP(H+“/))1/Z) < |z, < CP,H(ETP(HJ”))I/]”.
Proof. Consider the upper bound. Now inequality (1.10.4) has the form
E(I*)P < (2C§?))pE(T(2“+“’)pM:)p.

By applying Holder’s inequality with ¢ = % >1and r = % =
H+~y

17> and the Burkholder-Davis-Gundy inequalities, we obtain that

142042y 1

B(I;)P < ) (Er %) a (E(M;)™)

T

< (2C§))p0p,H(ET(H+7)p)%(ET(H'H)p)% _ Cp’HET(H-‘_’Y)p.

1
T

Consider the lower bound. We use expansion (1.10.15) and estimate its
middle term similarly to the first part of (1.10.16) with g(s) = s~7:

bt
/ L (t, $)g(s)dL,

t

= [Ua (¢, 06)g(bt) It | + | (¢, at)g(at) Lt | +

bt
/ Ld(Pu(t, s)g(s»‘

t

< OOpro (1 — p)mop20r 4 P a0 (1 — a) oL 1720
bt

+ O / (- $)~s~=)].

at
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The function ¢(s) := (t — )~ *s~*~7 has the following derivative on (at, bt) :
¢l(s) = st = 5) TN ((v + 2005 — (v + a)t).

For v > —a, on the interval [0,¢], the function ¢(s) has an extremal point

Smax = pt, where p = ;’:2%, and for —2a < v < —a, no extremal point exists.

Therefore, the variation of ¢(s) on the interval [at, bt] can be estimated as

bt
/ (¢ — 5)"s~)]

t
SR 1= b 2] (=) a1 =) ).

From here,

bt
/ g (t,s)s~7dI,| < C(a,b, H,y)t™ 21},

t

where

Cla, b, H,y) = 2050 (777 (1 =)™+ a7 (1 —a) "+ |p| 71— p)~®).
Therefore, for the process Et = 22| MH|, we have that

& < 27 M/ (a) + M (1= b)| + C(a,b, H )7,
whence for any stopping time 7 and p > 0, it holds that
()" < (Cla,b, H, ) E(L) + E(r M () +MF (1-) . (1.10.21)
Similarly to Lemma 1.10.10, we can establish the following bound for ET:
E(é_)p > CpETP(HJr’Y).

Further, we apply (1.10.11), the bounds (1.10.15) and (1.10.17), and
Hoélder’s inequality with ¢ = % > 1 and r = % > 1, where
¢+ 3 =1, and obtain the bounds of the pth moment of 7°**7M}(a) and
T2t MH (1 —b):

a*P

B(re M (@) < (Cp)? B((rp (M)

T

a-aer (1.10.22)
< éH(ET(Qa'F’Y)PQ)%(E((M‘fl)*)pr)% < éHETp(H+7)7

where Cpy = (Cy)P (ﬁ)ap. Similarly,

E(T2o¢+'yM7{-I(1 _ b))p < 6HETP(H+’Y)7 (11023)
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O = (Cy )P (1bb)ap.

From (1.10.21)~(1.10.23)

E(I})? > ¢, g ErPHTY),

where i
a \op _p\ap P
R SR A
i (Cla,b, H, )7
for sufficiently small ¢ and 1 — . a

(viii) Lower bound on random interval, H € (0, ).
Here, we consider only power functions f(s) = s7, s > 0. According to

(1.8.6), the integral fot s7dBI exists, if

t ot 0
/ / u’s? (/ (u—z)* (s — :E)O‘*ldx) duds < oo
0 JoO —00
t t sAu
/ / sl (/ (u—2x)%(s — x)adx> duds < oco.
o Jo 0

If we choose v > —H, then both of these inequalities hold.

Theorem 1.10.15. Let H € (0, 3) and f(s) = s” with vy € (—H, —«a). Then,
for any p > 0, there exists a constant c¢(H,p) such that

and

17 Nl = e(H, p)(BrrTE0) e,

Proof. We estimate the Molchan martingale from above:

t " t
ity = e ([ —sean) < o [laem e -9
0

0

The last integral exists when —a — v > —1 or 7 < 1 — a. As before, the
derivative of the function ¢(s) = s> 7(t — s)~%, s € (0,1), equals

¢(s) = st —5) 7 ((7 +20)s — (v + a)t).

So, for v € (—H, —a), the function ¢(s) has the unique extremal point
s = J_t;;t, and fg |d(s™7 7 (t — 8)7%)| < Cout =277, where

o «@ Yyt a\ T
T\ v+ 2 v+ 2 '

Hence, for any stopping time 7 and any p > 0 it holds that
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(MI)*)P < (CF Co)P (I Pr( -2 P,
Further, from the Burkholder—Davis—Gundy inequalities we obtain that
E(M})P > CzErPU—H),

Hence,
CoEP0~H) < C(H,p)(E(I2)P9)a - (Er(-21Pm);

where C(H,p) = (C’S)C’Q)ﬁ.
Now, we choose r = 155HI{—7 >1,¢g=12 > 1andp = %, and
obtain for

c(H,p) = (5’(0;;

that c(H, p) Er?H+7) < B(I*)P. i

1.11 The Conditions of Continuity of Wiener Integrals
with Respect to fBm

Consider the case H € (3,1). Let f € L1 1[0,¢], £ € [0,T]. Then in particular,
the integral I;(f fo s)dBE exists on [0,T] and E(I,(f))? = I|fHLH[O g <
Cullfll3 0.4 Accordlng to (Lif95), a sufficient condition for the continuity
of separa}f)le modification of I;(f) on [0,7] is the finiteness of the Dudley

integral [5 H([0,T],u)du. But in our case, from (1.10.3) with ¢ instead of
Z, it follows that

/OEH([O,T],u)édu < /0 (log(l +u 7 Cy /0T|f(u)|flfdu)>édu

€ t 1
§/ w” P du - (CH/ |f(u)\%alu)2 < oo
0 0
for H € (3,1).

This means that the separable modification of the Wiener integral w.r.t.
fBm with H € (3,1) is continuous if f € L%[O,T].

Now, let H € (0,1/2). Then, according to (1.10.7) with ¢ instead of §,we
have that [ H([0, 7], u)"/?du is finite for any f € L,[0, T]NDH[0,T],p > 4.
So, for such f, a separable modification of I;(f) is continuous on [0, T7.
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1.12 The Estimates of Moments of the Solution of
Simple Stochastic Differential Equations Involving fBm

(i) Let H € (3,1) and F; = o {BF,0 < s < t}.
Consider a stochastic differential equation of the form

dX; = b(t, X;)dt + f(t)daBF, t > 0. (1.12.1)

Here, X is Fp-measurable random variable, E|Xy[P° < oo for some py > 1
and b(t,z) : Ry x R — R is a measurable Lipschitz function, i.e.

la(t, ) — a(t,y)| < Clz —y| (1.12.2)
with some constant C'. Furthermore, b is of linear growth, meaning that
|b(t, )| < C(1+ |z|) (1.12.3)

and
fe L%[O,T]. (1.12.4)

Theorem 1.12.1. Let b satisfy (1.12.2), (1.12.3) and f satisfy (1.12.4). Then
equation (1.12.1) has a unique solution.

Proof. We establish now that for any p < py the map

t

(AX)t = XO —+ b(S, Xs)dS —+ It(f)
0

is a contraction in the space

Sp 1= {g(t,w)7 te [O,Tp]‘ &(t,-) is Fy-measurable, sup E|§|P < oo},
t€[0,T))

with the norm )
I€ls, = s (El&fP)?,

Ty

where T}, is a number such that 7, < C~*.
Indeed, from (1.12.2)—(1.12.4) it follows that

t
E|(AX)[P < 37 (E|X0|p + E|L(H)P + 2ptp_1C<1 +/ E|Xspds)>.
0

This means that AX € 5, if X € S,. Further, for t <7,

PI(AX): = (V)P < B [ (45, X,) = bls. Vo)

t p t
< CPE(/ X, — Ys|ds) < CPT;—lE/ X, — Y, |Pds,
0 0
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e, [|[AX — AY||SP <L||X- Y||Sp, where L = CPT} < 1. Therefore, on the
interval [0, T,] equation (1.12.1) has unique solution. If we obtain this solution
X; by the method of successive approximations, and the initial process is some
continuous process X ,50) € S,, then by the continuity of the process I(b) and
the equicontinuity of the integral fot b(s,-)ds, the solution X; is continuous on
[0, T}]. The proof of the theorem is obtained by extension of the solution from
[0, kT}] to [0, (k + 1)T}] via the relation

t

X, = Xpr, +/ b(s, Xs)ds + (I, — Ixr,), (1.12.5)
kT,

where k € N and X7, is the solution of the “previous” equation taken at the
point ¢ = kT),. Existence, uniqueness and continuity of the solution of (1.12.5)
is established similarly to previous estimates. 0O

Now we establish the upper bound for the solution of equation (1.12.1) on
a random interval.

Theorem 1.12.2. Let the functions b and f satisfy the conditions of Theorem
1.12.1, E|Xo|P < 0o for any p > 0 and the function s f(s) be nondecreasing
on R. Then,

(a) for any T >0, p > 0 and stopping time 7 € [0, T|, we have the estimate

BE(X)P < 42T (B|Xo[P + CPETP

1—H

H)’

+ (C(H,p)P(B((f(r)) 5 701 % (B7#H)

where a constant C'(H,p) appeared in Theorem 1.10.8.
(b) If, in addition, the function f is bounded, i.e. |f(x)] < f* < o0, then

E(XF)P < 4pet’CmT <E|X0|p +CPETP + (C(H, p))p(b*)pETpH>.
Proof. Let T € [0,T] and 7, = 7 Ainf {¢t > 0 : | X;| > n}. Then

(X7 )P < (| Xo| + Cy +C/ Xids+1I7 (f))P
0

S A(| X0l + CPr 4 CP /OTH(XQF)”dS TN I (D)),
Therefore, by Gronwall’s inequality, we obtain that
(X2, )P < 4P (Xl + CPrE o+ (L ()P
Hence,
E(X:)P < 47T (B Xo|? + CPETE + E(I2, (f))7).

By applying Theorem 1.10.6, we obtain (a) and (b) for 7 = 7,,, n > 1. By
taking n — oo, we obtain the proof. O
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Remark 1.12.3. Exponential estimates for the solution of the more simple
version of equation (1.12.1), were obtained in (TV03). We shall return to this
problem in Section 3.5.

1.13 Stochastic Fubini Theorem for the Wiener Integrals
w.r.t fBm

We consider now only the case H € (1/2,1). Let Pr = [0,T]?.

Theorem 1.13.1. Let the measurable function f = f(t,s) : Pr — R satisfy
the conditions

/[ , | f(tw) | |f(t )] |s —ul** " dsdudt < 0o (1.13.1)
0,T7¢

and

/ £ (b0, )] 1 (b, 8)] |5 — w1 ds du dt dts < o. (1.13.2)
o.1}1

Then both the repeated integrals Iy := fo fo f(t,s)dt)dB? and
Iy = fo fo f(t,s)dBH)dt exist and I, = I, with probability 1.

Proof The existence of the integral I is evident, due to (1.13.2). As to I,
fo f(t,s)dBH exists a.e. (mod \), where X is the Lebesgue measure, and
accordmg to (1.13.1), it holds that

/ f(t,s)dBH

1/2
//ftsdBHdt<T1/2 / dt)

1/2
< (T2aH |f (& )| f(t, u)|\s—u|2o‘_1dudsdt) < 0.
(0,77

We consider at first only the measurable and bounded functions. Let
[ = supy gepo,rp2 |f(t,8)| < oo. Then there exists the sequence of simple
and totally bounded functions f,, = f.(¢,s), such that f,, — f uniformly
on Pr. The statement of the theorem is evident for f,. Further, denote
gn(t,s) := f(t,s) — fn(t, s) and obtain the estimate

/OT(/OTgn(t,s)dt)dBf + /OT</OTgn(t,s)dBf)dt

=: Iln + Ign.

Iy — I| <

Furthermore,
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T T
Bl =208 | ( / gnltr,s)dt ) / gnlt2, w)dtz )]s — u[**~ds du
T

<20HT? sup |gn(t,s)|2/ |s — u|**"'ds du
(t,5)€[0,T]? Pr

=T?H+2 gyp |gn(t7s)|2 — 0,

(t,s)ePr

and

T T )
E|L,|* < T/ E‘/ gn(t,s)dBHE| dt < sup |gn(t,s)|?T?H+% =0,
0 0 (t,s)EPT

as n — 0o, and we obtain the proof for bounded f. Now, let f satisfy (1.13.1)
and (1.13.2). For f,(t,s) := f(t,8)1{(t.s))<n},n > 1 the theorem is already
proved. Define

Co = {(t,5,0) € [0, TP | |f(t, )| = n,|f(t,w)| =}, fro=f — fu.

Then for any n > 1 we have that

T T
/ (/ f(t, S)l{lf(t7s)|>n}dt) dBf
0 0

T T
/ (/ f(ta3)1{\f(t,s)|>n}dBf)dt
0 0

Furthermore, we have that

|[Ih — L] <

+ = Il + Doy,

T T
E|I,|> = 2aH o (/0 fn(tl,s)dtl)(/o fn(tg,s)dt2)|s—u|20‘_1d8du

< 2aH | (t1, 8)||f (B2, 8)||s — u|?**tds dudty dty — 0,
(0,77

as n — 00, according to (1.13.2), and
B, P < T20H [ (7,69 [F (b lls = o s duds 0,
(0,773

as n — 00, according to (1.13.1). O

1.14 Martingale Transforms and Girsanov Theorem
for Long-memory Gaussian Processes

According to Section 1.8, the process
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t

M= CS)/ s7(t —s)"*dBY
0

is a square integrable martingale, and B; := & fot s*dMH is a Wiener process.
In turn, B = C}?) f(f mp (t, s)dBs. Moreover, the process

t
Y, = C}?/ (t — s)*s“dB, (1.14.1)

0
has the property that MH = =Cp (5) fo ~*dY is square-integrable martin-

gale. All these processes are Gaussmn Therefore, in some sense, it is more con-
venient to consider the processes of a form similar to Y; and M;, and to avoid
fractional Brownian motion itself. In this section we COIlbldeI“ long—memory
Gaussian processes that can be presented as integrals V; = fo $)dW
with some Wiener process W; and establish the conditions allowmg us to
transform these processes, similarly to Y;, into square-integrable martingales.

Let {W;, 7V, t > 0} be the standard Wiener process on a complete
probability space (£2,F,P) with F = F = \/,5,F}". Define the con-
volution of two measurable integrable functions ¢; and s : Ry — R by
(1% 2)( fo 01(t—s)pa2(s)ds,t € Ry. Let h and ¢ satisfy the assumption

0 € Ly(0,t), (A% *p?); <oo, t>0. (1.14.2)

Define the Gaussian process V; = fo (t — s)p(s)dWy. Evidently, EV; = 0.
In the case when h(s) = s%* ¢(s) = s7¢ and H € (1/2,1), the covariance
function between distant increments of the process V; vanishes at a power
rate. More precisely,

EVi(Viiy—Vi) = /0 (t—8)*((t+k—8)* = (k—s)%)s **ds

t
> at/ (t—s)*(t+k —s)* " 1s72%ds
0
> at* *Bla+1,a)k* !,
and the series Y ;- | k%! diverges for H € (1/2,1). Due to this reason, ac-
cording to the generally accepted terminology (CCMO03; Ber94; WTT99), such
processes are said to have a long memory. Compare this to the notion of long-

range dependence from Section 1.2.
Denote by R, = E'V,,V,, the correlation function. Then we have that

Ry = /0“ ' h(u — s)h(v — s)@>(s)ds.

Let F¥ = 0{X,, 0 < s <t} and HY¥ = H{X,, 0 < s < t} be, cor-
respondingly, o-fields and Gaussian subspaces, generated by the process X
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on the interval (0,¢t], X = W, V. It follows from (CCMO03, Proposition 15)
that 7 = FV, t € Ry if and only if H} = H}V. A necessary and sufficient
condition for this coincidence can be formulated as

the only function f such that V¢ € R

f € L2(0,t) and ((f - ¢) * h); = 0 is the zero function. (1.14.3)

Evidently, in this case FY, = F¥. We give one sufficient condition for the
latter relation. Denote by

Fr(N) ::/ e M f(s)ds, A >0
0
the Laplace transform of f. The following result is a direct consequence of
(CCMO03, Proposition 17).
Lemma 1.14.1. Let the following condition hold

0 < [Fh(\)] <00, Flu(A) <oo, F,(\)#0 (1.14.4)

on some interval A € (a,b) C (0,00). Then FY, = FV.

Now, let (1.14.3) hold. Denote by La(V) = Lo(W) = La(2, Fso, P) the
space of Fo-measurable ¢ with E¢2 < co. Let H (V) be the closed subspace
of Ly(V) consisting of linear functionals of V. Suppose that the function
R : RZ — R has a bounded variation |R|; := varp, R on any rectangle P,
te Ri, and consider the measurable function ¢g : Ry — R such that

/ 19(s — )| [g(t — 0)| d| Rluw < 00, s, ¢ € Ry (1.14.5)
Ps.t)

As stated by (HC78), we have an isomorphism I between A(R) and H(V).
Here A2(R) is the completion of the space A of step functions

fit)y= Z;Ll agly,,, ) (t) in the norm generated by a scalar product

M=

(f.9) = / ) g(0) ARy, () =S s (Virss — Vir).

k=1

Denote by I(f) = [ fdV € H(V) the image of f € A3(R) and let

M, ::/0 ot —w)dV, = 1(5),

where G(s) = g(t — s) 1{s<sy, t > 0. Then {M;, 7}V, t > 0} is a Gaussian
process and

EMM; = / g(s —u) g(t — v) dRy,-
Ps,b)
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Moreover, under the condition:

the double Riemann integral / g(s—u)g(t—v)dR,, exists, (1.14.6)
Py

the process M; can be considered for any ¢ > 0 as a limit of Riemann sums
in the mean-square sense. Note that the following condition is sufficient for
(1.14.6): the derivative h'(s), s > 0, exists, h(0) = 0, and R,, admits a
representation

Ruo /P
and
/73(510 lg(s —u)| g(t — )| [/Oum,

Now we are in a position to study conditions on ¢, h and g supplying
martingale properties of M;.

UOMUI W (ws = 2) W (o1 = 2) 9%(2) dz] duydoy  (1.14.7)

(u,v)

W (u—z)h(v—2)

0% (2) dz] dudv < oco.

Definition 1.14.2. Gaussian process V is called (g)-transformable if the
process

t
My = / g(t —s)dV;
0
is a martingale.

Remark 1.14.3. Since M, is a Gaussian process, it is a square-integrable mar-
tingale if V' is (g)-transformable.

DenoteU:{f:R+—>R’(f*q)tzo, te Ry, forsuch ¢: Ry — R
that (|f|* |g|):+ < oo, t >0, if and only if ¢ = 0},
AC[0, ] = {f R, — R ‘ F(s) = [2 f'(u)du; 0 < s <twith [|f(u)du <
oo}, Theorems 1.14.4 and 1.14.5 contain two groups of sufficient conditions
on the functions ¢, h, g ensuring (g)-transformability of V; (statements 1)

and 3)). Statements 2) and 4) demonstrate that these conditions are, in some
sense, necessary.

Theorem 1.14.4. 1) Let ¢, h, g satisfy conditions (1.14.2), (1.14.3),
(1.14.7) and

(gl = [h'])e <00, >0, (1.14.8)
(g«xh)e=Co, t>0 forsome CpeR. (1.14.9)

Then V; is (g)-transformable and (M), = C3 f(f ©%(s) ds.
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2) Let @, h, g satisfy conditions (1.14.2), (1.14.3), (1.14.7) and (1.14.8),
heU, ¢#0 (mod \) () is the Lebesque measure), (g h'); € C(0,00),
Vi be (g)-transformable.
Then (gx h'); = Co, t > 0, for some Cy € R.

Theorem 1.14.5. 3) Let ¢ and h satisfy (1.14.2) and (1.14.3), ¢ # 0
(mod A), g satisfies (1.14.6) and

g€ AC[0,t], t>0, g(0)=0, (1.14.10)
(Ig'] % (h? % p*)1/?), < 00, ¢ >0, (1.14.11)
(¢"*h)y=Co, t>0 forsome CyéeR. (1.14.12)

Then V; is (g)-transformable and (M), = C3 fg ©%(s) ds.

4) Let ¢ and h satisfy (1.14.2), (1.14.3), ¢ # 0 a.e. (mod ), the process V; is
(g)-transformable with g satisfying (1.14.10), (1.14.11), (¢'*h); € C(0,0).
Then (g’ *h)y = Cq, t >0, for some Cy € R.

Remark 1.14.6. Conditions (1.14.9) and (1.14.12) mean, in particular, that
corresponding convolutions have jumps at zero, so at least one of the functions
involved is singular at 0.

Remark 1.14.7. Let h(s) = s%, ¢(s) = s~%,¢g(s) = s~*. Then statement 1)
holds for H € (1/2,1) and statement 3) holds for H € (0,1/2).

Proof of Theorem 1.14.4. 1) It follows from (1.14.7) that

fi(z) == /Otg(t - v)[/osz B'(v—7r)h (2 — 1) p*(r) dr}dv, 0<z<t

is defined for a.a. z <t for any ¢ € R, fixed. Condition (1.14.7) ensures the
Fubini theorem for f;, and from (1.14.8)—(1.14.9) we obtain that

fi(2) = /OZ g(t —v) (/0“ B'(v—r)h (2 —7)p(r) dr> dv
+ /:g(t —v) (/OZ B (v—7r)h (2 —71)p(r) dr) dv
:/Ozh'(z_rm?(r) </Tth’(v—r)g(t—v)dv> dr

=C) /OZ B (z — 1) p2(r) dr,

i.e. f; does not depend on t > z. Further, for any 0 < s < ¢ we have that

E(M; — M)M, = /Osg(s —u) (fi(u) = fs(u)) du=0.
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It means that the Gaussian process M; with EM; = 0 has uncorrelated, thus

independent, increments. Hence, M; is a Gaussian martingale, and it holds
that

(M) = /Otg(t —u) (/Otg(t —v) /Oum B (u—1)h (v —r)o*(r) dr) du

=Cy /Otg(t —u) (/Ov B (v —71) p2(r) dr> dv = C? /Ot ©%(r) dr.

2) Let M; = fot g(t — s)dVy be a square integrable martingale with ¢
satisfying (1.14.7) and (1.14.8). Then

E(M,—M,)V,=0, 0<s<t,

0:/05 (/Ovh’(v—r)apQ(r) (/Tth’(u—r)g(t—u)du

= [ W= gt = da) dr ) do = (s (7O

or

where
¢(r)= /0 - h'(u) g(t —r —u) du — /OS_Th'(u)g(s —r —u)du.

Since h € U, we obtain ¢? - ( = 0, and, taking into account that ¢ # 0,
we derive that {(r) = 0 (mod \), r < s < t. Together with continuity of
B * g € C(0,00) it means that (b’ * g); = Cp, t > 0, for some Cj € R. O

Proof of Theorem 1.14.5. 3) Under condition (1.14.6) the integral M, is a
mean-square limit of Riemann sums, and condition (1.14.10) permits us to
transform the sum:

N-—1
M, = lim. g(t —55) (Verpr — Vs,)
An =075
N—1
= Li. V(sit1) (9(sit1) — g(si))
|)\N|—>O

:/Otg'(t—s)VdS—/ t—s(/hs—z dW)ds,

where |An| = maxo<i<n—_1]9(si+1) — g(s:)|, and the last integral is the limit
of Riemann sums in the mean-square sense. Further, condition (1.14.11), ac-
cording to (Pro90, p. 160) or (Leb95), permits to apply to M; the stochastic
Fubini theorem, and we obtain from (1.14.12) that
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M, = /Ot o(2) (/: g (t—u)h(u—2z) du) dWs = Cy /Ot o(z)dW,. (1.14.13)

4) If the process M; is a square-integrable martingale, then from (1.14.13)
it follows that for any 0 < s <t

0= B(M; — M,/FY) = / " o(z) (=) v,

where
77(2) = (gl * h)t—z - (g/ * h)s—z-

Hence [; ¢©?(z)n*(z)dz = 0, and, arguing similarly to the completion of
the proof of Theorem 1.14.4, part 2), we obtain that (¢’ * h); = Cy for some
Co eR. O

Consider some examples of the functions ¢, h satisfying conditions 1) or 3).
(One example is contained in Remark 1.14.7.)

Ezxample 1.14.8. Let
g(z) = 272 cosh(ax'’?),

h'(z) = / s/21,(as"?) (x — s)"ds,
0

where —1 < v < f%,

yl/ & (_1)ky2k2—2k
L) =% D RT(v+k+1)
k=0

is the Bessel function of the first kind, v+ v = —%.

The Laplace transforms of these functions equal

F,(\) = (7/N)Y2 exp(a?/4\), Fir(\) = D(y + 1)277 " ta? A7 71

x exp(—a?/ANATTT = D(y + 1)277 La? A2 exp(—a? /4N),
F,(NFy(\) =T(y+ 127" 'ma” A" A > 0,

whence (g * h'); = I'(y+ 1)27V"1ma”, t > 0, and condition (1.14.9) holds.
(For the details of the theory of Bessel functions of the first kind and their
Laplace transforms see (Wat95) and (GR80).)

Condition (1.14.8) is fulfilled since |1/ (z)| < Cz”T7 ! on any interval (0, t),
where C' depends on t.

Conditions (1.14.2) and (1.14.7) hold for any ¢ € L2(0,t), ¢t > 0; condition
(1.14.3), according to Lemma 1.14.1, holds for any ¢ such that Fj () <
00, F,(A) # 0 for A € (a,b) C (0,00). In this case V; is (g)-transformable,
according to part 1) of Theorem 1.14.4.
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Ezample 1.14.9. Let g(z) = 2~ /2 cosh(az'/?), h(z) = [} t~1/% cos(at'/?) dt.
Then F,(\) = (7/\)Y2exp(a?/4)), Fp(\) = (7/\)2exp(—a?/4N),
Fy(NFy (M) =7/X\, A>0,50 (g*h'), =m, t>0. Since |h(z)| < Cxl/? we
can conclude as in Example 1.14.8.

Ezample 1.14.10. Let ¢'(z) = [;t~'/%cosh(a t1/2) (x — t)”dt h(x)
221, (ax'/?) with v € (— 1,— v € (=1,0), y+v = —2. Then F, ()
AT exp(a2 /1), Fu(N) = A exp(—a2/AN), Fy(\)F()

/237t

Conditions (1.14.2), (1.14.3) and (1.14.11) hold for ¢ € L2(0,t), t > 0,

F,(N) <00, Fy(A) # 0 for some interval (a, b) C (0,00), (1.14.10) is evident,

(1.14.6) is fulfilled at least for ¢ € C(R4). So, if ¢ > 0, ¢ € C(Ry) and

Fi,(\) < oo we have part 3) of Theorem 1.14.5.

Remark 1.14.11. According to Proposition 7 from (HC78), under the condi-

tion h' € Ly(0,t),t > 0, = 1, V; is a semimartingale. In this case we trans-

form semimartingale into martingale by (g)-transformation. For example, let
h(z) =%, 1/2<e<1, p(z)=1. Then

Vt:/oth(t—s)dwsze/ot(/Os(s_u)a—ldwu)ds

is a semimartingale, more precisely, a process of bounded variation. Put g(x) =
~¢. Then M, fsfo (t =)= (fy (s —u)*"tdW,)ds = eB(e,1 — £)W;, where
B(~, -) is the beta-function.
Now, let V; be equal to Y; from (1.14.1). Recall that Bf = fot 54dV;
is an fBm with Hurst index H, and in this case B/ can be presented as

Bl = fo m(t,s)dBs, where B is a Wiener process and the kernel mpy (¢, s)
is deﬁned in Section 1.8. Consider general conditions on function ¢ : Ry — R

2):
)

for the process N; := fot 1sdVs to be presented in a similar way.
Theorem 1.14.12. Let conditions (1.14.2), (1.14.3) hold and also

E$¢2(€)/0 h*(e —u) p*(u) du = 0; (1.14.14)

the Riemann integral / Y(u)p(v) dRy,y exists, s,t > 0; (1.14.15)
[0,(s,1)]

there exists a derivative ¥'(s), s > 0 and
(R % o2)Y2' € L1(0,8),  (|h] * [¥']); < o0, t>0. (1.14.16)

Then
/1/} )dVy = /mts $)dWs, t >0, a.s.,

where
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m(t,s) = Y(t)h(t — s) — / h(u — s)Y'(u) du,

W is a Wiener process.
If (1.14.16) is strengthened to

(B? % )24/ € Ly(0,t), t > 0, (1.14.17)
then E( fo 5)dV,)? <

Proof. Under (1.14.14)—(1.14.16), we can consider the integral fo u) dV,, as
a mean-square limit of Riemann sums, and integrating by parts, we obtain
the following limits in the mean-square sense

t t
/0 Y(u)dV, = 161%1/5 Y(u) dV,

— YOV (1) — lim () /w

el0

- /0 V) </0 h(u — S)so(s)dWS) du

Due to (1.14.16), the stochastic Fubini theorem can be applied to the last
integral, and we obtain

/Otw(u) Vi, = /Ot?l)(t)h(t — 5)ip(s)ds — /()t<p(5) (/t h(u — )¢’ (u) du) AW,
[ttt

The second statement is evident. 0

Now let P and P be two probability measures on ({2, _7-') Denote by

P, (P, ) the restriction of P (P) on F, and suppose that P << P (it means
that P, < P,, t € R,). Consider the density process Z; = E(X;) :=
exp {X; — 2(XV ) [Tpeser(1+ A Xy)e 2%, X is a local martingale

As before, we consider the Gaussian process V; = fo (t—s)p(s) dWs and
suppose that V; is (g)-transformable by the function g; moreover, the condi-
tions (1.14.8)—(1.14.9) or (1.14.10)—(1.14.12) hold. Let M; = Cy fot ©o(s) dWy
with Cy depending on g. Since M; has continuous modification, the process
[M, X] has P-locally bounded variation (see (JS87, Lemma 3.14)).

Denote by A; := (M, X); the P-compensator of [M, X]. Suppose further
that the function v satisfies conditions (1.14.14)—(1.14.16) of Theorem 1.14.12.

Lemma 1.14.13. The integral fo m(t,s) dAs exists for anyt > 0 P- and P-
a.s.
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Proof. Since m(t,s) = Y()h(t — s) — fSt h(u — $)¢'(u) du, we consider
fot h(t —s) dAs and fot (f; h(u — 8)y'(u) du) dAg individually. From Kunita’s
inequality and (1.14.2),

/t|h<t—s>|d|Ass(/ Wt — )2 (M), - (X >)%
—Co</ Wit — )P (s) ds(X >)2<oo

P- and P-a.s.
Similarly,
h(u — s)du| d|A|s
0
) ) !
Co < h(u — s)du| @?(s)ds - <X>t>
0
t ) 2
<Cy (/ (R? % ©*)y [Y (u)|” du - <X>t> < 00,
0
P and P-ass. O

Theorem 1.14.14. Let V; be (g)-transformable with g satisfying (1.14.8)—
(1.14.9) or (1.14.10)—(1.14.12), ¢ satisfying (1.14.14)—(1.14.16), ¢ # 0 a.e.
(mod A). Then Z\Aft =N, —-Cy fo m(t, s) dAs 15 a Gaussian process . rt. P
and admits the representation Nt fo dWs, where Wt is a Wiener
process w.r.t. P.

Remark 1.14.15. Consider the case where ¢(s) = s, h(s) = Cis?,
g(s) = Cas™%, V; is defined by V; = Cy fot(t — 8)%s7*dWs, (s) = s*, and

= fot §*dV; is an fBm with Hurst index H. Then we obtain that EtH =
Bl -yt fot my (t,s)d{X, M)s is an fBm w.r.t. P, M =C fot sTdW, =
C1Cs fot(t —8)"%dVy, Cy = Cy = wt|a||cosTH|~1C - Co.

Proof. According to the classical Girsanov theorem, ]\Z = My — (M, X);
is a P-local martingale with the angle bracket (M\)t = (M), =
C? fo ©?(s)ds. Therefore, Mt is a continuous square-integrable P- martlngale
Since ¢ # 0 a.e. (mod A), we obtain from the Lévy theorem that Mt =
Co fot gosdws, W is P-Wiener process According to Theorem 1.14.12, Et =
Cyt Jo 2(t,8)d(My— (M, X)) = Cy't [o m(t, s)dM, = [3 m(t,s)p(s)dW,. O

Accordmg to the Theorem 1.14.14, we obtain that the drift has the form
D, :=Cjy ! fo m(t,s)dAs in the case when the density process Z; is known.
Conblder also the question: what “drifts” are admissible?
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Theorem 1.14.16. Let (1.14.14)—(1.14.16) and one of the following sets of
conditions hold:

1) conditions (1.14.2), (1.14.3), (1.14.7)—(1.14.9) and ¢ # 0 a.e. (mod A);

2)f|h' s)| ¢ (v)] dv < o0, 0<s<tas;

3) a process {Dt,ft , > O} has a.s. bounded variation |D|; = varjg4 D,
t>0, Dy =0;

4) ¢ # 0, the integral fot lg(t — s)|[v~1(s)|d|D]s < oo a.s., t > 0, and we
have a representation

t ¢ ¢
/ g(t —s)y~Y(s)dDs = / 0sds, where / |0s] ds < 00 a.s.
0 0 0
¢
E/ 0 20%ds < 00, t>0;
0

5) EE(Xy) =1, where

t
=Gt [, 0t = e { X, - 30}
0

) conditions (1.14.2), (1.14.3), (1.14.6), (1.14.10)—(1.14.12);
) conditions 3)-5);
) a process Ey = fo m(t, s) dsds has bounded variation and

t
/ 9t — )| [~ () dIE]s < o0, a.s.. > 0;
0

9) ¢ eU.
Then the process Et By — Dy is Gaussian and admits the representation
fo dW under the measure P << P such that gi =E(Xy).
f

Proof. In our case Ay = (M, X); = fot dsds, therefore from Theorem 1.14.14
the “drift” equals Cj 'E,.
It is enough to establish that D; = Cy ' E;. If conditions 1)-5) hold, then

/0 it ) 6.ds = / t (vt bt — 5)
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/ﬁt< th (s —u d8> v () dD,
/t// (v—5)¢'(v) g(s —w) ¥~ (w) {u < s < v < tydvdsdD,
= Cu(t /w w)dD, Co//w W) I{u < v < )dvdD,

—awl/w w)dD, %/ (t) — ¥(w)) 1 (w) dDy = CoD.

If conditions 6)-9) hold, then for any ¢ > 0

/09 — (s dEsz/o g/(t—5) v (s) + glt — ) ¥/ () ¥2(s))
y (w(s) /Osh(s—u)éudu—/os (L h(v — u) ¥ (v) dv) 6udu> ds.

(1.14.18)
The right-hand side of (1.14.18) contains four integrals. Consider them sepa-
rately. From (1.14.12),

t s t
/ gt — s)/ h(s —u)d,duds = CO/ dyudu.
0 0 0

Further,

8)) (¢(s) h(s — u)d,du
/O (o — wy ) 5 du) ds
= [re-a ([ 5(‘%( / ()
/0 h(v ) 5udu> dz) ds.

-/
It is sufficient to prove that
B s w/(z) z
o5 = 20 (w(z)/o h(z — u)dydu
—/ (/ h(v — u)w'(v)dv> (Sudu) dz
0 u

— (s /O (/u hv —u) W' (v) dv) Sudu=: 6y, (1.14.19)

@/—\

/‘\@
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and then it follows that the right-hand side of (1.14.18) equals Cy fot Oy du.
But oy = 6¢, and the derivative

5, = ‘;fz((z)) /O </u h(v —u) Y (v) dv) Sudu

+ 97 1(s) /OS h(s —u) dydu -9’ (s) =

We obtain that

[att=9utan. = [ ate—sye (et [Cs )

or
/ t—s/z/} u)dD, ds = Cy / (t—s) </¢ >

If ¢ € U then fos “(uw)d(D — E), = 0, whence D; = f(f Vs - 71dDg =

Py - fo Y ldEs — fo Pl fo Y 1dE,ds = E;. 0

_ Theorem 1.14.16 permits us to calculate the Hellinger process for P and

P.

Let P < P and Y, = £(X:), X: be a continuous square-integrable mar-

tingale. According to (JS87, Corollary 1.37) the Hellinger process in a narrow
sense of order 3 equals hy(3) = 38 (1 — ) (X);.

Theorem 1.14.17. Let one of conditions 1)-5) or 6)-9) hold, then

_ t
() = 2557 [ oratas

5(210‘35)/:%2 ((i /Osg(tu)wl(u)dDu)zds.

The proof follows immediately from Theorem 1.14.16.
Remark 1.14.18. Tt is possible to study if the process V; = fo w(8)dWs
is itself a semimartingale. In the case when ¢ = 1 this question is 1nvest1gated
n (CCM9R).
Theorem 1.14.19. Let the functz’on h be differentiable on R,
fo | (u)|du < oo, t >0, and fo (R (t — u)p(u))?du < co,t > 0.

Then the process {Vi, FV,t > 0} is a semimartingale.

Proof. We have the representation h(t) = h(0) + fo B/ (u)du, which together
with the Fubini theorem supplies the follovvmg transformatlons.

Vi = /Ot h(t — s)c(s)dWs = h(0) /Ot c(s)dWs + /Ot (/Ot_s h'(u)dugp(s)) AWy
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=no) [ o), + / t / W S)g(s)dvdiV, = h(0) / p(s)aw,

_|_/0t /OU h' (v — 8)p(s)dWs dv.

1.15 Nonsemimartingale Properties of fBm; How to
Approximate Them by Semimartingales

A process { Xy, Fy, t > 0} is called semimartingale, if it admits the represen-
tation
Xy = Xo + M + Ay,

where M is an F;-local martingale with My = 0, A is a process of locally
bounded variation, X is Fp-measurable. Evidently, any semimartingale has
locally bounded quadratic variation; if X is continuous, then M and A are
continuous. Let X; = Bff with H € (0,1/2). Then its quadratic variation
is infinite, therefore, it is not a semimartingale. If H € (1/2,1), then the
quadratic variation of X is zero, and if we suppose that X is semimartingale,
then the quadratic variation of M; = X; — Xo — A; is zero, and M is zero.
But X; # A; since X has unbounded variation. Therefore, X; = B is not
a semimartingale for any H # 1/2. (There are many another elegant proofs
of this fact.) Nevertheless, there are many approaches to how to approximate
fBm by a sequence of semimartingales.

1.15.1 Approximation of fBm by Continuous Processes of
Bounded Variation

We follow here the approach of and (And05) and (AMO06). According to (1.8.5)
and (1.8.18), we can represent {B}?, t > 0} with Hurst index H € (1/2,1) as

t
Bf:/ s*dYs,
0

where .
Y, = C}f)/ (t—s)*s~*dB,,
0

{By, t > 0} is a Wiener process, CS) = Cg{s)&
We can rewrite Y; as

t t
Y, = c}f)a/ </ (u— s)"_ldu) s~dB,. (1.15.1)
0 s
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If we formally apply the stochastic Fubini theorem to the right-hand side
of (1.15.1), we obtain that

t u
Y, = C}f)a/ (/ (u— s)alsast) du. (1.15.2)
0 0

But the right-hand side of (1.15.2) does not exist, since the variance of
interior integral is infinite,

u
/ (u — 5)**72s72%s = 0.
0

Thereupon, we introduce the “truncated” process for 8 € (0, 1),

t Bs
vf = C§§>a/ / (s —uw)* 'u"%dB, |ds,
0 0
and

t t Bs
BEP :/ s9dYl = C’S)a/ 5@ (/ (s — u)a_lu_Qo‘dBu> ds (1.15.3)
0 0 0

is a process of bounded variation which will serve as an approximation of B}?.

Theorem 1.15.1. We have that
E(B{' = B/"")* < ext®™ (1 - )™,
where ¢c; = ¢1(H) is some constant, independent of t and 3.

Proof. First, we want to change the limits of the integration in (1.15.3) and
consider the process

gt [t
zZP = acﬁf)/ / (s —u)*'ds | u=*dB,
0 u/pB

s o
= oy (/ t(t—u)au_“dBu - <1ﬁﬁ> B@t> . (115.4)
0

We cannot apply here the stochastic Fubini theorem (Pro90, Theorem IV .4.5),
because it is valid if the integral foﬁt flf/ﬁ(s —u)?2~2y~2%ds du is finite but
it is infinite. Therefore, we must go an indirect way. We consider the integral
v/e = Df; ( Bﬁ:(s - u)o‘*lu*O‘dBu>ds, where D = aC'Y)| and the Fubini
theorem ensures the equality

Bt pt
v/e=27¢=D (/ (s — u)*~'ds)u="dB,.
pe Juss
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Furthermore,

€ Bs 1/2
ElYfc v/ < D(/ (/ (s — u)2“_2u_20‘du) ds
0 0

+ /: (/OBE(S — u)zo‘*zu’%‘du) 1/st) < D(/OE u1/2du(/05(1 — )22

xu*QO‘du> +a(Be)t/? e /t(s - ﬂs)"‘*lds> -0

€

and

Be t
E|ZP° — 202 < D2/ (/ (s — )~ 1ds) “20qy < CD?B' 2 — 0
0 u/B

as ¢ — 0, where C' > 0 is some constant. This means that Ytﬁ = Ztﬁ a.s. for
any t € [0,T]. Therefore, for 1/2 < 8 <1

B - vy = v ( [ (= w)ruedB,+ (552) )
Bt B

i 2a
2 /ﬁt(t — w2y dy 4 2(0D)? (hﬂﬁ) Bt

2

< HOCR o0 R P 2l 55) ot
(

< eot(1— B)%* with ey = (CW)2. 2201 (H~1 1+ 2). (1.15.5)

Integration by parts gives us
t
B —B[" = (v, = Y/’) - a/ (Y, = Y)s* s
0
whence we obtain from (1.15.5) that

t
E(BF — BIPY? <o E(y, - Y/)? + 2a2t/0 E(Y, — YFP)%s%*72ds

t
< 20t (1 — 3)% + 2a2t/ 27 ds - o (1 — )2,
0
and we can put ¢; = 2ca(a + 1). 0O

1.15.2 Convergence B¥:# — BH in Besov Space W*|a, b].

For A € (0,1/2) define the Besov space W*[a,b] as the space of measurable
functions f : [a,b] — R such that

:/ d+// /\+1|dyds<oo
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Theorem 1.15.2. For any A € (0,1/2), H € (1/2,1) and any [a,b] C [0, T
BB = B"|lapa < er(HAT)(1 - B)°.

Proof. Denote Efl’ﬁ = BtH — B"P. We have

E||BHBHA_E/ ds+E/ / A+1 |dyds (1.15.6)

From Theorem 1.15.1,

b Biho b (BB 1/2 o [0 st
E/ (s_a)/\dsg/a BB, )7 ((Sf'_a))k) ds < c?(1-3) /ai(s_a)/\ds
< el (HNT)(1 - B)°, (1.15.7)

with ¢ (H,\,T) = ci/z -TH=21 . (H — X+ 1)1, Consider the second term
in the right-hand side of (1.15.6). Rewrite the difference in the numerator as

HH.8 HHB H H,3 H H,8
Bs _By _(Bs _Bs )_(By _By )
:/ u“d(Yu—Yf):/ wdy?, (1.15.8)
y Yy

where 75 =Y, — Y. Equality (1.15.8) and integration by parts give us the
estimates

H,B

b s | RH6
/ / —|Bs — By |dy ds
a Ja (S - y)/\+1

Now we estimate I5(03):

FL(5) < a / [0 e Payas

1/2 / / oa— 1 kyl/Qdde(l_IB)a

< co(H, A\, T)( (1.15.9)



1.15 Nonsemimartingale Properties of fBm 75

where co(H,\,T) = cé/QaTl’A. Similarly,

)< [ b [ ( / S(E(Yi)?)lﬂu“du) dy ds
1/2/ / s ) (/Su“_l/Qdu> dyds- (1— §)° (1.15.10)

<03(H)\T )7

1/2 H—X\+1
where ¢3(H,\T) = ¢’ AN

(1.15.4) to estimate I1(f3):
s Y
/ (s —u)*u*dB, — / (s —u)%u~*dB,
s By

1 o [0
+ oy (ﬁﬂ) |Bgs — Byl

<C(8)// ~A-1ga

/S(S_“) wedB, —/ (y — ) udB,| dyds

—|—C'(8)< )// (s—y )‘1|B55—B[3y\dyds

= Il (ﬂ) —+ IQ

Now we use the representation

S v 8

therefore

X

(1.15.11)

Further,

1 _ 5 (&3 b s
ET < C(S) / / af. —>\—1/2d d 1/2
ey (57) [ [ e e
= C4(H7 A752—‘)(1 - ﬁ)aa
where c4(H,\,T) = C(B)2a . Tlljz Ail . (Here we see that indeed A must be less
than 1/2.) Next, we decompose Z; () into two integrals

b r(Bs)Va b ps
oy / / +Cfy) / / =: T3(8) +Zu(5).
a Ja a J(Bs)Va
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@ [ [ A1
EZ3(B) < Cyy / / (s—y) "7 s”

. . o 1/2
x| E (/ (s —u)*u~"%dB, — / (y — u)o‘uadBu> dy ds
Bs By
8) b r(Bs)Va
< \/§C§{ / / (s —y) " ls”

s v 1/2
X (/ (s — u)**u=du +/ (y — u)zo‘uzadu) dyds
By

S

b p(Bs)V
<20f~2Cy) / / (s —y) (s +y)/2s%dyds - (1 - B)"

SC(Hv)‘aT)(l_ﬂ)H_k
e (1.15.13)
27T -

with C(H, )\,T) = m Finally,

b ps
sr@ <o) [ [ sepe(
a J(Bs)Va

/S ((s —u)*u” 1 (gs,5) ()
0

1/2
a, —a 2
—(y—u)u 1(6y7y)(u)) dB“’ ) dy ds

—cfp | b /( :M«s - y>+lsa( [ (=010

1/2
[e3 2 —zx
= (y—u)*Lgyy)(u) u™? du) dyds.

The interior integral equals

S

/y ((s —u)® — (y —u)®)*u=2du + / (s — u)**u=du

s Y

Bs
+ / (y — u)**u"2*du =: Z5(3),
By

and via some routine calculations can be estimated as

Z5(8) < Cu(l - B)**(s — y),

where Cy = 1 + 22 + 50
Therefore

b s
Ez4(5)go§)(cH)1/2(1—ﬂ)a/ s“/( ) (s —y) 2" Y2dyds
a s)V

IN

b 1
e Cm 2= [ 51N [0y ay

< CHNT)(1-p)HA (1.15.14)
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. H-xt1 ..
with C(H,\,T) = C’S)(C’H)l/zm. Summarizing (1.15.9),
(1.15.10), (1.15.12)—(1.15.14), we obtain the proof. O

We obtain another approximation, considering the “truncated” process of
the form
i (s=B)+
vP = C’S)a/ / (s —u)* 'u~*dB, | ds
0 0
and

t
BIP — / s*dYP, t>0, He(1/2,1). (1.15.15)
0
Evidently, we intend to obtain the approximation while § — 0.
Theorem 1.15.3. The process BH:P satisfies the relations

t?H t<p

E(Bf — B"")? < ¢(H){ r2a
(B = Bl < ) oy v t), 0> 5,
andfor2<m<ﬁ

tmH ot < B

H,B\m
E‘BtH - Bt ’6| < C(H7 m) {ﬁmatm/Q _'_ﬁm(H—l)J,-ltm—l t> 0.

Proof. Using the stochastic Fubini theorem we obtain

(t—8)+ t
vP = Cg)a/ (/ (s— u)o‘_lds) u” *dW,
0 u+
®) (t=B)+ (t—B)+
=Cy / (t —uw)*u=“dW,, — ﬁo‘/ u”*dW, |,
0 0

whence

s t (t=8)+
— (Cj(‘I))2 / (t _ u)Qau—Qadu + ,82a / u—2adu
(t=B)+ 0

t 2c0,), —2cx
(8)\2 (t—uw)**u2*du, t<pg
S (CH ) {é%aftul—Qadu t>ﬁ
O ) -

— ¢(H) {gh;j&’ﬂt - (1.15.16)
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where ¢(H) = (C’S))Q max(B(2H,1 — 2a), ——). Since V; — Y} is a Gaussian

' T—2a
random variable with zero mean, for m > 0

1
B, 7| = n2r (T2 ) 20?2,

where 02 = E(Y; — Y,”)2, therefore, from (1.15.16)

m/2
B1m t P t < ﬁ
BV =Y < clm ) { Gt S s (5D
As before, integration by parts gives us
t
B — BIP —t2(v, —vF) - a/ (Y, — YFP)s* Lds. (1.15.18)
0

From (1.15.17) and (1.15.18) we obtain for m > 1:

E |Bi' — B

t
+amtm71/ ED/S _ Kgﬂlmsm(afl)ds)
0
tmH <3
< C(m7H) ﬁmatm/Q _|_tm—1 foﬁ Sm(H—l)dS + tm—lﬁma fﬁt S_m/QdS, t> ﬂ
The integrals in the last expression converge for m < ﬁ For m = 2 we get

H H,3\2 tQHv t<ﬁ
BB =By < @)\ oy 4 gorin t £2 5,

and for 2 <m < ﬁ we obtain

E|BIf — B["?|™ < ¢(m, H) e, L<B
t t S y ﬂmatm/z +ﬂmH7m+1tm71 +/6matm/2’ t> 6’

whence the proof follows. O

Remark 1.15.4. Note that the approximation of fBm with the sequence of
semimartingales was considered in (Thao03).

1.15.3 Weak Convergence to fBm in the Schemes of Series

We formulate in this section some results concerning weak convergence to fBm
in different schemes of series.

(i) Convergence of the piecewise linear processes to fBm. Let {&, k € Z}
be a sequence of i.i.d. random variables, and {ag, }kez, n>0 be a matrix with
real elements satisfying the following assumptions:
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E¢ =0, E& =1, E|§P <oco forsomep>2,  (1.15.19)

Vn = IilaX|akn| — 0 (n— 00) kzeza,m . (1.15.20)

Also, let {¢,(t), n > 1, t € [0,1]} be a sequence of real functions on the unit
interval. Denote 0(z) = 1(zf + 2= — [2/2 — 2= V/212H) 2 > 0, H € (0,1).
We construct the sequence of continuous random piecewise linear processes
&n(t), t €10,1], such that

fn(%) = ‘Pn(%) > agmée, 0<m<n.

kEZ

Theorem 1.15.5 ((Gor77)). Let conditions (1.15.19)—(1.15.20) hold and

Zaklakmﬁﬁ(x) as 1l — o0, I/m— x,

p/2
R (Z(ipn(l/n)akz - wn(m/n)akm)z) < ch'™e) for some e>0.
n |(i—m)/nl<h N4

Then the sequence of processes {&,(t), n > 1, t € [0,1]} weakly converges
in C[0,1] endowed with uniform topology to the fBm with Hurst index H.

(ii) Convergence of the Weierstrass—Mandelbrot process to complex fBm.
Consider the complex-valued Gaussian process

T - / (€% — D) H12(qW, () + idWa(2)), ¢ € R,
Ry

where W1 and W5 are two independent standard Browman motions. Evidently,
Bl =0, EBF =0, E|BE,— BF|? = ¢ P fLsin® @ a0 2y - 2172 =
t2H if we choose cy = 2H~ 1(f]R+ sin? 2 - x72%~2dg)~1/2, Therefore, with this

choice of ¢y EtH is a normalized complex-valued fBm.
Now, suppose that (£,,m,), n € Z, is a sequence of independent random
variables with E¢2 = En2 =1, E¢,, = En,, = 0, and either
1) ¢n =&, +inpn, n € Z are identically distributed random vectors, or
2) sup,,(E|&,. 1210 + En,|*1°) < oo for some § > 0.
Also, let f(t,u) : R? — C, t € R, be such a function that for all t € R
3) f(t, ) € CI(R)§
4) |f(t,u)| = 0(|u|~") as u — oo for some | > 1/2.

Theorem 1.15.6 ((PTO00b)).
1. Under conditions 1)—4) the following convergence (in the sense of con-
vergence of finite-dimensional distributions) takes place:
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_ n . d .
&) = a2 Y f (62 ) (Garing) S €T (1) 1= / F(t,w) (AW (u) +idWa (),
ne”Z R

as a — oo, where Wy and Wy are two independent standard Brownian mo-
tions.

2. If, in addition, f(0,u) =0,
lf(t,u) = f(s,u)l S clf(t—s,u)| forall stu€R,

|f(t,w)| < ct?|f(1,u+1nt)| for some 0< H <1

and

1
SUPE(|§n\2k + |7]n\2k) < oo for some k> —,
nez 2H

then for any T > 0 £,(t) converges weakly to £(t) in the space C[0,T] endowed
with the uniform topology.

Corollary 1.15.7. Let f(t,u) = (e’"t — 1)e=H*. Then the corresponding

process &5 (t) is called the normalized Weierstrass—Mandelbrot process and,
according to Theorem 1.15.6, it converges weakly to the process

() = /R (6"t — 1)eHU (U, (u) + dWa(w)).

Moreover, the processes ff(t) and EtH have identical finite-dimensional dis-
tributions because they are both Gaussian, have zero mean and the same co-
variance functions.

Remark 1.15.8. The proof of Theorem 1.15.6 is based on the Functional Cen-
tral Limit Theorem.

(iii) Weak convergence of random walks to fBm in Besov spaces (in the
scheme of series). Consider a random walk {X,,},,>1 consisting of stationary
Gaussian random variables with zero mean and correlations r(i—j) := EX; X;.
Recall that a positive function ¢(x),xz > a for some a > 0 is said to be slowly
varying at oo if for all ¢ > 0 lim,_,« ¢(tx)/¢(z) = 1. Denote by D = DJ0, 1]
the Skorohod space of right-continuous functions on the interval [0, 1] that
have left-hand limits, and equip D with the metric

d(z,y) :=inf{e >0:3IX € A such that ||A]| <e
and sup [z(t) — y(A())] < e}
t

Here ||\l := SUD;_4 [log(A(t) — A(s))/(t — s)| and

A:={X:[0,1] — [0, 1], A is strictly increasing and continuous mapping
of [0,1] into itself}.
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Under this metric D is a separable and complete metric space, and we denote
by L. the convergence in the Skorohod topology, which is the weak topology
induced by this metric. That is, X" Lox it EYp(X™) — EY(X) asn — o0
for any bounded and continuous ¥ : D — R. We start with the following
result of Tagqu:

Lemma 1.15.9 ((Taq75)). Let {X,}n>1 be a stationary Gaussian sequence
with mean 0 and correlations r(i — j) = EX;X,;. Assume that

> r(i—j) ~n*Mo(n) as n— oo, (1.15.21)
i,5=1
with 0 < H < 1, ¢ slowly varying.
Then Z, -2+ BH , where Zn(t) =d;t Zgiq X;  with d, ~ n*"p(n), BY
18 an fBm with Hurst index H, not necessarily normalized.

Remark 1.15.10. Condition (1.15.21) is satisfied for H € (1/2,1) when r(k) ~
k?*=1y(k), and for H € (0,1/2), when r(k) ~ —k?>*~1p(k) as k — oo with
r(0) +2> p2 (k) =0.

Further, define for a function f € L,[0,1] the modulus of continuity in
L,[0,1]:

1/p

sty i= s ([ Ifte ) - popas)
[h|<t I

where Ij, := {x € [0,1],z + h € [0,1]}. Now, for 0 < v < 1 and g > 0, we

consider a real function wj : (0,1] — R of the form wj(t) := t7(1 + log 1/t)8,

t € (0,1], and denote

— v
1A llp,wg = IF1lz, 0. +0it£1wp(f, t)/wp(t).

Recall that the Besov space Lip, (7, 3) is the class of functions f in L,[0, 1]
such that Hf||p,wg < o0; Lip,(7, ) endowed with the norm || - ||p’wg is a
non-separable Banach space. It is possible to consider a separable subspace
lipp(y, B) of Lipy (7, B) of the functions f € Lip, (7, §) satisfying w,(f,t) =
o(wj(t)) as t | 0. According to (BLO1), the paths of fBm B H € (0,1) are
a.s. in lip,(H, ) for any § > 0 and p > 1/H Vv 1/3. The next result is proved
in (BLO1).

Theorem 1.15.11. Let H € (0,1), 8> 0, p > 1/HV1/8, and let { X, }n>1
be a stationary Gaussian sequence with mean 0 and correlations r(i — j) =
E X;X;. Assume that

n
Z r(i —j) ~ Cn*"  asn — oo, where C > 0.
ij=1

Then C~127, — BH asn — oo weakly in the space lipy(H, B).
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(iv) Convergence of martingale differences to fBm. We follow here Niemi-
nen’s paper (Nie04), which generalizes the result from (Sot01). Consider the
following scheme of series: let (£2, F, P) be a probability space, (X n, Fin)n>1,
1 < i < n be a sequence of square integrable martingale-differences, i.e.,
Xin is Fin-adapted, EXZn < 00, E(Xin/Ficin) = 0, Fon = (9,0),
Fin C Fix1,n C F. Consider the sequence of kernels for H € (1/2,1)

Z(”)(t,s):n/ my <[m],u> du
s—1/n n

for s € [1/n,1] and t € [0,1], where [x] = k for k <z < k+ 1, k € Z. Define
the processes

[nt]

ZXW e [0,1],

and

7 /Z(”tde” f /Zl/n ( il )d &

Theorem 1.15.12 ((Nie04)). Let lim,, oo n(X;,)? =1 a.s., 1 <i < n and
maxi<i<n | Xin| < Cn~Y2 a.s. for some C > 1.

Then 77 2 BH n — oo, where the convergence is in D|0, 1].

In the case when fi(") are i.i.d. random variables, the corresponding result
is proved by Sottinen (Sot01) under weaker conditions.

Theorem 1.15.13 ((Sot01)). Let &™ =0, D™ = 1. Then Z, L, BH in
the Skorohod space D[0,T] for any T > 0.

(v) Convergence of integral functionals. Using Theorem 1.15.13, we can
prove the result, similar to limit theorems for integral functionals on random
walks, established in (SS70) and (Yos78). For example, (Yos78) considers suf-
ficient conditions for

n—1
an(, )’5”1 /ftwtdwt,

i
where §; is a sequence of martingale differences, S; = > &, W; is a Wiener
k=1
process. For technical simplicity, we consider i.i.d. random variables and the
interval [0,1]. Let {fn},n > 1, fn : R — R be the sequence of functions
satisfying the conditions
1) fn, f € CL(R) and VR > 0 IMp > 0 such that
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sup sup (|fn(2)] + |f(2)]) < Mp;
n>1|z|<R

2) fn = f uniformly on any [—R, R]. Let m, := {0 = t(()r) < tﬁ” < e <
té:) = 1} be the sequence of partitions of [0, 1], || — 0 as r — oo. Denote
AZy (1) = Zn () = 2o (£), AZnjo 1= Za (811) = Za (117) and define
the sequence of integral sums

pr—1

Su(m) =3 fulZat))AZy .
j=1

Lemma 1.15.14. Under the conditions of Theorem 1.15.13
n—1 2 pr—1
P-lim » (AZ ( )> = P-lim lim > (AZ,;,)* =0.
i=1 j=1

Proof. We can prove even the convergence in L;(P). For this purpose, we can
rewrite the difference Z,,(t2) — Z,(t1) for any 0 < ¢; < to < 1 in the form

Zu(t2) = Zn(t1) = J*%Ufl( i (2 s) — (120, 5)) ds- ¢
[nt2]

+vno X fk 1mH<[n7tLZ]’ )ds'gl(cn)‘

k= [’I‘Ltl]Jrl n

Denote a,(m, 1) fm LM (f s)ds, and
_ Jan(m,la) —an(m,ly), m <1l <l
ﬂn(nvllaIQ) Ca {Oén<m lg) l1 S m S lg. . Then

[’ﬂtg

Znlt2) = Za(tr) = v/t 32 (s [nta), [nta]) €7, and

ntz]

E|Zy(t2) = Zn(t1)]? =n Z By (K, [nt1], [nt2])
S o (45.) - (20
h=1 \
[nta] & nts
* nk:[nn]ﬂ (f’“n‘l mu ([ Ttl ]’S) ds)z

[nty] [nto] 2
< fo w myg ([nf],s) —myg <[n£1],s)> d8—|—f[m12] (mH (h%],s)) ds
2
5 [”’tl] —2a [n:lz] o o
= (C'}{))z(fo nosT? <f[”tl] u®(u — s) 1du) ds

[ntg] [nta] 2
+ Jey (Jo 7 u¥(u— s)o‘ldu) ds)

(1.15.22)
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n—1 . n—1
From (1.15.22) E Y. |AZ, (£)]?< Y n 2 -0, n—oo and
=1 i=1
(r)\2H
_ tj )

— 0, r— oo O

pr—1 2 pr—1 ()
B2 14%n0l s 2 (i
= j=

Lemma 1.15.15. Under conditions 1) and 2)

n—1 . .
lim lim sup P ( Sp () — Zf(Zn(%))AZn(%)‘ > 6) =0 foranyd > 0.

T—=0 n—oo —1
i=

Proof. Let a function F': R — R be such that F'(z) = f(x),2 € R. Then by
the Taylor formula

F(Z,(1) = F(0) = 2 (F (Zu (57)) = F (Zn (7))

=0

=S @) a7 () + 1 0 (47 ()
Pz - PO ="E (P (2, (42)) - 7 (2. (1))

= (2 (4)) AZus +3E, 1 0nr) (8205,

where the points 6, ,, are between Z, (%) and Z, (%), and the points 6,, ;.
are between Z,, (t;r)> and Z, (t§7_31> Therefore

S.(m) = S £ (2 (3) 42, (3) | <

pr—1

2

+3 2 |F Onr) 11420
j=

and for any § > 0
n—1 X .
Sp(mr) — ; f (Zn (%)) Ay (%)

4
n—1

+r (S (02,02 3 ) + P (& (a2, 2 3 ).

i=0 i=0

(1.15.23)
Note that Z,, LD, pH , and functionals sup and inf are continuous in the Sko-
rohod topology, whence P (supg<,< |Zn(t)| = R) — P (supg<;<; |Bf| > R),
and the last probability tends to 0 as R — oo, according to (Sin97). The proof
follows now from Lemma 1.15.14 and (1.15.23). O

Theorem 1.15.16. Under the conditions of Lemma 1.15.15
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o () 5 (3) = [ st

d . . . .
where — denotes here the convergence in distribution.

Remark 1.15.17. The existence of integral fol f(BH)dBH for H € (1/2,1) and
f € CY(R) follows from (Zah98) (see also Section 2.1), and this integral is a
limit a.s. of Riemann—Stieltjes sums.

Proof. Consider the difference

oo | etvant -5 (= (3) 42 ()

and write it in the form A, := Z Agf),,, where A(l)r = fo f(BEYaBH —
j=1
pr_l

S f (BP(I)> ABH is independent of n, ABH = B# — B .
i=1 t it t

pr—1 p,fl
= X a8, - ( )
AP = ZfZ§Z?2 Az - (ZfZi)

Prfl

1
(4) — Z Ful Z;Z:g Z(") Z fn (Z(;)> AZ(;).
j=1

From the result of Zahle (Zah98) cited above, P-lim,_ ASJ = 0. By
Lemma 1.15.15 P-lim, o A = 0.
As to Aﬁf}, we have from the weak convergence of Z™) to BH that

pr—1
Z f (Zf?i%) Az Z F(BJL))AB,,

as n — oo, for any fixed » > 1. We must estimate now A;‘?’z The technique
here is similar to the proof of Lemma 1.15.15.
Let F(z) = [ f(t)dt, F,(x) = [, fa(t)dt. Then

pr—1
) =S (F (Z%Z) r(2))
o1 (Fl o b o 2 (1.15.24)
_ n n / n n
S shany S (89) (o)
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and, similarly,
Fu(Z) =5 £.20)A20 115 g (70) (a27)° ) (L1532
n(Z2,7) = Zl In( t(r)) ir T3 2:0 fn G dr ] (1.15.25)
j= J j=

where 9;7;) and 5](7;) are between Zt(g)) and Zt((rg . Now,
j i1

IF(Z™) = Fu (20 <1257 sup | falt) — F(2),
It1<|Z{™)|

whence

P{|F(z(") - F,(2{")| = 6} < P{|Z{"| > R}

(1.15.26)
+ P {supy < |falt) = F()] = 5}
(The last event is not random.) Since f,, uniformly converges to f on
[-R, R], the last term in (1.15.26) is zero for all sufficiently large n, and
limy, 0 P{|Z£n)| > R} = P{|Bf!| > R} < 4. Therefore, from (1.15.24)-
(1.15.26) and Lemmas 1.15.14-1.15.15

P-lim lim A{) =0,

T—00 N—00
and the theorem is proved. 0O

Remark 1.15.18. The paper (Wang03) contains a result on a weak convergence
to fBm in the Brownian scenery.

(vi) fBm as a weak limit of Poisson shot noise processes.

Let for all n € Z\{0} X,, be i.i.d.r.v. with EX; = 0 and EX? € (0,00),
g : R, — Rbe a continuously differentiable function with g/(u) = O(u~1/27¢),
u — oo for some € > 0. Consider the special model of multiplicative shots:
Xi(u) = g(u)X;, u > 0, and a shot noise model, which is defined as

N(t)
St) =Y Xt —T)+ > [Xi(t = T)) = Xi(~T))), t >0,

where N is a two-sided homogeneous Poisson process with the rate @ > 0 and
points -+ - < T o <T 1 <0< Ty <Ty <---.Fort =0 we put S(0) =0.

According to (KK04), the multiplicative process with the above restric-
tions on g and X; exists and has the following sample path properties.

Lemma 1.15.19. The process S possesses a right-continuous version with
left limits on Ry and has a finite variation on any [0,T], T > 0. Therefore,
it is a semimartingale with respect to its natural filtration.
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Now, suppose that lim, o, ug’(u)/g(u) = v with v € (0,1/2). Introduce
the rescaled process

S(z,t) = , ¢ €1[0,00), t >0,

where 02(t) = Var(S(t)).
Theorem 1.15.20. Under the above assumptions,
S(-,t)—B", t— 0

when the convergence is in D[0,00) with the metric of uniform convergence
on compacts, and H = 1/2 4 ~.

1.16 Holder Properties of the Trajectories of fBm
and of Wiener Integrals w.r.t. fBm

Let {&:,t € [0, T]} be a separable modification of Gaussian process, pg(s t) =

E(&— §t) G = G(z) : Ry — R be a continuous increasing function, G(0)
0, D(T,e) j;) (T, u)"?du be the Dudley integral (see Section 1. 10), p(s,t
be some semi- metrlc in [0, 7.

~—

Definition 1.16.1. A function © = O(z) : Ry — Ry is called a modulus of
continuity if ©(0) = 0 and for any x1, 25 > 0

Definition 1.16.2. Let g : [0,7] — R be some function. The function
€= Ap(g:6):=  sup  g(s) —g(1)]

p(s,t) <e
s,t €[0,7]

is called a modulus of uniform continuity of the function g with respect to the
semi-metric p.

Definition 1.16.3. A modulus O(-) is called a uniform modulus of a Gaussian
process & with respect to the semi-metric p if for a.a. w € 2

lim sup A, (€. (w), £)/O(e) <

The next result is formulated in the book (Lif95).
Theorem 1.16.4. 1. Let for any s,t € [0,T]
pe(s,t) < G(p(s,t)). (1.16.1)

Then the function O(e) = D(T,G(e)) is a uniform modulus of the
Gaussian process & with respect to the semi-metric p.
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2. Under assumption (1.16.1) with p(s,t) = |s — t|, the function

O(e) = /0E |logr|1/2dG(r)

s a uniform modulus of the Gaussian process & with respect to p.

Definition 1.16.5. We say that the function f : [0,7] — R belongs to the
space CP7[0,T] if f € C7[0,T] for any v < f3.

Let & = B} be an fBm with Hurst index H € (0,1). Then, evidently,
we can take G(z) = x| so from the second statement of previous theorem,
the function O(¢) ~ e|loge|*/? will be a uniform modulus of B on any
[0,T]. In particular, |BY — BH| < c(w)|t — s|#=# for any 0 < 8 < H, i.e.
B € CH=[0,T] for a.a. w and any T > 0. Now, let & = I,(f) = fg f(s)aBH
with f € LI[0,¢] for any 0 < ¢t < T, H € (1/2,1). We can take p(s,t) =
Je 1F@)# du, G(z) = Cra,

Ap(Ia 8) = 0<sup<T ‘gt - £S|7
<s<t<T:

JENf ()| du<e

H

D(T,G(g)) = OCHE H(T,u)"/?du. Then, according to the first statement of
Theorem 1.16.4 and Theorem 1.10.3

limsup A,(1,e)/D(T,G(e)) < 0.
e—0

Now we simplify the situation supposing that f is essentially bounded on
[0,T], fr = esssupg<;<p |f(t)] < co. Then we can take p(s,t) = |s — ¢,
G(x) = Oy fr- o and O(e) ~ O fre |loge|*/? will be a uniform modulus
of I(f) on [0,T].

Now consider the case H € (0,1/2), and f, as before, belongs to L [0, ¢] for
any 0 < t < T. We suppose additionally that f € C?[0,T] for H + 3 > 1/2.
Then, according to Remark 1.10.7, we can take p(s,t) = |s — t|, G(x) =
Cu I fllcspo,m zH and O(e) ~ Cy £l o0, e loge|'/? will be a uniform
modulus of I(f) on [0,T].

Remark 1.16.6. Some results related to moduli of continuity for non-Gaussian
processes can be found in Subsection 3.5.9.

1.17 Estimates for Fractional Derivatives of fBm
and of Wiener Integrals w.r.t. Wiener Process via
the Garsia—Rodemich—Rumsey Inequality

The following results are not only of independent interest but also will be
used in Chapter 3, devoted to stochastic differential equations involving fBm.
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Consider for any T' > 0 the random variable that is the right-sided Riemann—
Liouville fractional derivative of order 8 (in Weyl representation) of fBm B,
where 1 — H < f < 1/2 and H € (1/2,1):

1 1-8 pH
Gt = —— su D,”"B;, ,t€[0,T].
) O§s<€<t| ~(s)l 0. 7]

Lemma 1.17.1. Foranyl — H <3 <1/2 and any p >0
EGY < 0.

Proof. By the Garsia—Rodemich-Rumsey inequality (GRR71), for any p > 1
and p > p~! there exists a constant C,,, > 0 such that for any continuous
function f on [0,T] and for all s < 2 <t € [0, 7]

P
6 =@ < Cpple—sprt [ [T ey

Choose e < 3— (1—H) andput p=H — 5, p= 2 and f(t) = Bf:

B — BIf| < Cpclz — s|" %6,

|BY - B}|*
/ / | B ———dzxdy| ,0<e<H. (1.17.1)
r—y

Since BYf — B]! is a Gaussian random variable, and E|Bf — B/f|?

|*# | we have that for the random variable &, . for any g > 1

where

NI

=lr—y

2 a5
o (1 )

*yl
T E|BH _BH|a
<y, HTfO 0 “TeoyEi y‘HZ dedy < Cy uT,

which means that all moments of & . are finite.
Further, fore < 8 — (1 — H)

t = UpSuPgcse <t \z s|1 B +f \s yl2 ﬁ

< Cﬁ,H,s Sup0§s<t(t - S)H £ 1+ﬁ£t,5 < Cﬁ,H,sft,sv

so, EGY < oo for any p > 0. o

Remark 1.17.2. 1) It is easy to see that the random process {G;,t € [0,T]}
is dominated, up to a constant, by some continuous process with moments of
any order, namely, by & ..

2) Evidently, all moments of the random variable Gt are finite.

3) It follows immediately from Corollary 1.9.4 that the same conclusions hold
for a Wiener integral w.r.t. {fBm with a bounded integrand and H € (1/2,1).
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Now, we establish Holder properties and estimates, similar to the afore-
mentioned, for the integral {fot bsdWs,t € [0,T]}, where bs is a predictable
bounded process. For any 0 < § < 1/4 put p = %, 0 =1/2 —4§/2 in the
Garsia—Rodemich—Rumsey inequality. Then

/t
5/2
| yb dW |2/5
& 5= (// Ik Er— e Y dredy| (1.17.2)

and for any ¢ > 1 from the Holder and Burkholder inequalities

¢ ot (Y 2/5 /2
by dW,,
E|£E,5|Q=E< /O i fzd:cdy)

u| < C&lt - 8‘1/2_6&(&),67

where

|z —y|1/°

t ot Bl (Y b, dW,|9dz d tort | (Y2 du|v2dx d
ch’t/ / |/, |9dx dy chwt/ / | [ b2 du|1?dx dy <c,
0 0 0 0

xr — qa/2 €T — q/2
) )

Note that the process §f’ s is continuous and strictly increasing, so, our Wiener
integral with respect to the Wiener process is dominated by a strictly increas-
ing process with all moments bounded on [0, T7.

1.18 Power Variations of fBm and of Wiener Integrals
w.r.t. fBm

We start here with the simple result obtained by Rogers in (Rog97). Consider
for fBm {BH ¢t > 0} with H € (0,1) and for p > 0 the sums

on

P
H H
t) = E ‘Bg—fz - B(j;ﬂ})t
i=1

gpH-1) (1.18.1)

and

on

gn,p( ) - 2 nz ‘BJI{ - Bg—l)t

Jj=1

Then Law (S, ,(t)) = Law(S,,(t)) (i-e., these sums have identical dis-
tribution), due to the self-similarity property of B: (Law(BH t > 0) =
Law(cf BE t > 0)).

The sequence (B,f[ — Bf_l)ke ~ is stationary. Therefore, from the ergodic

theorem R
Spp(t) — E|BH|p = tpH as n — 00
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with probability 1 and in L;(P), whence
d pH
Spp(t) = CptP™ n — o0, (1.18.2)

50 Spp(t) 2> CptPH n — .
From (1.18.1)(1.18.2)

2m » 0) p > %7

> ’BZ ~BE .| £ 4o, p< i (1.18.3)
‘ am i

i=1 E|BE|M" p=1/H.

Now, consider the interval [0,1]; let {m, k > 1} be a sequence of refining
partitions and I7(8) be the set of all partitions 7 of [0, 1] with || < 6.
Evidently, from (1.18.3) we obtain that

lim sup S(|zP,7, B¥) =400
54)077617(5)

with probability 1, where p < % and
SW(x),m, X) =Y (Xy, — X, ).
tiem
Now we use the result of Kawada and Kéno (KK73).
Theorem 1.18.1. Let {X;,0 <t < 1} be a centered Gaussian process with
continuous trajectories such that
BIX; — X,[* < o®(|t - s]),

where {o(t),0 <t <1} is a continuous function with o(0) = 0. Let {¢(¢),0 <
t < 1} be a non-decreasing regular varying function with exponent o > 0
satisfying

Y(o(t)) <ty(t) for 0<t<1 and ltilrélfy(t) =0.

Then lims—o Sup,c (s S(¥(z), m, X) = constant (including o) holds with
probability 1.

Put X, = BH, 02(t) = t2*t1 (t) = t# ¢ for some & > 0 (recall that

a function is regularly varying if If/)((wt';) — p(x) as t — oo and in this case

p(z) = 2# for some 3 > 0). Then ¢(o(t)) = t'+H¢ and all the assumptions of
Theorem 1.18.1 are satisfied. So, lims—o sup,c ) S(|z(?, 7, BH) = const for

any p > % Evidently, this constant is zero since for any p’ > p > %

S@” 7 BTy < sup Bl - BHPP.S(a?, m, BY),
0<t<t/ <t+5<1
and the first factor tends to zero a.s. as § — 0.
Now, let H € (0, 3). In this case we can use the following theorem for the
case p = 2.
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Theorem 1.18.2 ((KK73)). 1) Let the following assumptions hold:
(0) B|X; — Xy |* < (|t — s);
(b) o(t) is a non-decreasing regular varying function;
(c) the function o(t),/2loglog 1 is strictly increasing near the origin.

Let TI(k) be the set of all partitions such that min [t; —t; 1| > +. Then

lim supy,_, sup
= mell(k) 45(%)

with probability 1, where

@(t) = sup o (U(S)M) |

s>t S

2) Let the assumption (b) hold and also
(d)E|X, — X3 |* < o*(|t — s]);
(e) 02(t) —a%(t—h) < Co?(h) for some C > 0, any smallt and 0 < h < t.

W > 1 with probability 1.

Then liminfy_, o SUD < 17 (k)
k

Put o(t) = t¥, X; = BH. Then conditions (a), (b), (c) and (d) hold.
Moreover, for H € (0,%) o%(t) — o2(t — h) = t?**+1 — (t — h)2oT! < p2otl
for all 0 < h < t < 1. The function ¢(t) now has the form P(t) =
S(|z| 7 x,BH)

1 :
(2loglog )7, whence limy, oo SUP . f7(1) 2log 10w )

= 1 or, in other words,

Ltjen ‘Bt‘j*Bg—l o
(2loglog k)ﬁ
For H € (1/2,1) we have no assumption (e), so, give only upper bounds.

Namely, from the first statement of Theorem 1.18.2, we can deduce that

1
thEﬂ"BtI;’I - tI;‘I_l|H

=1

limy o0 SUD,¢ (k)

limsupy,_,,, sup I
) (2loglogk)zm

Moreover, the following result holds.

Theorem 1.18.3. Under assumptions (a)—(c)

lim sup S(t(x),m,X) <1,
=0 7e1(5)

with probability 1, where 1 (x) is the inverse function to o(t),/2loglog + near
the origin.

In our case it means that

lim sup Z ¢(|Bg - Bff_l\) <1

6—0 neII(8) ten
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where 1(t) is the inverse function to t/21loglog %
Let, as before, IT be the set of all partitions of the interval [0, 1].

Definition 1.18.4. For any p > 0 define p-variation of the function f on the
interval [a, b] as
vp(f) = sup S(|z|”,m, f).
mell

Also, let p-variation index of the function f be v(f) := inf(p : v,(f) < 0).
The last relations mean that v(By) = % with probability 1, and, more-
over,

1 1
vp(Br) < oo for P> and =oo for p< 5

This result was obtained in (Nrv99) from another point of view. Let
{X¢,t > 0} be a Gaussian process with statlonary increments and F| X5 —
Xi? = 0%(s). Let v, == inf{y > 0 : limy o = 0] = 0} and 7* := sup{y > 0:
limg o #:) = o0}. Then 0 < v* < 7, < 4o0. If v* = v, then we say that the
process X; has the Orey index (X ) = v* = ~.. Let X; have the Orey index
v(X) € (0,1); then it follows from the results of Berman (Ber69) and also
from (JM83) that the p-variation index of X; equals v(X) = ET69) X) Evidently,
the Orey index of the fBm equals its Hurst index and equals H.

Now consider briefly the Gaussian process X; = I(f fo s)dBH.
Let H € (3,1) and the function f is essentially bounded on [0,1],
€SS SUPg<t<1 lf@®) = f

Then, according to Theorem 1.10.3, E|X; — X > < o2(t —
s|), where o%(t) = Cy(f*)*?**!, therefore from Theorem 1.18.1
lims—o Sup,er(s) S(|z[P, 7, I) = 0 for any p > + and from Theorems 1.18.2
and 1.18.3

S(lz|#,m, I
limsup,_,.. sup WH;”’ ) <1 Pas. (1.18.4)
nell(k) é(E)
lim sup S(¢(z),7,I)<1 P-as. (1.18.5)
000 L f1(5)

where 9 (z) is the inverse to C}{/Zf* tH /21og log% near the origin.
Let f, := essinfo<y<1 f(¢) > 0. Then

t t
E|ft—fs|2=CH/ / F@)f)lu—vP* " dudv > Oy f2]t — s,

whence S(|z|P,m,I) £, 0 as |r| — 0 and p < , and together with Theo-
rem 1.18.1 it means that

1
lim sup S(|x oo P-as, p<—.
§=0 e r1(s) (lal?,m. 1) = H
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For H € (0,1) and f with f. > 0 we can immediately conclude from
Theorem 1.9.1 that
Bl = LI* 2 Cullfl% | (s = Cuf2lt — s***,
H

whence S(|z[P, 7, 1) 2> 00 as x| — 0 and p < +. Let f € CP[0,1]. Then we
can deduce from Remark 1.10.7 that

E|l - I]* < CHHf“cB([oJ])((t —s)2t 4 (t — S)2H+25),

whence (1.18.4)—(1.18.5) follow for H € (0, 3).

Remark 1.18.5. In the paper (CNWO06) the process of the form fot usdBH is
considered where u; is a stochastic process with paths of finite g-variation
and the integral is pathwise Riemann—Stieltjes integral (construction of such
integrals is described in Section 2.1). The convergence in probability of the
normalized power variations of these integrals is established and their devia-
tions are considered.

Remark 1.18.6. Modern results on power variation of the integrals and other
processes related to fBm are established in (GuNu05), (Nrv99), (CNW06),
(DN99).

1.19 Lévy Theorem for fBm

The idea of this problem belongs to E. Valkeila. The results are published in
(MV06). We start with the classical Lévy theorem:

Theorem 1.19.1. Let {u(t),t > 0} be a continuous local martingale with the
angle bracket (uys = t. Then ps is the Wiener process.

The natural question is: how can the fBm be characterized in a similar
way or by some other properties?

Let {2, F,{Fi}+>0, P} be some stochastic basis, {X,t > 0} be a stochas-
tic process (not necessarily adapted, as for beginning). For any ¢ > 0, denote
ty == t%, 1 < k < n. The main result of this section is:

Theorem 1.19.2. Let the process Xy satisfy the following conditions:

(a) trajectories of X are Holder of any order 0 < 8 < H, where 0 < H < 1;

(b)n?* >0 (Xy, — Xiy )% — 2T for any t > 0 in the space Li(P), as
n — 00.

(c) the process My := fot sT¥(t—s)"“dX; is an Fy-adapted continuous square-
integrable martingale, where « = H — 1/2.

Then Xy is an Fy-adapted fBm with Hurst index H.
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Proof. We shall divide the proof into several steps. First, consider the case
H € (3,1). Let the square-integrable martingale W; := [j s*dMj, t € [0,T7,
T > 0 and the process Y; := fot s~ *dXs. For convenience we put T' = 1. We
can establish the existence in the pathwise sense of the latter integral using
Holder properties of X and integration by parts.

Evidently,

Mz/0 (t —s)~“dY,. (1.19.1)

Lemma 1.19.3. The process X; admits the representation

1 t t
X; = —/ {/ s%(s — u)alds} u” *dWy,
CH 0 u

where Cy = Bla,1 — a).

Proof. Equation (1.19.1) is a generalized Abel integral equation and has the

formal solution ,
1
- 07/ (t —s)* ' Mds. (1.19.2)
H Jo

It is very easy to check that (1.19.1) becomes an identity, if we substitute
(1.19.2) into (1.19.1), rewritten as

Y

t
M, =t7Y; + a/ (t —s)"17(Y; — Y,)ds. (1.19.3)
0
Moreover, the corresponding homogeneous equation
t
0=t Yita [ (t-97 0 - Vds,
0
has only a zero solution, whence Y; admits the representation (1.19.2). Further,
t t
X; = / s*dY, = t*Y, — a/ s*7 1y, ds
0 0

te [t

t s
= — [ (t—s)*"'M,ds — & [ et / (s —u)* ' M,duds
Cu Jo 0

Cu Jo
1 t t L
= — s(s —u)* "ds| dM,.
Cu Jo [/u ( ) }

Remark 1.19.4. From Lemma 1.19.3, for any 1 < k < n, it follows that

1 tr tr
Xt — Xty = Cn (/ </ u®(u — s)a_ldu> dM;
0 s
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_AWI(L%Iu%u_SWAMQdMS
_ Ci{(/ot“ (/tk u(u = 5)du) dM,

th—1

+ /t:kl (/tk u®(u — s)a_ldu) dMS> . (1.19.4)

Denote .
k
©h(s) = / u®(u — 8)* Ldu,
te—1
and
ty
Vi (s) ::/ u®(u — 5)* du.
Then

1 th_1 tr
AXy, =Xy — X4, = o </ ok (s)dM, + wz(s)dMs> .
H 0 th—1
(1.19.5)
Now, let 0 < s <, and let § be a rational number, such that 7 € Q.

Lemma 1.19.5. Let n € N be an increasing sequence, such that n; € N,
t% = tk/ﬁ

- Li(P)
Then n? Zk:ﬁ%_ﬂ (Xt — Xtm)2 —

t2%(t — ), n — oo.

Proof. Evidently,

o ny ) 2o [\ ng 2 £\ 20
PR = () () B axy) e () e
k=1 k=1 ¢

We know from condition (b) that 722 7 _, (AXt%)2 — t22+1 whence the
claim follows. O

Now we want to estimate 72 Zﬁ:ﬁi (AX%)2 in terms of the angle

bracket (M), by using representations (1.19.4)) and (1.19.5). In order to do
this, rewrite the increment of the process X in the form

tr

1 te—o th_1
AX,x = / oL (s)dM, + / o (s)dM, +
0

te—o th_1

wi<s>dMs>

1
=: @Uf + 15+ 15).

Evidently,
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a—1 t n-%
i(s) < (t% (te—r — )71 n) A ( - ) (1.19.6)
and -
n
2
e Y (ax)
k=m2+1 "
_ ﬁ2a - k\2 k\2 k\2 k k k k k k
=z | X (@ @)+ ) ok I 20t I 120 - )
H

k=2 +1
(1.19.7)

Now we shall estimate the terms on the right-hand side of (1.19.7).

Lemma 1.19.6. There exist two constants C; > 0, Cy > 0 such that

t n
ci [CEagany, < PrmGEe YD (IEP) < Car () - (M),
8 k=2541

Proof. For simplicity, we shall omit ~, and consider only such n that n$ € N.
From the It6 formula for square-integrable martingales, it follows that

= ([ ekwann)’ = [ tetraan.

tr—o u
+o / / L (0)dM, - @ (w)dM,.
0 0

First, we estimate

n

st Y [ ek a..

k=n3+2
From (1.19.6), we obtain that
th—2 ) ) k 20 t2 th—2 22
[ whtrann, < e ()5 [ e -0 ..
0 n n= Jo
So, the estimate of ST from above has the form

n L 2a
Sn < 2a72t2o¢+2 i
1SN E n

th—2
/ (the1 — ) 2d(M),. (1.19.8)
k=n$+2

0

Now, we rewrite the sum in (1.19.8) for 0 < s < ¢ and
2<ni<n-3
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§n Z / (te1 — )22 d(M),,

k=n?2 +2
"L'?g, n n—2 n

S 3D SIEID DD O I R 7

i=1 k=no+2 i=n$+lk=it+2) “ti-1

( i (th—1 — u)2a2> d(M),. (1.19.9)

i=ns+1 - k=i+2

Evidently,
1 < 20-2 T a2 1 20-1 -1
= > (k- < da -~ < (s —u) (1—2a)7 !,
n

k=n3+2 s—u
and

1 & 20-2 _ 1 20—2 1 2a—1

= o1 — < = (tig1 —  (tiy1 —

2 (e =TS (=)™ T s (= )

k=i+42

We substitute these estimates into (1.19.9):

1
2a 1
511 < 1-2a Z/ td<M>“

[i (ti+1 - u) o + m (ti—H - U) 2a1] d{(M )

<" /03(8 —u)* (M), + 202022 (14 )@@ = ().,

1 -2«
We return to (1.19.8) and obtain that

1
1—2«

sp <ttt [ wemtaqany, + ot (s 1) () - (),).

0

Note that the martingale M 1s Hélder continuous up to order 3, so Wis
Hélder continuous up to order 3, (W) is Holder continuous up to 1 and the
integral

° —u 2a—1 — ° S—u 2a71u72a
/0 (s — >~ 1d(M), / (s — u) W),

exists. Therefore, n2*~1 [*(s —u)?*~1d(M), — 0, n — oo. We obtain that
lim,, oo ST < Cot*((M); — (M),). Now we estimate ST from below: first,
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2 o t?
(h(w)™ > (1) (b —u)®* 72 3
Then,

th—2
S > p2e—2? / (tr—1)"" (t) — u)** 2 d(M),

k=n=42"0

n2o— 2t2z/ Z (te1)2( u)2a’2>d<M>u

kn+2

4 p2e—2p2 / > (th-1) (b — U)2“—2)d<M>u. (1.19.10)

i=n{+1 k=i+2

Consider the interior sum of the second term:

n

1 o1 [t 12
— Z (tr—1)®* (ts — u)** 2 > */ 22 (x +u— 7) dx
n = [ Fa— n
k=1+2 i+2
1 9 t—u
Z - (ti+1) a/ .%‘2a_2dl‘
t t1,+2—u
- t2a-1 i+1 2a - (ti+2 _ u)2a71 _ (t _ u)2a—l
- n 1 -2« '
So,
t20+1p20—1 n—3 i1 ti 201
ST > [ tivz —u)™
L="91"9a4 Z ( ) /t (tiv2 —u)
i=nf+1 i—-1
—(t— u)2“*1}d<M>u.
Consider the function f(u) := (tip2 — u)** "' — (t —u)2*~! on the interval
[tz 1at'].

201 9a-1 32071 g2l
f(u) > (ti+2 - tifl) - (t - tifl) S

2a—1
n2a—1 t '

Therefore,
n—3 t
t20¢+ 1 n2a 1 i

i i+1 2a t2a—1
> ——d{(M),,
- 1-2a _72 /ti_l ( n ) n2o-1 (M)

i=n3 +1

St
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x(32a—1 o 42a—1) > C1t2°‘ 7§’ /t (u i §>2ad<M>u,
n

i=ns41 7 ti-1
and .
lim S} > Ct** / u?*d(M),,

n—0o0

or, in terms of (W),

lim S > C1t2* (W), — (W)y).

n—oo
Now, we try to prove that S3 — 0 in probability, where

n

Sp=n2 3 /Otk2</ugp§€(s)dMs)<p§€(u)dMu.

k=n2+2 0

Evidently, it is sufficient to consider the sums of the form

n tr_o u
sp=n > [ ([ i) eioar,
k=2

because the sums

n%+2

> ([ )i,

can be considered in a similar way.

We use a very weak version of the Lenglart inequality: if IV is a locally
square integrable martingale on R, then for any € > 0, A > 0 and T" > 0 we
have that

P{ sup [N(t)|>e} < % + P{(N)r > A}. (1.19.11)
0<t<T 15

Rewrite S5 as

n—2 .
S = n2e E / (
i=1 Jti—1

where

n 1—2
n

> b [ eharn)an, = [ pitan,

u
k=i+2 0 0

DY </>2(U)/u902(8)dMs, ue [i_l,").

n n
k=i+2 0

Since the martingale M is continuous (and square integrable), we can
localize it: let for some L > 1

T, = 1nf{t >0: |Mt‘ \Y <M>t Z L},
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Mt:Mt/\TL7<M>t:<M>t/\TL7Eu: M ’TL—OOlf‘Mt|\/< > < L for all
t>0.

By (1.19.11), it is sufficient to prove that for any L > 0

t(1-2) P
wie [ Ga),
0

n—2 w 2
=n' Z/ ( U)/ wZ(S)dMs> d(M), 50, n— oo.
7. 1 k= 1+2 0
(1.19.12)

First, we estimate the f;lEtion Yu = Yoo Ph(u) [ @b (s)dM, =

D hmiva PE(W) () (W) My — [ M (£} (5))sds). Evidently,
/ tk
(), = (=a) [ o -0,
th—1
Therefore,
tk
|1/)u|<LZ 2+ L1 —a) o (u / / (v — 8)* ?dv ds.
k=i+2 k= Z+2 tr—1
Estimate the terms separately:
ot am
ph(u) < (1 —uw)™ ",
whence
n ‘ 9 t2+20¢ n 20— t2+2a S

D () < = D7 (b1 —w)** < (i — u)

k=i+2 k=i4+2

t2+20¢ 1 t4a t20¢+1 ti _ 200—1

+ / (tl‘ _ u)20¢—2daj - - + ( +1 U,) S Cvn—2oz7
n it1 n2o n 1—2«a

tr
/ / (v — ) 2dvds < C Z ok (u / v (v —u)* v
th—1 k=i+2 th—1
n

<C Y (Phw)? < on

k=i+2

From these estimates, it follows that @Zn‘m < (. Therefore, there exists
the bounded dominant. In order to establish (1.19.12), it is sufficient to prove
that ¥,n%* 50,0 < u < 1. We have that
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E(¢,n**)? = n*E < > whw /0 ' wZ(S)dMs>

k=i+2

n 2
—nto [ (Z saz.w)soms)) d(AT)...

k=i42

Similarly to previous estimates, we obtain that

n 2 n
n'® ( > wZ(U)W}Z(S)> < Cn“( > % (th1 —u)* ™"

k=i+2 k=i+2

n

2
1
Y scu (13

k=i+2

(tkfl _ u)?&?)

2—2«

2
< Cnto—? <n + nl_Qo‘) < C, for some C' > 0.

This means that the bounded dominant exists. Moreover,

« . « - 1 o—
Y ehu)ph(s) < Cn® D7 gh(u) - —(u—s)*!
k=i+2 k=i+2

1 1
< Cn?> . f/ v (v —u)* tdu - (u—5)*!

for any s < u. This means that S% Lt 0, and the lemma is proved.

Lemma 1.19.7. There exists a constant Cs3 > 0, such that

P-limn®® Y~ (I3)? < Cst**((M), — (M),).

n—oo
k:n%-&-Q

Proof. We apply the It6 formula to (I5)? and obtain that

— 0

2= [ tenann. s [ dan) ek

te—2

From (1.19.6) it follows that

n

/ kil(wi(S))2d<M>s 2 SHC((M)y — (M)s).
k=ns42” k-2
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Similarly to the estimates from Lemma 1.19.6, we obtain that for any

A>0ande>0
b ° t T t T
[ (] ki)t = =
th—2 th—2

<Geplee 3 [ ([ a2 eio) aim. = 4},

5+2 tr—

n

P{n2a

k=n$+2

So, it is sufficient to prove that
(w)d) (Pl ()2 ()0 2 0
Z or(u)dMy ) (@) (v)) d{M), — 0.

n242 tp—2 tr—2

The existence of the bounded dominant is established by the estimates:

wie ([ L) eh(s)?
< 0t ()T, = ehltes) Mo ([ (k@) Tutn)) - (645)?

tp—2

o (o + i+ [ [ e @

tp—2 Jtr—1

< 9CL2n* (1/n)* -t < CLAt*™.

Therefore, we must prove, that for any s < v <t
n2°‘( [ ) @) Lo, o
th—2

Here (¢} (v))? < Ly, Taking into account that (M) is bounded and continu-
ous, and by using the relation

n (i (v))*E t (ok(w)?d(M)ud(M), < CE(M)s — (M)y,_,) — 0,
k—2
for s < tx_1, we obtain the necessary estimates, whence the proof follows. 0O

Lemma 1.19.8. There exists a constant Cy > 0 such that

n

P-limn®® Y~ (I5)* < Cy((M), — (M),) - t**.

n—oo
k=141

The proof is similar to Lemma 1.19.7.
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Lemma 1.19.9. We have that

lim n2® Zlklk

n—oo

in probability.

Proof. Consider, for example, n2® ZZ=1 IF 1% where we substitute M instead
of M. But in this case,

wep (1) = nteE S (I
k=1 k=1

e
t:f; (
Moreover, from inequality (1.19.11), it follows that we must only prove the

relation

where I} = ol (s))2d(M)s, since I, I%, I¥ are pairwise orthogonal.

n
'y (I .
k=1
According to Lemma 1.19.6, we have that
P-limn®* Y "(If)* < Cot*™ (M),
n—oo =1

and

w2 max [ (h(9)Pd0T), < a7 max ()i, — (3)i,_) .

1<k<n Jy, 1<k<n

All other terms can be estimated similarly, whence the claim follows. 0O

By using our estimates, we can conclude that for rational s, consequently
for any s < t, the following claims hold:
(a) there exist two constants, C; > 0 and Cy > 0 such that

t
C’l/ u?*d(M), < (t —s) < Cot**((M); — (M)s,).
This estimate can be rewritten in terms of W and (W):

CLW e — (W) < (t— 5) < Cot20 / w2 (WY,
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where @7 is a positive, bounded, nonrandom function, separated from 0 by
some constant.

From the left-hand side of (a), it follows that (W), is absolutely continu-
ous w.r.t. the Lebesgue measure, so (W); = fot 0sds, where 64 is a bounded,
possibly, random variable. From the right-hand side of (a), it follows that

t 1 t
/ w20, du > ?(tl_% — stT2%) > Oyt 2 — 512 = Cg/ u2%du.
s 2 s

This means that .
/ u %0, — C3)du > 0.

Evidently, for any set A € F

t
/ / u?*(0,, — C3)dudP > 0.
AJs

Now, let the set D € o{F x B[4, 1]}, and let 6 > 0 be fixed. Then (D) < oo,
where = P x A, A is the Lebesgue measure on [0, 1].

By the theorem of approximation of measurable sets, for any € > 0 there
exists a collection of the sets

{Dl = Bl X [Siati]7B’i c .7:, [Si,ti] S 5[5, 1]},
such that

k k
u((D\ UpoyJU Di\D)) <e.
i=1 i=1
Therefore, since u=2%(6,, — C3) is bounded on D,

/ w26, — C3)dp > 0. (1.19.13)
D

Now, set
D = {(w,u) : 0, — C3 <0, and u > ¢}

and we immediately obtain that p(D) = 0. From here we conclude that (W) is

equivalent to the Lebesgue measure, and W; = fg 95% dVy, where {V;, Fs,s > 0}
is some Wiener process.

Now, if we do all the same calculations as before, but for “true” fractional
Brownian motion B/, we obtain that

n ¢
]Zii(gln%‘ Z (ABg)2 = 1:110151 s s
k=ni+1 S

= P-limn®* Y (AB[I)?.

n—oo
k:n%«kl
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(It is sufficient to take s = 0.) Therefore, P-lim,,_ f; Yirdu = 0, where
U7 = w2 (0, — 1).

Consider any set D € o{F x B[, 1]}, repeat all the previous reasonings
and obtain that 6, =1 (otherwise, put D = {(w,u): 8, > 1+ a, or
0, <1—a}).

We proved Theorem 1.19.1 for H € (1/2,1). Now we consider the case
H € (0,1/2). Similarly to Lemma 1.19.3, we can present the process X; as

t

t
X :/ z(t, 8)dWy, where W, :/ s*dMs,
0 0

and
2(t,s) == (C') mp(t, s) = (i)a (t—s)* — as™@ /: w2 (u — 8)*du.

Therefore,

tr t
704/ / =y — 5)*du dW,

:Jl +J2 +J3 +J4

For H € (0,1/2) it is more convenient to deal with Wy, not M;.
Evidently,

n n
. . 2
lim n?® E (AX;,)? = lim n® E (JF)
n—oo n—oo
k=n$+2 k=n$+2

+ 0y (JE+ 05+ 05 + S JF(JE+ 5+ TF)
k=nZ+2 k=ns+2

First, estimate

lim n?® Z (Jf)Q

n—oo

from below and from above. As before,
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n
lim n2® Z (AXy,)” — t2%(t — s).
n—oo
k:n%+2
First, we obtain upper bound for the sum

n

spi=nte Y /0 (8L()) d(W).,

k:n%+2

where 0% (s) = b (ﬁ)_a (u—8)* tdu, s < tp_1. Evidently, for s < t;_»

Tt \u

0t (s) < ((tk_l — )t ;) A (_la (:L)a) . (1.19.14)

Therefore, for such n, that n3 € N we have that

n k—2 )
01 ()" d(W )y
k=ns42i=1"ti-1

t; 2a0—2
A / d(W), (t> : (1.19.15)
i— ti—1 n

The integral [ (s+ L —u)
(NVV99), can be estimated as

s ¢ 2c0—1 2a—1+4p
/ <s + - - u) d(W )y, - s> ,
0 n

for some random variable 0 < C'(w) < oo, where 3 is Holder index of (W),.
Evidently, 8 > 0, and it holds that

s ¢ 2c—1 1 2a—1408
/ (S + —_ = u) d<W>u . n20’—1 ~ n20’—1 () N 0.
0 n n

t
n

< C(w) (s +
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The same is true for

s ¢ 20—2
/ <s + - - u) d(W), -n?*72.
0 n

The last two integrals from (1.19.14) admit the estimate:

s / (W), (t>2a_2t2n2a2gt2acz<<w>t<W>s>-

) n
i=nf+1 tiz1

Now we obtain the lower bound for S¥. Return to (M) instead of (V).

sp=n? 3 / (b)),

k=n%
2, 202 - = < 2 ' 2o-2
sewe (YN Y Y Y [ (w-w) T do,
i=1 k=n2+2 i=nS+1k=it+2 ti-1

n—2 t
i 1 a— o
e / 7 (e =™ = = w7t ) d(a),

i=n{+1 ti—1

Note that
n—2 t;
n2a—1 Z / (t _ u)2a—1d<M>u
i=ng417 tim1
2 2a—143
N(t—t—i—) n?7t 50, n— .
n
Therefore,
n
: 2a k)2
Jm e 3. ()
k=n{+1

n—2
Z Ct2a+1n20¢71 Z / (ti+2 _ u)Qa—l d<M>u

i=ns417 -1

n—2

t;
> Ct2a+1n2a71 Z (ti+2 B ti—l)Qail/ d<M>u

i=ns41 ti-1
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The “remainder” term for > (J{“)2 equals

n

Ry=nt 3 /Ot“ (/Oze,g(v)dw,,> 0L (u)dW,.

k=n$+2

For technical simplicity, it is enough to consider the stopped process W,
instead of Wy, and ZZT 5 for any r € N, instead of

ZZZH%H Zn Ty > r_s. We obtain that

nr k—2 ., u 2
E(Rn)? = n*°E (ZZ / / 6L (0)dTV, -e,@(u)dwu>
k=3 i=1 /ti-1 /0
nr—2 n
:n4”‘IE<Z / / 0 (v)dW ,, - 0% (u)dW )
1=1 k=i+3 =

nr—2 L
nte Z E/V <k z+3/ 0L (v)dW, - 0% (u )) A(W),,.

Let us estimate

/ 0% (v)dW
0

0! ()W, — /0 W, (04(0)) do
/u (04(0))’, do|
0

< L|0(u)| + L

It follows from (1.19.14), that

/0 " (04(0)), dv

= [0i.(v) — 6,(0)| < C <;) for some C > 0.

Moreover,
nr 2 tr 2
n3 0t (u < n?® v—u)* tdv
k
k=i+3 tit1

= Cn® [—(tr — w)® + (tig1 —u)*]* < C,

and the integrand

(Z/ot VAW, 9%)) <C,
k=i+2

i.e. there exists the integrable dominant. Therefore, it is sufficient to establish
that for any u
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w2 3 / 6L (0)dTT - 0. (u) 5> 0.

k=it+3”0

We take the mathematical expectation and obtain that

. /0 b ( 3 9;(U)eg(u)> A(W),.

k=i+3

The bounded dominant exists. Indeed,

nr 2 nr 2
n'e ( > ez<v>e,z<u>> <2 ( 3 ez<v>> <c,

k=i+3 k=i+2

as before. Further, we must prove that

ne Z 0. (v)05(u) — 0

k=i+3

for all fixed 0 < v < u. We have that

nr nr th
n2e Z 0% (v)0% (u) < n*® Z / (s —u)* ds
th—1

k=i+2 k=i+3

tr nr 1 tr
X / (s —v)* tds < n?® Z (tpo1 — )" E/ (s —v)* tds
th—1

th—1 k=i+3

tr
<n2 7 (b —u)* ! / (s —v)* tds

tita
<Cn* Yu—v)*"t =0, n—oo forany 0<v<u.

From all these estimates, the remainder term R, Lt 0, n — oo, and we
have established that

Cyt*™ (M), — (M)) < lim n2® zn: (Jf)Q < Cot®* (W), — (W)y).

T n—oo
k:n§+2

(Note, that for H € (1/2,1), we obtained opposite estimates.) Note also
that we cannot estimate Y. (Jik)z, ¢t > 1, from above. Indeed, the inte-

grand of the form (t% —u)a that admits the estimate < (%)a — 0 for
H € (1/2,1), now, for H € (0,1/2), tends to co. So, we mention that

S s o (JE+ JE 4+ JF)? > 0, prove that Y JF (JF + J5 4+ JF) — 0, and
obtain the estimate from above:

C1t?* ((M)e — (M)s) < (t = s).
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In the sequel, we realize this plan.
It is sufficient to estimate the sums from k& = 2 till £ = n. By applying the
Lenglart inequality to n2® S r JFJ% we obtain that it is sufficient to prove

that

. n th_o tr S\~ L . 2

n- — u—8)* dudWy
S L G) e

2

tk—1 tg s\ —a

X - w—8)*"Ydu | d(W),
| (/t“(u) (u—s) ) )

n th_o 2
< Cn*® Z (/ Qz(s)dWs>
0

th—1 5 o p
/ (b1 — )2 d(T)s 5 0.
k=2

th—2

Integrate the last integral by parts:

/ Tty — 82 () = (s — to2)™ (Phey, — ()i, )

ti—2

_2a/ (e — 9T (W, — (W).) ds

th—2

S Cn72aA<W>tk71 + C’/tk_1 (tk—l - 5)2(1_1 (<W>tk 1 <W>9) ds.

t—2

/ 92<s>dws>

_ /0 " 0L() 2 AT + 2 /0 e /0 O (0)dTV 6L ()07 .

It was proved that

Now recall that )

VR

is bounded in probability, and
n tk72 S - - P
oy = n2" Z/ / 0t (v)dW 0L (s)dW s = 0, n — oc.
k=270 0

Therefore,

2

n th—2
nie Z (/ Hz(s)dWs> ~Cn_20‘A<W>tk_1
0

k=2
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< Cof - max AW)y, ., +Col - max A(W)

th—1

Also,

X <<W>tk—1 - <W>s) ds < C(w) (0’? —+ O'g) nQOL/t P (tk—l _ s)2a—a ds
1

1-e
< C(w) (o + o8) n* (tp—1 — tk72)2H78 ~ <n> —0, n—oo.

Consider n?> >, _, JEJ%:

n th_o 123 o
n‘mz/ a,g(s)dws-/ (S> (1 — 5)* AW,
k=10 tooy Nk

As before, it is sufficient to prove that

n ty—2 2 th —2a
T S 20 ;5 P
e Z (/ HZ(s)dWS> / () (ty — 8)**d(W), = 0,
0 thoy \lk
k=1 k—1
n — 00,
or, equivalently,
tr . p
2 max / (th — 5)2 d(TT), - (o7 + o) B 0. (1.19.16)
i th—1

Note that by (NVV99, Lemma 2.1) and due to Hélder properties of (W),

/tk (t — $)>* d(W), < C(w) (te — te_1)** T 7% ~ (1>2a+157

th—1 n

whence we obtain (1.19.16).
Now, consider n?® Y~ JFJ¥: other sums can be estimated similarly. After
some transformations,

2 2

. /t:kls—m ( / " u"“_l(u—s)adu> A7),

n

iy (/Otk eg(u)dwu>

k=1

2

Tk tk
< n2e ml?x/ (/ u®(u — s)adu> d(W)s - (o7 + 0%)
te—1 S
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tk tk Tk -
< n?e mI?X/t (/ w2 du - / (u— S)QO‘du) d(W)s - (o7 +03)
k—1 S S

Tk o
< Cn?*® Hl]iiX/ S (t — )2 AW, - (07 + oF)
th—1

1 bk .
< On- - max / (s — ) d(T), - (o7 + oF)
tp—1

2a+1—¢

ngl?x(tk—tk,l) (o] +03)—0, n—oo.

Due to all these estimates we have proved that

t2%(t —s) = lim n** Z”: (AXy,)? > Cit*™ (M), — (M),),

nﬁoo k=n{+2
ie.
(M) — (M), < o= (1 = 5) = Cy (112 — 5172%) < Cy (12— 51°22)
or

t t
/ u 2 d(W), < 02/ u 2 du.
s s

As before, it follows that (W); is absolutely continuous w.r.t. Lebesgue
measure,

(W) = /Ot 0ds, (1.19.17)

0 <0, <C, C is some constant, 0 possibly is random.
Taking this into account, we can continue estimates from above: for exam-
ple, if we take for simplicity the sums over k = 2 till kK = n, then

n 9 n th—1 tr S\ 2
n2* Z (J5)" =57 + 55 = Cn* Z/ (/ (f) (u— s)aldu>
t—2 tp_q U

k=1 k=1

x d(W), + Cn* zn:/tk_l (/u GZ(v)de> 01 (u)dW,,

k=1 tk—2 tk—2
where
T s\ —a
01 (s) = / (—) (u—s)*tdu < (tp_1 — 5)* C.
th_1 U
Therefore,

n th_1
Gy < on S / (to1 — )% d(W),.

k=1 tk—2
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Direct estimates give nothing (because of singularity at tx—1). So, we go
by an indirect way: for some A > 0,

th—1 5 th—1— g th—1
/ (trr — 5)™ d(W), < / + /
L2 tp—2 t !

k—1"TnaA
¢ 2a
< (tkl — (tk1 - nA)> - AW )y,
tr—1
+ (thanks to (1.19.17)) C (th—1 —5)** ds
th—1—

¢ 2 ¢ 200+1
< (L - .
_(nA) A<W>tk+0(nA)

Taking the sum, we obtain:

n

¢ 2 ¢ 20+1
5y < Cn® Y (nA> AWy, + Cn**n (nA)

k=1

1
A2o¢+1

< CA P2 (W), + C 2ot

If we estimate the sum from k = n$ + 1 to k = n, then

= —4x (&3 1 « S
51 < CAT2 (W), = (W)y) + Ot (1 - ;)
—zax @ 1 [e3
= CA2o¢? ((W}t—<W>S)+CA2aHt2 (t —s).

Now we want to prove that

n te—1 u
ey [ ( / ezw)dm) v, 20, e,
tp—2 tp_o

k=1

As usual, it is enough to establish that

e [ 9t(v>qu> 01, (u)” d(T),, © 0.
];/tkz (/tkz k (k )

But we can bound (W), by Cdu, so, it is enough to prove that
2
= [t o = 2 P
i Z / ( / Hi(v)de> (65.(u))” du = 0.
k=1 tk—2 tp—2

By taking the mathematical expectation, we see that it is sufficient to establish
that
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nio N optg-r pu 0 (v) 2d<W>U oL () 2o
kz_l/tk—2 /tk_2 ( k ) ( k )

By substituting Cdv instead of d(W),,, we see that it is enough to establish

that
ol = ne Z/f o (/t (92(@))2(1@) (Gi(u))Qdu — 0.

k=1

We have that (t‘)z(u))2 < Cn~2%% and

te—1 u 1
03<Z (/ )du<nC—>0, n — Q.
tr—2

t—2

Finally,

n

w2 N () < CATRE (W), — (W) + C

k=n{+2

2c
A2a+1t (t —s).

Now, proceed with J§:

n2a§ (J5)? = e § /tt <(t‘z) - 3)0‘)2 A,

fn2y /tt (/tu (;) e— 8 dWS> (ZZ) e —w) .

k=1
The first term can be estimated as

n tr N ¢ 2c C
n2e Z/tk (tr — 5)2 dW)s <C (A) (W) — (W)e)+ ot 20t —s),
k=17tk-1
as before.

And with the bound d(W), < Cds, the second term can be estimated as
ni i ftk . j::fl (te — 5)°*ds - (tp — u)** du < %ﬁi — 0. Therefore, for

> (Jg) we have the same estimate as for ) (JQI“)z. Finally, estimate

n2azn:(Jf)2_ (/ / (u—s) dudWs>2

k=1

2

n 22 e
= On?™ Z/ s 2 (/ u® " (u — s)o‘du) d(W)
k=1"tk-1

n tr tr
C’n2°‘Z/ / / (v — 8)%dv dW;
k=1 t th—1 S
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tr
X u_o‘/ v (v — w)*dvdW,.

The first term can be estimated with the help of (1.19.17) as

2

n tr tr
n2ot—2e Z/ (/ u®(u — s)o‘du> dW)s <Cn™?" -0 n— occ.
t s

k=2"1tk—1

Ifk:l,thenfor%+%:1,p,q>1

t/n t/n 2
nzo‘f%‘/ / u* Hu — s)%du | ds
0 s
t/n t/n 2/p t/n 2/q
< n2at_2o‘/ / wP@ VD dy / (u—s)*du ds
0 s s

t/n , (Hq—4+1)2
< n2at—2a/ S(pr%’Jrl)% (t _ 5) 2 q ds
0

t/n . [t 2a+% ; 4a+1
_ n2at72oz 82(,!—24-; Z_g ds ~ n20zt72a e N O,
0 n n

. . 2 .
i.e. the “main term” of n?* Y ) | (Jf) tends to 0. For the remainder term

of n?* 31, (Jf)2 it is sufficient to prove that for any € > 0

n tr u ti 2
ol = nle E / / (sa / v (v — s)o‘dv> ds
k=ne tp—1 Jtp—1 s

2

ty
X 2 (/ v v — u)“dv) du—0 n — oo.

2
o} <nt® / / (/ oLy — s)adv) ds
th—1 Jtk—1 s

k_ns

tr n
x(/ vo‘*l(’ufu) dv) du<n~ GZ tp—1)  ~ n"2 -0, n-— oo

After all estimates, for s > 0

But

n

lim n?® Y~ (AXy,)? < CLAT2R (W), — (W),) + Ca

n—o00 -
k:n%+2

2
Wt a(t — S).

We have the opposite estimate,
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Cit?*(t—s) < lim n® Y (AXy,)?

n—oo
k=n{+2

1
< Co A28 (W), = (W),) + Cor °(E = 9).

So, for A sufficiently large, C3 := C; — C’gﬁ > 0, and we obtain that
Cst?*(t — 5) < CL AT (W), — (W)y),

whence (W); — (W), > %Aza (t — s), and constants do not depend on s and
t. Therefore, if we write (W), = fot fsds, then 1 < 0, < g5, &; > 0, and

W, = fot 0;/ 2dVS with some Wiener process V. Then we can conclude the
proof of the theorem by the same arguments as for H € (1/2,1).
O

1.20 Multi-parameter Fractional Brownian Motion

1.20.1 The Main Definition

There can be at least two approaches to the definition of multi-parameter
fBm. We consider the process which has a “fractional Brownian” property in
each coordinate, but also it is possible to consider this property, for example,
along any ray with its origin at zero (MY67).

For technical simplicity we consider two-parameter fBm (fBm-field)
{BH,t € R2}, where t = (t1,t2). We suppose that s < ¢ if s = (s1,52),
t = (tl,tg) and S; S ti7 1= 1,2.

Definition 1.20.1. The two-parameter process {Bf',t € R%} is called a
(normalized) two-parameter fBm with Hurst index H = (Hy, Hs) € (0,1), if
it satisfies the assumptions

(a) Bfis a Gaussian field, B, = 0 for ¢t € OR?;

(b) BB =0, EBIB = ¢ TI (5" + 5™ — [t — s:™).

i=1,2

Evidently, such a process has the modification with continuous trajectories,
and we will always consider such a modification. Moreover, consider “two-
parameter” increments: A;Bf! := Bff — B, — B+ BE for s <t. Then

will be

they are stationary. Note, that for any fixed ¢; > 0 the process B}tli )
the fBm with Hurst index Hj, ¢ = 1,2, j = 3 — 4, evidently, nonnormalized.

1.20.2 Holder Properties of Two-parameter fBm

Denote Pr := [0,T1] x [0, T3].



118 1 Wiener Integration with Respect to Fractional Brownian Motion

Definition 1.20.2. The function f : RZ — R belongs to the class C*+*2(Pr)
for 0 < \; <1 (f is Holder of orders A; and Ay on Pr), if there exists a constant
C > 0, such that for all s <t,s,t € Pp

|Asfe] < C H (t; — )™, (1.20.1)

i=1,2

[f(t) = f(s1,t2)] < Clty = sa M [£(8) = f(tr, 82)| < Clta = 52/ (1.20.2)
The norm in the space C*1*2(Pr) is denoted as

[ £llnns = sup (|f(t)\+w

0<s<t<T (t1 —s1)M
|f(t) — f(t1,52)] | A f(t)]
LT v S o si)/\i)
i=1,2

)

Evidently, inequalities (1.20.2) hold for B with \; < H, Ay < H and any
Pr C R2. It was proved by Kamont (Kam96), that (1.20.1) holds for B¥ with
any A\; < H,\» < H and on any Py C R%. Therefore, BH ¢ 0Hi—eH2=2(Pyp)
for any T > 0 and any 0 < ¢; < H;. Moreover, according to (Kam96), for
any T > 0 there exists the random variable 0 < ¢(w) < oo P-a.s. such that

1/2
ABH) < o) TT (6= s (1410 1)

t;—s;

1.20.3 Fractional Integrals and Fractional Derivatives of
Two-parameter Functions

For @ = (a1, ap) denote I'(@) = m

Definition 1.20.3. (SKM93) Let f € P :=[a,b] := ][] [ai, bi], a = (a1, a2),
i=1,2

b = (b1, b2). Forward and backward Riemann-Liouville fractional integrals of

orders 0 < «; < 1 are defined as

— f(u)
I f)(z) =TI'(a / du,
( + )( ) ( ) la,z] @(xaual_a)
and
oo T~ f(u)
L f)(x) =1« / ———du,
@ @) @ (2. P(T,u, 1 —a)
correspondingly, where [a,z] = [] [as, zi], [z, 0] = H [, b;], du = duidusg,

i=1,2 i=1,2
(,O(U,ZL’7O[) = |U1 - 171|0(1 |U2 - $2|a2 , U, T € [avb]'
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Definition 1.20.4. Forward and backward fractional Liouville derivatives of
orders 0 < «; < 1 are defined as

(DR o) o= T a) 5.0 /[ Mf ®) g,

‘/1:7 u? a)

and

e ) =I(1-—a ” 1) u, T€la
(D2 f)(z) = T(T—a) /{W du, € [a,b].

0x10x2 (z,u,a)

Definition 1.20.5. Forward fractional Marchaud derivatives of orders 0 <
a; < 1 are defined as

oo T :*fa f(SC) o Auf(‘r)du
(D3 f)(w) =T(T )<¢<x,u,a>+ a2 /H o
a, " f@)  flug)

1,2,j=3—i (zj —aj) 0 (wi—wg)tes LY

and the backward derivatives can be defined in a similar way.

Let 1 < p < oo, the classes I{'**(Ly(P)) == {f | f = I;1%¢,p €
L,(P)}, I (L, (P)) :=A{f | f = I;}"***¢,¢ € L,(P)}. Similarly to Theorem
13.1 (SKM93), the following result can be proved.

Theorem 1.20.6. Liouville and Marchaud derivatives coincide on the classes
19°2 (L, (P)).

Further we denote Dg}** =: Ial(alo”). Of course, we can introduce the
notions of fractional integrals and fractional derivatives on Ri. For example,
the Riemann—Liouville fractional integrals and derivatives on Ri are defined

by the formulas (I$'* f)(x B ) f( —o0,2] w(ic(i aydt,
ara . ol t
(I—l( 2f))( ) E F( )f[:c,oo) p(z,u,a) dt’ B , .
(IO @) = (DE)@) = T @) 50 f o st and

(I=1°) fy(@) = (D22 f) (@) 1= T(T= 0) 5250 [1p.00) iyt
0 < a; < 1. Evidently, all these operators can be expanded into the product
of the form I{'** = I ® I{?, and so on. In what follows we shall consider

only the case H; € (1/2,1). Define the operator

Mt o= T O 15 f.
i=1,2
Definition 1.20.7. A random field {X;,t € R%} is a field with indepen-
dent increments if its increments {Ag, X¢,,7 = 1,n} for any family of disjoint
rectangles {('s;,t; |,i = 1,n} are independent.
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Definition 1.20.8. The random field {W;,¢ € R? } is called the Wiener field
if W=0on aRi, W is the field with the independent increments and

B(AW;)? = area((s,t]) = ] (ti — s:).

i=1,2

Let we have a probability space (£2,F, P) with two-parameter filtration
{Fe,t € Rf_} on it. It means that F; C F; C F for s < t. Denote F; :=
o{Fu,s £ u}.

Definition 1.20.9. An adapted random field {X;, 7;,¢t € R2} is a strong

martingale if X vanishes on 9R?, E|X;| < oo for all t € R and for any s <t
E(AX: | F¥) =0.

Evidently, any random field with constant expectation and independent
increments is a strong martingale, in particular, the Wiener field is a strong
martingale.

It is not difficult to prove the following fact.

Lemma 1.20.10. Let {W;,t € R3} be a Wiener field. Then the field
B2 ;:/ (M 21 ) (2)dW, (1.20.3)
R2

is two-parameter fBm (not necessarily normalized).

Similarly to the one-parameter case, it is easy to show that any two-
parameter fBm can be represented by (1.20.3) via underlying random field
wW.

Introduce the notion of Wiener integral w.r.t. two-parameter fBm.

Definition 1.20.11. Let
ferthit = lf R R / (M5 ) (1)t < o0
]R2

Then we denote [y, f(t)dB/"2 as [, (M2 f)(t)dW; for the underlying
Wiener process W.

The following facts are proved similarly to the one-parameter case.

Theorem 1.20.12. Let the kernel Zg)(t,s) = II lu,(ti,8:) - Ljo<s<ty for
i=1,2
H = (Hy, Hs), t = (t1,t2) and s = (s1, S2).
Then the field

)= [ 10 s
R2

is a strong square integrable Gaussian martingale with independent increments
and E(IF (1g))? = T] ti—2*.
i=1,2
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Similarly to the one-parameter case, we call I (By) the strong Molchan
martingale. It can be presented as

Hu) = 11 (1—2%)”2/M II si*dB., ai=H;—1/2,

i=1,2 i=1,2

where {By, F;,t € R2} is some Wiener field.
In turn, the two-parameter fBm can be presented via some Wiener field
B by the integral

piht — m? (t,s)dB,,

0,¢]
where H; € (1/2,1), and mg)(t,s) = [I mu,(ti, 5:)150<s, <t}
i=1,2

= ] C’}?i)ozisi_a"' f; ul (u; — 8;)* Ldu,.
i=1,2
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Stochastic Integration with Respect to fBm
and Related Topics

2.1 Pathwise Stochastic Integration

2.1.1 Pathwise Stochastic Integration in the Fractional
Sobolev-type Spaces

In this subsection we consider pathwise integrals fo (t)dBJ for processes f
from the fractional Sobolev type spaces I, (L) for some p > 1. This approach
was developed by Z&hle (Zah98), (Zah99), (Zah01).

Consider two nonrandom functions f and g defined on some interval
[a,b] C R and suppose that the limits f(u+) := lims o f(u+0) and g(u—) :=
limsjog(u — 6), a < u < b, exist. Put foy(z) := (f(z) — fla+))Lap (@),
go- () = (9(b=) — () L0 (@). Suppose also that fus € 2, (Lylab]).
gy— € I}=*(Lyla,b]) for some p > 1,¢ > 1,1/p+1/qg < 1,0 < o < 1. Then,
evidently, D&, fo1 € Ly[a,b], D} ~%gp— € Lyla, b].

Deﬁnition 2 1.1. The generalized (fractional) Lebesque—Stieltjes integral
f f(x ) is defined as

b b
/ f(@)dg(x) := / (D4 far )(@)(Dy =gy ) (@)da + f(at)(g(b—) — g(a+)).

Lemma 2.1.2. Definition 2.1.1 does not depend on the possible choice of a.

Proof. Let for € (I¢, NISTO)(Lyla,b]), go— € (1= N I, -*7P)(Lyla, b)) for
some «,f such that 0 < a < 1,0<a+ 8 <1, 1/p+1/q < 1. Then, ac-
cording to (1.1.5) (composition formula for fractional derivatives) and (1.1.6)
(integration-by-parts formula),

/ (DS’ fu ) (@) (DL P gy ) ()

a
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l—a—
/ (DD fur ) (@) (DY P g ) (@)
b 1—
— [ D2 @D D} g )

b
- / (D&, far) (@) (DY, ) ().
O

Let ap < 1. Then foq € I, (Ly[a,b]) if and only if f € I3, (Ly[a,b]) and
in this case we can simplify the formula for the generalized integral:

f F@)dg(@) = [ (D2 (@) = priy - HBk ) (D=2 g0 )(@)da
+ flat ><< ) —glat)) = [2(Dg ) (@)(Di="g,-)(x)dx (2.11)
- f<a+>I;_ a(D;_a (@) + Flat)(g(b-) — gla+))
— [M(D2, D) (@)(DL=" g ) (@)de

Lemma 2.1.3. Let g, € I,~*(Lg[a,b]) N Cla,b] for some ¢ > 11 and
0<a<]l. Then foranya<c<d<b

b
/ (D%, 1) (@) (DL go- ) (@)dz = g(d) — g(c). (2.1.2)

Proof. We have that

0, c<e
o (@—)~*
(Da-&-l[c,d))(x) = Ii—a)’ c<zx<d,
r—c) Y—(x—d) ™%
%, d<z<b.
Therefore, by using (2.1.1), we obtain for ap < 1, or ¢ > 1, that
b . )
fa (Da+1[07d))(z)(D;_ gp—)(x)dx = F(1 ) f (D;_ 9 ) (x)dx

— i i@ — d) (DY g ) () da = IL“(D;_agb_)( )
— (D} g, )(d) = g(d) — g(c).

Corollary 2.1.4. Let the function g € C*a,b] for some X\ < 1, then
gp— € I} "*(Lpla,b]) for any p > 1 and 1 — a < A. So, we can put p > 2/X,
a=1—\/2 and obtain for g (2.1.2).

n—1

Corollary 2.1.5. For any step function fr(x) = > cxliz, zp,)(x) with
k=0

a=2x9 < - <axp,="0band g satisfying the conditions of Lemma 2.1.3, we

have that f: f(z)dg(z) = nz ck(g(@rs1) — g(xn)).



2.1 Pathwise Stochastic Integration 125

Further we suppose that g(b—) = g(b) and g(a+) = g(a).
Denote by BV [a,b] the class of functions of bounded variation on [a, b].

Lemma 2.1.6. Let the functions foi € I& (Lpla,b]), go— € I}=*(Ly[a,b]) N
BVa,b] withp>1,¢>1,1/p+1/qg<1 and

b
/ 15 ([(Dax HD (@) gl(d) < o0 (2.1.3)

b b
/ f(@)dg(x) = (L-S) / f(z)dg(x)

Proof. We have that

(LS) [} F@)dg(a) = (L-S) [, 12, (D2, /) (@)dg(a) (2.14)
= raw (L S)f (3 & = )" (D) w)dy)dg ) -

Condition (2.1.3) together with Fubini theorem permits us to change the order
of integration:

(L-S) (5 (x — y)* (D51 ) (y)dy)dg (@)
= [0, )W), (@ — ) dg(x))dy (2.1.5)
= (a=1) [ (DS, N[ ([ (2 = y)*2dz)dg())dy.

Further, if y € (a,b) is the point of continuity of function g, then

fj(f;°<z— )a 2dz>dg( = (7 dg()) (= — y)*2dz
+ I, do(@) (= = )= deffb%dz (2.1.6)

b a
- 95;;1 r= 5 (D))

Then

C‘

Since set of discontinuity points of g is at most countable , and taking (2.1.4)—
(2.1.6) together, we obtain the proof. a

Now we consider the case of Holder functions f and g. The existence of
(R-S) f; fdg for f € C*a,b], g € C*[a,b] with A\ + p > 1 was established by
Kondurar (Kon37). Moreover, this integral coincides with ff fdg , as the next
theorem states.

Let f € C*a,b] for some 0 < A < 1 and |f(z) — f(y)] < c(N)|z — y|*,
x,y € [a,b]. Consider the following step function:

n—1

fﬂ(x) = Z f(xk)1[$k7xk+l)(x)7

k=0

where the partition 7 = {a =z < 21 < --- < z,, = b}.
Evidently, limr—osup, || fx — fll;_ (a4 =0
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Theorem 2.1.7. 1) For any 0 < oo < A

|71r1|130 sup (DS f=) — (D2 )HLl[a,b] =0.

2) Let f € C*([a,b]), g € C*[a,b] with A+ p > 1, then (R-S) ff fdg exists

and . .
/ fdg = (R-S) / fdg.

Proof. 1) It is sufficient to prove that [ b Mdm — 0 and

(x—a)~

I 5@ = y) o fa @) = f(x) = fo(y) + f(y)ldydz — 0 as x| — 0. But
|fr(2) — f(2)] < |f(zx) — f(x)Lag c\)|x|* for © € [xg, T ), therefore
fb @)= 1)] gy < c(A )|7r|>‘% — 0 as |m| — 0. Also, for © € [ Xk, T41 )

a (z—a)e 1
A(ff) = [ (@ —y) " () = f2) = f=(y) + f(y)ldy
Z S @ =) fan) — f(x) = fla) + f(y)ldy

+ 2 (@ = y) " f () — f(@)ldy < 2¢(N) i JE @ - y)motdy -
))\—a

+e(N) fum YA dy < 2¢(A w% + ()
< 3¢()) 22

—«a )

which means that fab A(z)dz — 0 as |7| — 0.
2) We take 1 — 1 < a < A, then the fractional derivatives DS, f(x) and
(D=“g)p—(x) exist, and, moreover,

—« b T b T
(D100 < oy (2 + (1) [ i)
(N (b — z)rtra 1(1+ )<c

I'l—a) u+a 1

for some constant C. Therefore, according to part 1) of the proof,

Wk frdg 2 fdg| < [P 1(DE, f) (@) — (DEy f)(@)][(DLZ“ ) (x)|de
< C [21(DEy fo)(x) — (D2 f)(2)|dz — 0,

(2.1.7)
as || — 0.
Furthermore, according to Corollary 2.1.5,
b nl b
Ja frdg = 2 f@)(9(@i) = glow)) = (R-S) . fdg. (2.1.8)
and from (2.1.7)—(2.1.8) we obtain the desired equality. O

Now we establish the properties of generalized integral f; fdg as the func-
tion of upper and lower boundaries.
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Lemma 2.1.8 ((Zah98)). 1) Let a < s < t < b and the functions f and g
satisfy the assumptions

(i) (f - Lisp)) € I$(Lypla,b]), go— € I*(Ly[a,b]) for some 0 < a < 1,
p=21lg=211/p+1/g<1,

(i) fsy € Iﬁ/(Lp/ [s,t]), g1— € Ii_a/(Lq/[s,t]) for some 0 < o/ <1,
p>1,¢d>11/p+1/¢ <1. Then

/a o g = / ' Jdg
/:fngr/tufdg:/Sufdg

holds for a < s <t <u < b, if all the integrals exist as generalized Lebesgue—
Stieltjes integrals.

2) The equality

Proof. 1) Let {¢n(z),z € R} be a sequence of smooth kernels, i.e.

on € C®(R), ¢, >0, ¢, = 0 outside [—1/n, 0] and ffl/n ¢n(z)dx = 1. More
exactly, let ¢, (z) = np(nx) for ¢ € C*(R), ¢ = 0 outside of [—1,0]. Then
we can approximate the function g, by smooth functions g,, := gp— * ¢, and
the following properties hold:

gn(b_) = nj‘[z_b7x_a]n[_1/n70] (g(b_) - g(:l? - t))(p(’nt)dt |w:b7: 0;
(Dy~“gn)(x) = b: fR Go—(x — t)pn(t)dt)
= 1) (JJ)(F(l — )7 (fg 90— (@ — t)on (t)dt(b — z)>!

b _
+aflly- fR - x—wfgb (v~ )n(t)dt)dy) (2.1.9)
= l(alb)a) f]R (Pn (b x)1 a + fb Go— (Iytz)gh a(y t)dy> dt

= 1) (2) (D)= gb—)*%)( );

(D= %gn) — (D;:agb—)Hiq[a,b]

H(D;:agb—) *Pn — (D;:agb ||i Jlasb]

= (DR g ) (@ — 1) — (D0 ) (@) ()dt]1da

<CL 0Dz ) (- — 1) = (Dy="g-)()|*dt dz — 0, n — oo,
(2.1.10)

Therefore, from this Ls-convergence, from Lemma 2.1.2 and the properties
of convolutions,

S L0 g = £(D3426.0.) () (D3~ g1 ) ()
= limy, oo [, (D2 15,00 f) (W) (Dy=%gn) (w)du
= hmn—>oo f:(l(s,t)f)(u)g;(u)du = hmn—>oo fst f(u)(gb— * Sdn)(u)du

Further, for any ¢ > 0 (¢* ¢}, )(u) = 0, therefore
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/ F(u) g # 1) (u)du = / £ () (g * ) ()

- / F(u)(gr— * 1) (u)d,
and

Tt o f7 £(1) (g0 * 9)()du = Timy, o [* F(u) (g0 * ) (u)du
= limy oo [7 f(u)(g— * pn) (u)du. (2.1.12)

Thanks to Lemma 2.1.2, assumption (ii), (2.1.9) and (2.1.10), applied to ¢
instead of b,

lsn oo [J £(1)(g1— o) (w)du

= lim s [£(D%, )P (0= o) ()

= tim [HD8 L )W(D g ) e
= [J(D2y for ) (w)(D{= go—)(u)du = [ fdg,

and we obtain the first statement. The second one we obtain by using some
of the equalities from (2.1.11):

Ji fdg+ [} fdg =T [{ F(r)(g *¢,)(r)dr
+ l}mnw JF0) g @) (r)dr =Timp oo [ F(r)(g 5 7) (r)dr
= [, fdg.

2.1.2 Pathwise Stochastic Integration in Fractional Besov-type
Spaces

In this subsection we consider the approach to pathwise stochastic integration
in fractional Besov-type spaces, introduced by Nualart and Ragcanu (NR0O)
(see also (CKR93) and (NOO03a)).

Consider the following functional spaces. Let for 0 < § < 1
G2t) = | F(O)+ Ji 1F(£) — F(s)|(t—5)7"1ds, and W = W [0T] be the space
of real-valued measurable functions f : [0,7] — R such that

I£llos == sup }(t) < 0.
t€[0,T)

Furthermore, let Wia = Wlﬁ [0, T'] be the space of real-valued measurable func-
tions f : [0,7] — R such that

_ SO -1, 1)~ 16)
s = sup (=IO U STl < o

<s<t<T (t—
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and W2 = W2[0,T] be the space of real-valued measurable functions
f:[0,7] — R such that

o [ [ [ U= S,

Note that the spaces Wf ,¢ = 0,2 are Banach spaces with respect to corre-
sponding norms and || f||1,5 is not the norm in a usual sense.
Moreover, for any 0 < e < A (1 — ()

cf*e0,T) € WP, T) ¢ ¢?~¢[0,T], i = 0,1, CP*<[0,T] ¢ W/ [0,T7.

Therefore, the trajectories of fBm BY for a.a. w € (2, any T > 0 and any
0 < 8 < H belong to W0, T].

Let f € WP[0,T). Then its restriction to [0,#] C [0,7] belongs to
1%(Lso]0,4]) and

As(f) = sup |(D7fi-)(s) <

0<s<t<T ( B)

1,8 < 0Q.

The restriction of f € WQ’B[O,T] to [0,t] C [0, T] belongs to If(Ll[O,t]).

Now, let f € Wf[O,T], g € Wllfﬁ[O,T}. Then for any 0 < ¢ < T there
exists the Lebesgue integral fg(D§+f)(x)(Dtl__ﬂgt_)(:c)dx, so we can define
fg fdg according to Definition 2.1.1 and formula (2.1.2). Moreover, for any
0<t<T fot fdg = fOT 1(0,+).fdg, and the integral fot fdg admits an estimate

| Jy fdal < [y (DG, )(@)[(D{=%g;-) ()| da
< MAiply )||f||w<( (8)~

Further we fix some 0 < 8 < 1/2.

Lemma 2.1.9 ((NRO0)). 1. Let f € WJ[0,T], g € W} P[0,T], Gi(f) =
fot fdg, t € [0,T]. Then

t
20 < Chatiosa) [ (4= +57) o] (s)as.
2. Let f € W[0,T], g€ WL =P[0,T]. Then G.(f) € C*=P[0,T] and

IG()llh1-p < CFrAi-s(9)

Here C’é’T,i = 1,2 depend only on T and (3.

Proof. 1. It is not hard to check that for f € W2[0,T] and g € W} [0, T]
condition 1) of Lemma 2.1.8 holds. Therefore, evidently,
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Go(f) = Go(H) = | [1 fdg| < [L1DL ) ()|I(Dy =P go—) (u)|du
<A ﬁ( )f (\f(u)| +6f \f(u ’;(ﬁ‘dv) du.

u—s)P

(2.1.14)

From (2.1.14) it follows that

Jo o M < A1_p(g) (J3 1F @IS (¢ = 9) 7 (u = 5)~Fds)du

"’fo fo ‘J(cuU)u J;f)l —v)Pdv du) :
(2.1.15)
The first integral on the right-hand side of (2.1.15) can be estimated as

Cfot |f(u)|(t — u)~2Pdu with C = fooo (14 u)"#~'u~Bdu, and the second one

can be estimated as fg(t S ‘{iu)v),];(ﬁ)‘ dv du.

Since (t — u)’zﬁ > (t— u) AT—F we obtain from (2.1.15) that

G Gu(f t -
/ N W) (G = CulD)l gy < 4, 49 )(C+Tﬁ)/0 (t —u) P9 (u)du. (2.1.16)
Further, from (2.1.14) it follows that

Gi()] < Aip(9) fy (‘f,ﬁz” + 6 fy M=LC ) du

(2.1.17)
< A1_p(g)(1 + BT7) [ =P (u)du,
and the proof follows from (2.1.16)—(2.1.17).
2. It follows from (2.1.14) that
1+ BT8
G(f) = Gs(f)] < Arp(g )17||f||0 st =97,
and from (2.1.17) we obtain that
1+ BT
GUAI = Mple) 5~ T )| fllo.s,
whence the proof follows with C7 = (1V Tl_ﬂ)%. ]

Similar but more simple estimates hold for the Lebesgue integral Fy(f) =
fo s)ds, so we omit the proof of the following lemma.

Lemma 2.1.10 ((NR00)). 1. Let 0 < 8 <1 and f : [0,T] — R be a measur-
able function with sup,ejo 7 fot If(8)|(t — ) Pds < oo.
Then

ot < Ciy / F)|(E — ) ds,

with C} 7 = TP +1/8.
2. Let f be bounded on [0,T]. Then F(f) € C*[0,T] and
1E(f)lop < Cé,qu”:, where [T := sSup;cjo,1] |f(t)|7C’g7T depends on 3 and T.
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2.2 Pathwise Stochastic Integration w.r.t.
Multi-parameter fBm

2.2.1 Some Additional Properties of Two-parameter Fractional
Integrals and Derivatives

Throughout this section we consider two-parameter functions and fields. The
first result can be proved similarly to the one-parameter case. Let the rectangle
P = [a, b] be fixed.

Lemma 2.2.1. 1. Let f € I{P(L,(P)) for some p > 1. Then
limg, —.0,8, -0 Dajr%; yf(@) = f(z), where the limit is in Ly(P). 2. Let, in
addition, the function f be twice continuously diﬁerentzable in the neighbor-

hood of the point x. Then limg, .1 g,—1 Daﬁi )f( x) = axlafzz( ). So, we can

put Da+(b =7, D;i(bf)f = f.

Theorem 2.2.2. Let0 < f; <1l and1 <p< ﬂfl \% ﬂgl. Then the operator
Ifj_ﬁQ is bounded from L,(P) into L,(P), where

1<q<p((l=pip) " A= Bap)™h).

Proof. Denote 1 := p((1 ﬂlp) 1 \/( — B2p)~1). Since r > p, it is sufficient to
consider ¢ € (p,r). Then for —|— 2 =1, i, —|—% =1-—(;, from the generalized
Holder inequality, it holds that

(L24 P)(@)] < C(/[ ]|f(u)|p 11 (xi—ui)(ﬁi—l)’quu)

Q=

i=1,2
1_1 3
x(/[ ]| (u |pdu p a / H T — ug) 51—1)(1—v)p du)
a,r aa, = 12
1-2 — a
<Clfly (/[ 170 TT - )™ V)",
a,z i=1,2

Here we choose v satisfying the inequalities (1 — 8;)y¢ < 1 and (1 — §3;)(1 —
v)p’ < 1, which is equivalent to 1 — (p'(1 — 3;))~! <~ < (¢(1 — 3;))~*. Such
a choice is possible, since the inequality 1 — (p’(1 — 3;))~! < (¢(1 — 3;))~!
equivalent to ¢ < p(1 — B;p) !, and this is evident under our suppositions. By
integration over P we obtain that

..y = ety ([ irrane [T - mdx)

1=1,2
< CHf”Lp(P)

Iﬁl 52
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Corollary 2.2.3. Let f € L,(P),g € Ly(P), I/ g € L.(P) for 1/p+1/r =
Landr < q((1—B1q) ' A(1—B2q)7 ), de. 1/p+1/g <1+ By A Ba. Then

/ F) I g(u)du = /739(U)Ibﬁlﬁ2f(“)d“
Evidently,
IilPQIilﬁz _ Ii1+51p2+ﬁ2 on Ll('p)’

for € 1872402 (Ly (P)), pi, B > 0,pi+ B; < 1

Dsip(zb )Dﬁlﬁz )f DZ}:(_51PZ+62 f,

for f e 1”7 (L,(P)), g € I (Ly(P)), p,a > 1, 1/p+1/qg <1+ p1 A p2

a+(b—)
/PDZf"’ du—/f )DU? g(u)du.

2.2.2 Generalized Two-parameter Lebesgue—Stieltjes Integrals

We suppose that all the functions, considered on some rectangle P = [a, b],
belong to the space D(P), i.e. they have the limits in all the quadrants,

Q" (z) ={s € Pls >z}, QT (z) = {s € Pls1 > z1,52 < a2},
Q T (x) ={s € Plsy <x1,50 > 12}, Q" () = {s € P|s < x},

f(z) =lims_y s>4 f($), and on the sides of rectangle the limits that can be de-
fined are supposed to exist and denoted as f(x1,ba—), f(b1—,22), f(b—). De-
note for(x) = Aaf(z), z € P, and fo_(z) := f(z) — f(21,b2—) = f(b1—, 2) +
f(o=).

Definition 2.2.4. Let f,g : P — R. The generalized two-parameter
Lebesgue—Stieltjes integral of f w.r.t. g is defined by

/ fdg = / (D22 £ ) () (DY gy, ) () du
+ > / D, fai ) (1, 0:)(Dy %) (g, — (1, bi=) = g, — (u, bi—))du

i=1,2
+ f(a)Aag(b), (22.1)
under the assumption that all the integrals on the right-hand side exist.

A more convenient formula for fp fdg has a form

/ fdg = / (DI ) () (D™ P2 g, ) (w)du.
P P

(We do not specify here the conditions ensuring the latter equality but it is
very easy to do it, similarly to the one-parameter case.) The next results also
can be proved similarly to the one-parameter case ((SKM93) and (Zah98)).
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Theorem 2.2.5. Definition 2.2.4 is correct, i.e. the right-hand side of (2.2.1)
does not depend on the choice of 3;,i =1, 2.

Theorem 2.2.6. Let f : P — R, f € CM*2(P) and \; + 3; < 1,i = 1,2,

0< B <1. Then Iﬂi(z ) (faro-)) € ChtBLrt02 (P,

Theorem 2.2.7. Let the function f € C**2(P). Then for any p > 1 and
0<e < Niyi=1,2
far@-) € IZ(Lyp(P))

and
D farpoy € M7 (P),

Theorem 2.2.8. Let f € C(P), g € BV(P), f € I?*(L,(P)), go_ €
IO L (P)), i = 1,2, =3—4, L+1 <1,0< 8 <1i=12
Then the generalized two-pammeter Lebesgue Stieltjes integral fp fdg equals
the Riemann-Stieltjes integral [, f(x)dg(z).

Theorem 2.2.9. 1. Let g € C*1*2(P) for some 0 < \; < 1,i = 1,2. Then
for any Py = [¢c,d) C P

/ 1p,dg = Acg(d).
P

2. Let g € C**2(P) and let the partition m = w* x n2, where ©* = {a; = x} <
- < axl, = b} be the partition of [a;,b;].
n;—1

AZSO7 let fﬂ—(l‘) = Z Z f]l]zlpnm( ), where le]é = Hz 12[ ) J7+1)

i= 12]17

Then fP fﬂdg_ Z Z f]ljz z; 9 (xj+1) where Ty = ($}17$?2).
1=1,2 5,=0
Now, let 7, be the sequence of partitions of rectangle P, m, C m,11
and |m,| = maxi—1 2 Maxo<j, <n, ,—1(¢;4 — 3"). Let f: P — R, leJz =

f(x},41). We say that the partitions 7, are unlform7 if ng " = ng and xj i

Lo bi—ap ;o
z;) = MO ,i=1,2.

Theorem 2.2.10. 1. Let f € C**2(P) for some 0 < \; < 1,i = 1,2. Then
S | fr = fllz ey = 0,

where sup,. ~is taken over all the sequences of partitions mentioned above.

Dgf2(fw;L)a+ - DﬁlﬁzfaJr ‘L "
1
for any B1 V B2 < A1 A Ao and all the sequences of uniform partitions of P.

2. lim, o Sup,., ,
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Proof. The first statement is a direct consequence of uniform continuity f on
P. Further, let g,,(x) = fx (x) — f(z). For the second statement it is sufficient
to prove that any of the following functions

G (@) = gn(x)(z — a1) " (y — az) ™%,

G2 (x) = (w2 — az) " / " (90(@) = gus1,22)) (01 — 51)"1 P dsy,

ai

G3(w) 1= o1 =) [ (gul) = gnlir,52)) 2 — 52) s

az

Gy(z) = Aggn(x) (x; — si)_l_mds

[a,z] i=1,2

tends to zero in Ly (P). First, note that |g,(z)| < C(|7,|* + |7,|*?), whence

1GT L, () < C|mp | + |mn|?2) '71_1[2(171- —a;)' % — 0, n — oco. Further, let

the point x € P} := Hi:l,Z[x;;n ") = (27, 2%, ;). Then it holds that

71

Ji—l xk+1
Gy (z) = (22 —az)” (Z/ (z1 — s1) " 7 Pdsy

x1
+/ gn (2, ]asl)(171 - 51)1’81d81> ,

J1

where g, (7,2}, s1) = f(z}) — f(z) - f(x,lﬂn, a3") + f(s1,22). Therefore,

G5 (2)|I{z € Pj'}

1,n
5
< C(zg —ag)” ( Z |x — ] ) / (x1 — s1) "1 Prds,
i=1,2 a1
Jji—1 9 9 xllcfl
3 (At - ) [ s

+/ (l’l — 51)A11ﬁ1d81‘|

J1
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and
_ 1, _
G ey < 2 IGH ey <C S ( [ (@) =y
J1,J2 J1,J2 J

+ (w2 — az) 2 (zg — xj’")AQ (1 — x;;")_ﬁl

-l 1 1 xi:l
+ Z (20 — 2 ") M (w2 — ag) ™ /1 (w1 —s1)" ' Prdsy

k=0 z "

9 Ji— Ik-%—l

+ (-’172 - 02)_52(1‘]—;11 )\1 Z / 1‘1 — 81)_1_ﬂ1d81

+ (2 — a2) 72 (21 — w}{n) v 1) dfﬂ)

n{™

< C(by — a)' ™ | M2 w2 3 (@), — 2l
ji=1

ng"’)—l xllc-r—ll by
+ Z (xllcfl - xllc’n)kl /1 ., (/1 } (z1 — 81)_1_’61dx1)d31
j1=0 zp Tyl

n(ln) _

! “’k+1
+ |7Tn|)\2 Z /1 . / 561 - 51) ﬁldSldwl + |7T |>‘l P
Jj1=0
(2.2.2)
The first, third and fifth terms on the right-hand side of (2.2.2) are bounded
from above by C|m,|** =% — 0, n — oo, and it is true for any r,,. The second
and fourth terms can be effectively estimated when m, = 7, is uniform. In
this case

n{™ o
|7T;1‘)\2 Z(le,z_l jln)l Pl —— 0, n— oo,
ji=1 ' ' (ngn))Az—ﬂl
and
(n) _
L ny 1 $11c’n1 Ll L
|7r"‘ 2 j1z=0 fwi: falk (331 781)7 761d51dx1
n{™
< |7r;1|)\2 Z (x;ij_l - x;in)liﬁl — 0, n — oco.
ji=1
G% and G} can be estimated in a similar way. a

Definition 2.2.11. We say that the two-parameter left Riemann—Stieltjes
integral (- fp fdg exists if the sums S,, have the limit for all sequences of
uniform partitions of P with vanishing diameter.
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Theorem 2.2.12. Let f € CM*2(P), g € C*MF2(P) and \; +p; > 1,0 = 1,2.
Then the generalized two-parameter Lebesgue—Stieltjes integrals fp fdg and
I- [ fdg exist and coincide.

Proof. Tt is sufficient to prove that S, — fP fdg. But the sums S,, equal
Sn = [p fr.dg. Denote f™ = f. . Then

/P f(")dg _ /73Daﬁl+ﬁ2f(n) (:L.)D;:ﬁl 1—5291)7 (x)dx

for any 1—pu; < 8; < A;. According to previous theorem, D’Chﬂ?f n Dngf
in Ly (P), whence the proof follows. O

Remark 2.2.13. We can use the Holder properties of f in order to establish
that [, fdg = lim S,,, where

Sn= > (fay" &) + F&" a5") — F(E)) Aurg(afyy)

Jij2

and &} is any point of P

2.2.3 Generalized Integrals of Two-parameter fBm in the Case of
the Integrand Depending on fBm

Since the trajectories of two-parameter fBm Bf1H2 as. belong to
CHi—e1H2=<2(P) for any rectangle P C R? and any 0 < ¢; < H;, the next
result is a direct consequence of Theorem 2.2.12.

Theorem 2.2.14. Let B112 be g two-parameter fBm with H; € (1/2,1), and
the function F : Ry x R — R, F € C*(Ry x R). Then there exists the gener-
alized two-parameter Lebesque—Stieltjes integral fp F(-, B H2)qBH i Hz yhich
coincides with the left Riemann—Stieltjes integral I- [, F(-, BH1Hz2)qBH1Hz2,

Remark 2.2.15. Theorem 2.2.14 holds if we replace F(-, BF1H2) with any
Holder field f € CM*2(P), such that \; + H; > 1. It means that for such an

f, we can consider the integral [, fdB"1H2 for any w € 2/, P(£2') =1 as the
limit of corresponding integral sums.

2.2.4 Pathwise Integration in Two-parameter Besov Spaces

According to the form of two-parameter forward and backward fractional
Marchaud derivatives (Definition 1.20.8), the Besov type spaces in this case
receive the following form.

Let P; := [O t]=11I,- 12[O t:],

GE) = |f(t) f(s1,t2)|(tr — s1) 77 Hdsy,
G2 (H)(E) = [17 |F(£) = F(tr, s2)|(t2 — s2) % s,
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<pﬂ152 = fPt |A‘?f(t)|(<p(t7 5, 1 + 6))71d‘9 0< /BZ < 1a
and @Bm( t) = f(t) + ‘_21:2%"( )(t) + 572 () ().
Denote by W()B 1.2 (Pr) the Banach space of measurable functions f : Pp —

R, such that
Hf”oﬂlﬁz = sup @ﬁlﬁz(t) < 00,
teEPT

WF 182 (P the Banach space of measurable functions f : Pr — R, such that

11610 = suPocscrar (JAFO] TT (1 = )7

1=1,2

+ (tg — s9) ™" fbl oo (u, s2) — fio (s)|(u— s1) "1 Prdu
+(tr —s1)77 f32 |fi—(s1,v) — fi_(8)|(v — s9) "1 P2du
+f[s,t] |Asf( )‘( (T7571 +ﬁ))_1d7“> < 0

(for the notation of ¢(r, s, 3) see Definition 1.20.3) and W£"72(Pr) the Ba-
nach space of measurable functions f : Pr — R, such that

Whmm-hJU )| I s+ 550 (1))

i=1,2

5T (N)(s) + P (f)(s) ) ds < oo,

Similarly to Lemmas 2.1.9 and 2.1.10, the following bounds can be established.
Let 0 < ﬂz < 1/27Z = 1727 Gt(f) = fpt fdg7 Ft(f) = fpt de

Lemma 2.2.16. 1. Let f € W' (Pr), g € W= 1P2(Pr). Then

<Pg1f]2c)( ) < C,Bl,ﬁg,TAl —pi1-p,(9 /p ﬁi + (t; — 7“1‘)_2/3")%’?1@ (r)dr.
t =1 2

2. Let f € W§™(Pr), g € WP "% (Pr). Then G.(f) € C'=P1=02(Pr)
and

HG(f)”lthl*ﬁz < C,(27’1,,82,TA1*511*,32 (g>
3. Let 0< B <1 and  f7 = sup;ep, |f(t)] < oo. Then
F(f) € WP (Pr) N C2(Pr) and

HF(f)”O,ﬁlﬁz < Cgl7ﬁ27Tf7*—“

2.2.5 The Existence of the Integrals of the Second Kind of a
Two-parameter fBm

We fix the rectangle P = [0,7] C R% and consider the sequence of uniform
partitions
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T ={t] = (T 27", T2j2-27"),0 < j; < 2"}

Let the functions f,g: P — Raf‘anﬁ = fo € R, 9|6R1 =go €R,
f € CM*2(P) and g € CH#2(P).

Consider the sequence of integral sums of the second kind, i.e.
N 2" —1
Sui= Y f(t])AjgAsg,
J1,52=0
where Afg = g(t7 ,1;,) — 9(t}), A3g = g(t};, 1) — 9(t}).

Theorem 2.2.17. Let \;, p; > %,)\ﬁ—m +po > 2,1 =1,2. Then there exists

lim, .o Sy =: S. This limit will be called the integral of the second kind of f
w.r.t. g and denoted as S = [, fd1gdag.

Proof. Let, for technical simplicity, Ty = T5 = 1. Also, let m > n. Consider
the difference S,, — Sy = Sn — Simn + Smn — Sm, Where

2" —1

Swn= > 3 L0227 (g((r + 127 2277 — g(r2", jp27")

J1,J2=0r€A;,
X (g(r27™, (j2 + 1)277) —g(r27™, j227")),
Ajl = {T Zj12m7n <r< (]1 + 1)2m7n}

It is sufficient to estimate only .S,, — Sy, because Sy, — Sy, can be estimated
similarly. We have that

nls

where
1 ?=! 1 2 2=t 1 1 2
Am’ﬂ = Z Z f(t;i)AjTgAjgrg’ Amn = Z Z AijAjQTgAjQTg’
J1,J2=0r€A;; J1,J2=0r€Ay,

Ajrg = At;bg(T'Qim, (jQ —+ 1)27’”),

A}w"g = A%r2*m,j22*")g((r + 1)2—1717 (32 + 1)2_n)7
Al f= Algf(ﬁ_mdﬂ_")v (2 +1)27"),

A?zrg = A(r2*7"-,j22*")g(742_m’ (]2 + 1)2_n)'

Transform Al into the sum

2" —1

A= > > [t A5rg4]g,

J1.j2=0T€A;,

Where Aj2rg = A(Tg—m’jZQ—n)(g((T + 1)27m(‘]2 + 1)2771)),
and A;Tg = A%TQ_"” )j22_n)g(t?1+1j2). The increments Aj,,g correspond to the
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rectangles Aj,,. = (r27™, (r+1)27™ ] x ( j227", (j2 + 1)27" ], that do not
intersect, and UA;,, = (0,1 ]2. Therefore the sum A}, can be presented as

a two-parameter generalized Lebesgue—Stieltjes integral fp fmndg, where

fmn(s) = f(t;-L)A}rg- l{seAjQT}'
In turn,

/ Frndg = / (DB Frun) () (D=1 g, ) (s)ds,
P P

where 1 = (1,1),0 = (0,0), 1 — p; < B; < Aj,i = 1,2. With such a choice
of B; DIZP1=P2g, e CmtBi—luatB2-1(P) in particular, there exists such
aC > O that |(D}~ ﬂll P24, _)(s)| < C, s € P. Therefore, it is sufficient to
prove that [, [( Dﬁlﬁzfmn)( )|ds — 0, n,m — oco. Since Dﬂlﬁ2 fmn consists of

four terms, we must consider them separately. Estimate only I lomni(s)|ds,
where

Omn1(s) = 52_52 051 (fm7t(5) - .]?mn(ula s2))(s1 — Ul)iliﬁldul,
and

Pmn2(8) = f[O,s] Aufmn(s) T (80— ug) 1 Piduy;

i=1,2
the other two terms can be considered similarly.

Let s € Aj,,. Then, taking into account that |f(s)| < C for some C > 0,
we obtain that

[omn1 (s)] < s;ﬁ2( oj12 +f12— |fmn fmn(U1,32)|(81 — uy) " Prduy
<3 3 ()] + | o (1, 52) ) (51 = ua) 7Py

+Csy ™ TQz W FED (51— ug 4+ 27 (51— ug) 1 Prduy < Cs, ™
><(2 ”“1(51 — 12~ n) ,81 + (51 —r2- m)m B1 492~ mm(sl ) m) ,61)7

whence

o loman (s <€ S5 (37 [ sy (or - 2 ds

J1,J2=0r€A;; 72

+ fAJéT 5572(sp — r27m)m P s 4 2-mm an‘zr s572(s1 — r2_m)_ﬁ1ds)

< C(1 = Bo)~t(2mBr—m) ggmBi=m)y 0, m,n — oo.
Further, from Hoélder properties of f and g, it follows that for
u < (7127™,5227") we have the estimate |A,fimn(s)] < 2(s2 — ug +
2-m)\20= i | O(sy — ug + 277)H2 (s — ug) "M, for u € (j1277,127™) x
(0, 7227™) the estimate is | Ay frn(s)| < 2(52 —uz +27")A2 (87 —uy +27™)H1 +
C27™ (39 —ug + 27™)#2 and A, fimn(s) = 0 otherwise. Hence,

[mn2(s)| < C27 (51 — §227™) 7Pt (55 — (ji — 1)27 )R m2—F2

+ C 51+ Jo2 "+ 27T (55 — o2 4 2T N2
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and [, [@mn2(s)]ds < C2nPrtBzmpm—p2ir2) — 0 m,n — oo. So,
|AL | — 0,m,n — oo. Now we want to prove that |[A2 | — 0,m,n — oo.
We can present A2, as

2" —1
2 _§ 2,52
A n - Amn7
Jj2=0

where
on 1

AT =20 D A AL,

Jj1=0 reAj,

Moreover, AZJ2  can be presented as one-parameter generalized
Lebesgue—Stieltjes integral fo i, (W)drg(u, j22~ ), where j,(u) =
A;rfAirgl{rZ*m§u<(r+1)2*m}a ’(/)(0) = 0. Then fO 1/)]2 dlg(u j22 n) =
fol(Dngwjz)(u)(D%:ﬂgl,)(u,j22_")du, where 1 — u; < 8 < 1/2. Evidently,
|(D}:ﬁg1,)(u7j22_”)| < C, therefore, it is sufficient to prove that

Z/| L4, )(u)|du — 0,m,n — oo.

Jj2=0

Note that
(DF ) () = (11 = 3)) 7 (1 ()™
+5 / (5 (0) 5 () = 2) Pz,

and [, (u)| < C27"M1+42) whence

Z / 1, (w)|u™Pdu < C'/ uPdu - 2" MR 0 — oo

Jj2=0

Further, for j127" <r2™™ <u < (r+1)27™ < (j; +1)277,

/Ou(% (w) — iy (2))(u— 2) " Pdz = /OJ‘12‘" N /j::_:’

[ () = 932 (2)] < [, ()] + [z, (2)] < 27 Patra),

From here,

and

SR W) = (@D = 2) Pl

n

Cnatpn) N~ (r+1)2 27" —-1-p
<C2 > > [om |f (u—2) dz|du
j1,j2:07‘€A]1

S CQn(l‘Fﬁ*)\l*P‘Z) — 07n — 00,
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since under assumption A\ + @1 + p2 > 2 we can choose % >pf3>1—p; in
such a way that 1+ 5 — X\ — ug < 0. Finally, for j12 " < z<wu < (r+1)27™

(W5 () =y, (2)] < 272 (w— 2+ 27™)N,
and

Z I |flr (W5, (1) = 03, (2)) (= 2) 7P dz|du

J2=0
< C2mUHBi—M—n2) 0 m — oo.

O

Remark 2.2.18. For f(s) = C A2, =0, and it is easy to see from the bounds
of Al = that the theorem will hold under the assumption \;, yu; > 5,7 =1,2.

mn
Remark 2.2.19. Multiple stochastic fractional integral with Hurst parameter
less than 1/2 was considered in (BJO06).

2.3 Wick Integration with Respect to fBm with
H € [1/2,1) as S*-integration

2.3.1 Wick Products and S*-integration

Recall (see Sections 1.4-1.5), that the random variable F' on the probability
space S’(R) belongs to S* if F admits the formal expansion (1.5.1) with finite
negative norm
P2, = alck(2N)™" < oo
acl

for at least one ¢ € N. Introduce the following notations:

(i) Let the function Z : R — S* and for any F' € S we have that
(Z(), F)) € Li(R) as a function of t e R.
(ii) 1In this case, define [, Z(t)dt as the unique element of S* such that

<</R Ztydt, F >> - [ (aw.Fya

and say that Z is integrable in S*.

(ili) Define the Wick products: for F(w) =3, caHa(w), and
G(w) = X dsHs(w), put (F O G)(w) = So y CadsHasp(w).
According to the (HOUZ96), for F,G, H € S it holds that

(iv) FOG=GOF,

(v) (FOG)OH=FOGOH);

(vi) HO(F+G)=HOF+ HOG;

(vii) FOGe St RGeS, FOGe S*if F,G e S

In this section we consider only the case H € [1/2,1).
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Theorem 2.3.1. Let the process Y (t) € S* and admit an expansion
Y(t)=>, cat)Hal(w), t € R, with the coefficients, satisfying the inequality

2 —qo
K = sup{al leall} ) (2) 777} < oo

for some g > 0. )
Then the Wick product Y (t) { BM is S*-integrable, and, moreover,

/]R Y(t)QB{”dtz% /]R oYM hy(£)dt - Hes o, (w). (2.3.1)

Proof. Consider only BtH , and for arbitrary Bg\/f the proof is the same. Since
(hi,w) = H.,(w), we have that the Wick product Y(t){ BF € S* and
equals > ca(t)Mfﬁk(t)Ha+gk (w). According to (HOUZ96, Lemmas 2.5.6
and 2.5.7), the S*-integrability of Y (t) < B follows from the inequality

2

SNl Y. calt) M h(t) (2N) PP < o0

BET ak:ater=0 Li(R)

for some p > 0. According to estimate (1.5.3),
‘Mfl;k(t)‘ < Ck?/3-H/2 < Ck5/12 for any k > 1 and some C > 0.

Therefore,
/ ca(t)Mfﬁk(t)’ dt < CE"? ||call,, ) -
R
and
2 2
HT < HY H
S calt)MIThi(t) < > llea®M () ®
a,k:ater=0 Li(R) a,k:ater=p0

2

<C > B el @
a,k:ater=0

Consider the sum
2
S=> 8 D Bl @ | @N)

BeT a,k:atep=0
2

<> BE)™° Yo leallye | @N)

BET a,k:ater=p4
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where [(#) equals the number of the last nonzero element in the index g (the
length of the index (). Further, for any «, 8 there exists no more than one k,
such that « + e, = 3. Therefore,

2

S leallpm | <26 >0 ealim -

ak:ater=p0 a,k:a+ter=p0

It means that

S < Z(a + e (1 +ex))'7/0 ||Ca||2Ll(R) (2N)~Pa—pex
ak

(o + eg)! 3 —(p—q)o—
< KZ;T(I(CH—@)) (2N)~(Pra)epex
<KD (la| + 1)*27 10077 < oo,
ak

for p > ¢ + 1, and we have established the S*-integrability of Y () <>BtH .
Now, for any "=}, dg kHpte, (w) € S, we have from the definition of the
S*-integral and of Wick product, that

<</Ry(t)<>BtHdt,F>> :/R<<§ ca(t)MfiNLk(t)Ha+Ek(w)7F>> dt

(2.3.2)
- /]R Z(a +ex)lea (t)da,kaEk (t)(w)dt.
a,k

Note that

> (0t ) dak* (2N)+) = € < 00
ak

for any ¢ € N. Therefore

Z/(a+5k)! |ca(t)] |da,x] ‘Mfﬁk(t)‘ dt <Y (a+e)! [da g B |[call , gy
ak R ak

1/2
< Zﬂk! (oo |* (2N)22% N " 5/ HCa”il(R) By (2N) ~2a(a+en)
a,k ak
1/2

|
<|cx> k5/6%(2N)*qla‘k*2q < o0
a,k :
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for ¢ > 11/12, B, = « + €y, because >, %(21\1)*‘7'&‘ <> (al + 1279l <
00. So, we can change the signs of sum and integral in (2.3.2) and obtain

V()& BHdt, FY) = (a+ep)day | colt)MIhy(t)(w)dt
(/ )-3 /

a,k

<<Z JRCLCT )dt,F>>,

whence (2.3.1) follows. a

Corollary 2.3.2. Let Y(t) = ) ca(t)Ha(w) € S* be a process such that
fOT EY?(t)dt < oo for some T > 0. Then Y, a! fOT A (t)dt = fOT EY?2(t)dt <
oo, whence K := sup,{a! ||Ea||:21(R) (2N)79%} < oo for any q¢ > 0 (hereafter
we put o (t) := co(t)1jo,7)(t))-

So, we can use Theorem 2.3.1 and conclude that Y (¢) & BM is
S*-integrable, and, moreover, equality (2.3.1) holds.

Corollary 2.3.3. Let Y(t) = 1. Then the previous corollary holds with
co(t) = 1,¢q(t) =0 for a # 0,whence

T T
/ BMat = Z/ M hy(t)dt - H., (w) = BY.
k 0

0

In this connection, we can say that the fractional noise is the S*-derivative of
fBm.

As a consequence, we can define [, Y; $dBM = [ Y, BMdt for the
process Y;, satisfying the conditions of Theorem 2.3.1.

Now, let Y € L2[0,T] be some nonrandom function, H € (1/2,1).

Then ¢, (t) =Y (t) =¢a(t), for & = 0 and ¢, = 0 for other «, so, by using
Theorem 2.3.1, we obtain that

/Y(t)(}BtHdt:Z/ Y ()M T (t)dt - (o, ).
0 — Jo

Further, even for Y € L;[0,T] we can replace the operator M f and obtain
[TY ()M Py (t)dt = [ MEY (£)hy(t)dt, whence

T o . .

/0 Y(t) B! dt_% /RM, V(6w (£)dt - (g, )
= E HY (t)h : w
= d /RMf Y (t)hi(t)dt - He, (w),

(2.3.3)
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where Y (t) = Y(t)1j,7)(t). The right-hand side of (2.3.3) corresponds to
(HOUZ96, representation (2.5.22)) of the integral fOT MHPY (t) & Bydt, where

B = Btl/2 is a white noise:
T . T ~
/ MY (8) 6 Budt = 3 / oV (£)t - Hos o, ().
0 ok /0
Therefore, for Y € L [0,T)
T . — . — .
/ Y ()& BMdt = / M_Y(t) & Bydt = / M_Y(t) Bdt.  (2.3.4)
0 R R

2.3.2 Comparison of Wick and Pathwise Integrals for “Markov”
Integrands

In this subsection we can, without losing generality, consider instead of S’(R)
the probability space 2 = Cy(R4,R) of real-valued continuous functions on
R, with the initial value zero and the topology of local uniform convergence.
There exists a probability measure P on ({2, F), where F is the Borel o-field,
such that on the probability space (2, F, P) the coordinate process B : {2 — R
defined as,

Bi(w) =w(t), we N

is the Wiener process.

(i)  Recall the notion of a stochastic derivative. Let F' be a square-integrable
random variable, and suppose that the limit

1 .
éir% 3 <F(w + 6/ h(s)ds) — F(w)) exists in  La(P)
- 0
for any h € Ly(R). Then this limit is called the directional derivative Dy F'.
(ii) If the directional derivative Dy F, h € La(R), is absolutely continuous
w.r.t. the measure h(x)dz, i.e.

Du(F) = [ P ) oy,

and (dDy,(F'))/(dh) does not depend on h, then the Radon-Nikodym deriv-
ative (dDy(F))/(dh) is called the stochastic derivative of F' and is denoted
by D, F'.

(iii) We have a chain rule for the stochastic derivative: if D, F' exists and
© € CY(R), then D,¢(F) has the stochastic derivative

Dyp(F) = ¢'(F) Dy F.
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(iv) Let u € Lo(R) be a nonrandom function. Then it follows from (NP95,
Proposition 5.5), that

Dg;/usst =u; a.e.
R

(v)  Recall the notion of the class Dy o. This is the Banach space, obtained
as a completion of the set Py of smooth functionals F' = f(By,,...,By,),
w.r.t. the norm [|[F|, , := [|F|[,,p) + I ||DmFHHSHL1(P), where F € Py,
and |[|-|| ;¢ denotes the Hilbert-Schmidt norm.

Denote LY (R) = {f : R — R [, [M_f(z)|* dz < oo}
Lemma 2.3.4. Let F € Dy o, f € LY (R). Suppose that the integrals

S) - S an . _ S = . S M
/R (M_f)(s) - DoFds and F / (M_f)(s)dB, = F / f(s)dB!

R

belong to Ly(P). Then F < [; f(s)dBM exists and

Fo [ 1@aBt = [ (PM_psn

=F. /f ydBM — /M f)(s) - DsFds. (2.3.5)

Proof. By using (HOUZ96, Corollary 2.5.12) and (NP95, Theorem 3.2), we
obtain for nonrandom f that

Fo [ aB = Fo [ 1 p)s)aB,

= [@or @B, = [ (P2
=P [V piB.~ [ O 1)) - D.Fds
_F/f yaBM — /M_ - D,Fds.

(Note that according to (NP95, Theorem 3.2), the Skorohod integral
S F )§B exists if and only if the difference F'- [, (M_f)(s)dB
— Ja( M f - DsFds belongs to Ly(P)). O

Using this result, we can compare the Wick integral and the pathwise
integral w.r.t. fBm Bf, H € (1/2,1)(the latter integral coincides with
Stratonovich integral). Therefore, now My = MH.
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Lemma 2.3.5. Let p € C'(R), F, = @(Bf), f(s) = Ly qn)(s), t,h > 0. If
¢ (Bf) and F, - (B[, — Bf") belong to Ly(P), then
FtO(Bt+h BtH) =1I. (Bt-',-h BtH)
— Hy' (B t**h + c(w)(£>* h? + h?1),
where ¢(w) is a.s. finite and independent of t and h.

Proof. According to equation (2.3.5), we can rewrite formally the left-hand
side of the previous equality:

Fe OB, — B)") = Fe - (BfL, - BfY)

—/R(Mfll[erh])(s)Dsgo(BfI)ds. (2.3.6)

Further, according to the chain rule (iii), it holds that
DS‘P(BEH) = QP/(BtH)DstIv

and
= D, /]R (M 1p0,4) (w)dBy = (M 19,9)(s).

Therefore,
F (B, — BfY) = F - (Bf,, — B")

- @'(Bf{)/R (M7 11y 4 4m) (5) (MP1p0,47) (s)ds,

and under the conditions of the lemma the right-hand side of equation (2.3.6)
is well-defined. Finally,

/R (M1 4)(5) (M 10,)(s)ds = E(BIL, — BI\BY

1
— 5((t+ h)2H _ tQH _ h2H) — HtQah—‘r 2Ha92a—1h2 _ hQH7

where 0 € (t,t + h). The lemma is proved. |

2+e

Remark 2.3.6. Evidently, the assumption E(¢(Bf'))”"" < oo for some € > 0

is sufficient for Fy (B, — Bf!) to belong to Ly(P).
Now, fix some T > 0 and consider the sequence 7, = {0 =t} < --- <
= T} of partitions of [0, 7], such that 7, C m,4+1 and |m,| — 0 as n — oco.
Suppose that

¢(B) € Ly(P), @(BJ) € Lo1o(P), t € [0,] (2.3.7)
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for some ¢ > 0.
According to Lemma 2.3.5, we can write

S )0 A8 = Y o5l )ABL,

—HZso BI )(t71)* Aty + Ra(T),

where At;, =t — i |, ABF = B{;{ Bﬁil. Here R, (T) is a remainder

term and R,(T) — 0 a.s. as n — oo. Furthermore, the process C; := ¢(B})
is Holder continuous up to order H. Also, by Theorem 2.1.7, part 2), the

sum 1) o(Bfl JAB/!, converges a.s. as n — oo to the pathwise integral

foT @(Bf)dBf . Clearly,

n T
ST (BE () Aty — / S (BM)s2ds as.
i—1 . 0

Therefore,

n T T
nliir;ozap(Bgﬂ)QABfn :/0 o(BMYaBY fH/O ¢ (BM)sds a.s.
i=1

Moreover, under assumption (2.3.7) and
E / 2ds < 00, (2.3.8)

there exists the Wick integral fOT o(BH) ¢ dBH. Now we are in a position to
prove that

T n
| etBioant = im S el )0 ABE. (239
0 et o 7

Theorem 2.3.7. Under conditions (2.3.7) and

Esup (p(BI))” + Esup(¢'(BI)? < o0 (2.3.10)
s<T s<T

equality (2.3.8) and (2.3.9), consequently, the equality
T T T
| e odst = [ ohapt — 1 [ (B0

0 0 0

holds a.s.
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Proof. Let the random variables F,G € D; 2. According to equality (2.3.5)
and (NP95, Theorem 3.2), for i < k

E[FOAB!, -G AB[]
=F |:/ FMfll[t?_l)t?](S)(SBs . / GMfl[tfl,tZ](s)éBs]
R R

=F |:/]R FGMH]_[t;L_l’t:L](S)MHl[t;CLl’tz](s)d8:|

i p { (2.3.11)

DiFD,GM" 1yn ()M 1y 4y (s)dss dt]
RxR

1

+E [/ DtFMHl[t?Pt?](t)dt-/DSGMHl[tZ_lth](s)ds},
R R
where
J— 7tn2H o 2H7tn7tn2H7tn _ 2H
Tik = } k—1 — b ’ + (g —tiq) (te — 1) (tho1 —ti—q)™".

Put in (2.3.11) F = ‘P(Btl;-ll,l)’ G = cp(Bfél) and take the sum over
1 <i <k <n. We obtain that

n 2
E (Z p(Bfi ) OABfn> =57 +57,
i=1
where

St= > Be(BIL )e(Bfi )ru
1<i<k<n
and

= 3 B [ GBI )M gy (OM L0 0
1<i<k<n YR

X /R SOI(BtIZL71 )Mf]l[t.;’é,lﬁt;;] (S)Mfll[()’t;ctil] (S)dS

=1 X BIBE B ) (41— ()P — (A

1<i<k<n
X ()21 = (7)1 — (A

Evidently,

¢ (Bt )

2
2. At?) . (2.3.12)

|S3| < H?E (i:

i=1
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If the partition 7, is uniform, i.e. ¢} = %, then for some Cy > 0

Sp<2 > Ele(Bf )

’ (iT)QH
n
1<i<n

+22Hc > leBE )e(BE
" H ® t;bl tn_

1<i<k<n

/ / 20‘ Ldu dv.
i—1Jk—1

(2.3.13)

Now it is very easy to conclude from (2.3.10)—(2.3.13), that the sums
=) e(Bf) ¢ AB,
k=1

form a Cauchy sequence in Lo(P), at least, for uniform m,. From the estimate

CE g < Fll L,y l9ll Ly py » F € La(P), g €5,

we obtain that (S, — Sm,g) — 0, n,m — oo for any g € S. This means
that {S,} is a Cauchy sequence in the weak sense. If we establish the weak

convergence S, — S := foT ©(BH){dBH | then the theorem will be proved,
since the convergence will be in Ly(P), as well. According to (2.3.1) and
Corollary 2.3.2, we have that

~ T . T ~
5= B O Bl =3 / MRy (t)dt - Hare, (@),

Sn:/ on(t) O B dt = Z/ OMIhy(8)dt - Hare, (),
0

where

n

oult) =Y 0(Bih i) (),

=1
= ca(tyHa(w) an P )L ey (2).

Denote d} := ¢ — c. Then

5-5,- % /dn (OMITi(t)dt - Ha(w)

B a,k:ater=p

Furthermore, for any g = Zﬁ gsHp(w) € S and any ¢ > 0
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(F=suahl =S 5 [ moniem
B

ak:ate,=p0
1/2
< [ 2 pige)2ny
B
5 1/2
Yo D [dan (2N) P
8 a,k:atep=0 L1[0,T)

We estimate only the second multiplicand. According to (1.5.3), for
H e (1/2,1) ‘Mf?zk(t)‘ < Ck5/'? with constant C independent of ¢, k. So,

2 2

S |dnniiy <cl > BMdlLen
ak:ate,=0 £1]0,7) ak:ate,=0

< C(1(B))>/® > Ml om ]

a,k:ater=0
where [(0) equals the number of nonzero entries in 3. Further,

2

SNyt ST |y
B ak:ate=p0 L1[0,T]

< 57 prEN)Pa(p)/e > Rl o
B8

ak:ate=0
<Y BB YT Rl m (2N) T
B

a:3k,a+er=03
<D (at ) (Uo+er) O dn]1T, gy (2N)2(etEr)
o,k

n (o +ex)! e e
< sup {al 42113, 0,71} 2 T 1o+ £0) /(2N 7 (2) 0
ak

< sup {a! HdZHil[O,T]} Z(|04| +1)*/627lelagma,
« ak

The last series converges for ¢ > 1, and it follows from the continuity of ¢
and condition (2.3.10), that



152 2 Stochastic Integration with Respect to fBm and Related Topics

sup {ad 42117071} < -t N2l pgory - T
«

Theorem 2.3.7 can be generalized to the processes of the form

m

H

T.— E O'kBt k,
k=1

Suppose that Hy = % and Hy € (1/2,1), 2<k <m.

Theorem 2.3.8. Assume that conditions (2.3.7), (2.3.8) and (2.3.10) hold
with B replaced by BM. Then

T T
/0 P(BM) & dBM = / o(BMYdBM

n T T
~ 1
- § JiokCHin(Hi—i—Hk)/ ¢’(B£4)3Hi+Hk—1ds+§o§/ ¢ (BM)ds,
i k=1 0 0

where
CPCY B(H, —1/2,2 - H, — Hy)
(H; + Hy)(H; + Hy — 1)I'(H; — 1/2)T(Hy, — 1/2)°
H;, Hy € (1/2,1),
éHH - CS)

e = _THe o 1/2 Hy o€ (1/2,1),
T'(Hy, +3/2) /2, Hy € (1/2,1)
0,H; € (1/2,1), H, = 1/2,
%H = Hy=1/2.

Proof. We start with (2.3.5) and conclude that
p(BI) OB, — BM) = o(BM) - (B, — B

— ¢ (BM) Z ook / M™1 ()M 1 4 (s)ds
R

ik=1

Further, for f € LY (R), g € L¥*(R), H;, Hy, € (1/2,1)
/MH MHk ( ds*cz(lk)H// H 3/2f(>
< [ gy ds = ¢l [ @y

TA\Y
% / (x o S)Hi73/2(y o S)Hk73/2ds’

— 00
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oo

(1)
where C} ) = F(Hz—l/Q)F(Hk 1/2)"

Evidently,

TAY
/ (m_s)Hi—3/2(y_S)Hk—3/2d8

— 00
Hy+Hjy—2
=y —al " (R gy > @)+ O iy < o))

with O = [ 2H73/2(1 4 2)#+=3/2dz = B(H; —1/2,2 — H; — Hy,). There-
fore,

/MH MHk ()dS— ,Lk,H/f |y |H+Hk 2
) (07,(216)H1{x <y}+ C;gzZHl{y < x}) dz dy.
Let f(z) = 1, t+h](x)7 g(y) = 1o, t]( ). Then

/M g aqn) (5) M 110 4 (s)ds

_H sz// —xH'*'H’“ 2clydac

7j=1,2
=TI ¢9),(H, + 1), + H, - 1))
j=1,2

X [(t+ h)Hi+Hk _ pHitH, hHi+Hk:|
=: éHin [(t + p)HitHe _ gHitHye hHi"er:I
— 5HHk [(Hi + Hk)tH,--l-Hk—lh + (H; + Hy)(H; + Hy, — 1)9Hi+Hk—1h2
— BIHH g e (1t h).
(2.3.14)

For H; = 1/2 and H;, € (1/2,1) we have that MY? = I is identity
operator, and

c<3

For f and g as above, the last mtegral equals

Hk 3/2d d
k_1/2// e

3

_ O,
I'(Hy +3/2)
= Cs y, [(Hk +1/2)tH=1/2p,

{(t n h)Hk-i-l/Q _ pHe+1/2 _ th+1/2]

+ (Hy +1/2)(Hjy, — 1/2)¢1-2p2 — th+1/2} . (2:3.15)
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At last, for H; = H, = 1/2

/ M1 ()M 1y, 410 (5)ds = 0. (2.3.16)
R

Now we can proceed as in Lemma 2.3.5 and Theorem 2.3.7, put C~'% 1=
take into account (2.3.14)—(2.3.16) and obtain the proof. O

2.3.3 Comparison of Wick and Stratonovich Integrals for
“General” Integrands

Now we consider the general process F; instead of p(BM). Suppose that fBm
{Bf,t >0} is “one-sided”, H € (3,1).

Theorem 2.3.9. Let {F;,F;,t € [0,T]} be the stochastic process satisfying
the conditions

(i) F, € Dio for any t € [0,T], E|F)**® < oo for any t € [0,T] and
some € > 0, supy ;0,77 | Ds Fi| is bounded in probability;

(ii) limp o supsepo ) |DiF's — DiFsin| = 0 in probability;

(iii) Fy is a.s. Holder continuous of order o > 1 — H (this condition implies
the existence of the Stratonovich integral fOT FdBH, H € (1/2,1));

(iv) EfOT F2dt < oo (this condition implies the existence of the Wick
integral fOT Fy & dBE | according to Corollary 2.5.2);

(v) there exists a sequence of partitions {m,,n > 1} with |r,| — 0 asn — oo
such that the integral sums Y ;_) Fyp & ABEL converge to fOT F; & dBE
in probability.

Then

T T T s
/ F,¢&dBH :/ F,dBH —Cﬁ”/ (/ (s—t)"_leFtdt> ds.
0 0 0 0

Proof. Consider for any 0 < ¢t < t+h < T the function f(u) = Lpqp)(u).
Then we take into account that DsF; = 0 for s > ¢ and s < 0 (since Fy is F-

adapted) and obtain that [, MH fD Fyds = C% [ [**"(u—s)*~1duD, F,ds,

t
where Lt+h(u —5)*"du < 2= Hence,

2 (CS’))z t
E (/ MHfDSFtds) < ThMtE/ |D,Fy? ds < oo.
R 0

Further, Fy - [, MH fdB, = F, - (B[, — Bf!), and, according to (i),
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_ 2(2+5) PR
E|R - (BR, - BH)|* < (E|F|2+5)2+ (E|Bt+h B ) < .
Therefore, [, MH f- D Fids and F; - [, MY fdB, belong to Ly(P) and it

follows from Lemma 2.3.4 that the integral sums Y ;' Fyp  { AB,’;{TL exist.
Moreover,

Fyp OABY, =Fa  -ABJl - / Mfl[tzivtm(s)Dsthilds
R
—Ftn . ABlgn_Al[tQ,l,tQ](s)(M (D th 1))(S)d5

ty ,
=Fp - AB,f{n - Cg’) / / (s —u)* 'DyFyp_ duds.
"

(2.3.17)
Consider the difference,

ty th_ 1
/ / )* Dy Fyn duds
tn
/ / )T DuFy_ L, (s)duds

<C- sup |DF|-|m,]" T —0, (2.3.18)

0<u<t<T

as n — oo in probability, according to (i). Further, according to (i) and (ii),

(s — u)‘“_lDuF,gL1 Lip 4my(s)duds

T s
- / / (s —u)* ' D, F,duds
o Jo

in probability. Now, the proof follows from (v) and (2.3.17)—(2.3.19). O

—0 (2.3.19)

Now counsider one sufficient condition for (v) (condition (v) seems to be
the most artificial among other conditions (i)—(iv)). To this end, consider the
middle part of (2.3.11), from which we obtain that for any step processes

Fn(t) = ZZ:l Fk7n1[t271,t271)(t) and Gn(t) = ZZ:I Gk,nl[tﬁ,l,tﬁ,l)(t)

Xn:Fn )& dBf! - ZG (t) O dBf!

k=1 k=1
=E / MEF,)MEG, (t)dt + E | MY D,F,(t)M”D,G, (s)ds dt.
R R2
(2.3.20)
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The next result was motivated by (Ben03a, Theorem 2.2.8).

Theorem 2.3.10. Let the stochastic process {Fy, Fi,t € [0,T]} satisfy the
assumptions (i)—(iv) and

(vi) E [ F2dt < oo;

(vii) the operator Fy : [0,T] — Dy o is continuous in Ly([0,T] x P).

Then the integral sums Y, _, Fip & ABJL eaist, the integral fOT F, & dBH
ezists and

T n
/ F.QdBI = lim Y " Fn  OAB{, in Ly(P)

for any sequence of increasing partitions w, with |m,| — 0 as n — oo.

Proof. Under condition (vi), the existence of sums >, Fin  $ AB,fn and

the integral fOT F, ¢ dBH was established in Theorem 2.3.9. Further, using
(2.3.20) and (vii), we obtain that

2
E

T n
/ F,dBf =Y Fn O AB{,
0 k=1

_ H _n 2
_E/R[M_ (F.— F")(t)] " dt

+/ E [M"(D,F — DtF,")(s)]stdt = FE, <o
R2

From the Hardy—Littlewood theorem (Theorem 1.1.1) with ¢ = 2, a =
H-1/2andp= %

2
[ D - @) < CullE - U

and from condition (vii) it follows that
2
/ [MH(D,F. — D,F")(s)]" ds < Cp || D;F. — D;F"||3 | [0,7]
R b

whence from (vii) and (iv) we obtain that

T
n|2 n 2
E, <Chk <|F - F HLL[O,T] +/0 E||DyF. — Dy F, ”LL[O,T] dt)
H H

T
[e% n |2 ni2
< CyT*E (HF- = F"| 7,01 +/0 [DeF. = DeF (|00, dt)

T
< CHT2a/ E||F. — F"|[} ,dt
0

< CH,lTQO‘ F—Fm — 0, n — 0.

L2 ([0,T]x P)
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0O

2.3.4 Reduction of Wick Integration w.r.t. Fractional Noise to the
Integration w.r.t. White Noise

Recall that for nonrandom integrands f € L (R)
/R f(t)aBH = /R (M f)(t)dB,.

In this subsection we reduce fR Xt<>BtH dt to the corresponding integral
Je(MEX)(t) ¢ Bydt w.r.t. white noise.

Theorem 2.3.11. Let the following conditions hold:
E/ | X¢|?dt < 0o and E/((M51|Xt|)(t))2dt < 0.
R R

Then
/ X, & B dt — / (MEX)(D) O Budt s,
R R

Proof. According to Theorem 2.3.1 and Corollary 2.3.2, the condition
E [ |X[?dt < oo supplies the equality

/XtoB{fdt:Z/ca(t)Mfﬁk(t)dt-Ha+€k(w). (2.3.21)
R ak R

First, replace the operator M f in the last equality. Evidently,

/ FOMPg(t)dt = / M (1) g(1)dt (2.3.22)
R R

for f € Ly(R), g € Ly(R) withp >1,¢ > Land L + 1 =1+a=H +1/2.
Moreover, hy, € Ly(R) for any ¢ > 1. Since E [, | X,|*dt

=Yoo 2 (t)dt < oo, we can take p = 2, ¢ = % and obtain from (2.3.22)
tha(g

/ca(t)MfEk(t)dtz/(Mf’ca)(t)ﬁk(t)dt. (2.3.23)
R R

Further, consider the formal expansion Y; := > (M ¢, )(t)H(w). Again, from

Corollary 2.3.2, the condition
E/detzzal/ |(MHc,)(t)]2dt < oo (2.3.24)
R = R

ensures the equality
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/ Yy Bydt = / (M o) () by (8)dt Hope, (w). (2.3.25)
R ok R

So, we want to know when (2.3.24) holds and we need the equality
Y, = (M X)(t). This follows from the equalities

(M X)(0), Ho (@) £y = (M ea) (1) = MP (X, Ha (@) Lapy,  (23.26)

if they hold for any « € Z. Equalities (2.3.26) can be reduced to

/Q (/too(x _t)a_le(w)dac)Ha(w)dp

:/t — e /X a()dP)dz (23.27)

for a.a. t € R. In turn, the Fubini theorem can be applied to (2.3.27) in the
case when

o0 2
E(/ (x — t)"_1|Xm(w)|dx) <oo foraa . teR (2.3.28)
t

because EHZ(w) = a! < co. Evidently, the condition E [ (M| X|)(t))dt <
oo ensures both (2.3.24) and (2.3.28). The proof now follows from (2.3.21),
(2.3.23), (2.3.25) and (2.3.26). O

2.4 Skorohod, Forward, Backward and Symmetric
Integration w.r.t. fBm. Two Approaches to Skorohod
Integration

Taking into account the definition of the integral for nonrandom function
wrt. Bm: [p f(t)dBH = [5( MHf ( )dBy, and Theorem 2.3.11, it is desir-
able to define the integral fR t)dB} for stochastic integrands in a similar
way. Evidently, in this case, even for very sunple and natural integrands, such
as f(t) = BE, we have that (M7 BH)(t) = ft —t)*"!BHdz is not
adapted. So, we must in this case address the theory of 1ntegrat10n of non-
adapted processes. To this end, recall the definition of the Skorohod integral
(see also the pioneer paper (Sko75)).
Let the stochastic process X; = X¢(w) be such that

EX? < oo forallteR.

Then X; admits a Wiener—It6 chaos expansion

Z Il 81,...,sn,t)dB®"(81,...,sn),

R
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where the functions f,(-) € L2(R"™) and are symmetric in variables
($1,-.-,8n), for n = 0,1,2,... and for each t € R. See, for example,
(HOUZ96, Theorem 2.2.5). Let f/»\n(81,...,8n75n+1) be the symmetrization
of fr(s1,.-+,8n,Sns1) With respect to (n + 1) variables s1,..., 8n, Snt1-

Definition 2.4.1. Assume that

i(n—i—l)!

n=0

Fn

La(R+1)

Then we say that the process X is Skorohod integrable, write
X € Dom(é) denote the Skorohod integral as [, X;0B;, and define it as

Jp Xt0By := Z Jni fn (51, 8n11)dB® D (51, ... s,,1). The Skorohod
integral belongb to La(P),

Fn

E/Xt(gBt:O, and E|/Xf(st|2:Z(n+1)|‘
R R

Lo(Rn+1Y)
n=0 2 )

Remark 2.4.2 ((NP95)). Define by L2 the class of stochastic processes
X € Ly(R x £2) such that X € Dy for almost all ¢, and there exists a
measurable version of two-parameter process D, X; satisfying the relation
E [42(DsXy)?dsdt < oo. Then Ly o C Dom(6).

Definition 2.4.3 ((Ben03a)). Let the stochastic process X; = X¢(w) be such
that (MH X)(t) exists and belongs to Dom(d). Then we define the Skorohod
integral with respect to fBm B as

/R X,0BH = /R (M X)(1)5B,

for the underlying Wiener process B.

Evidently, F fR X:6BH = 0. Of course, we can define in the usual way

the Skorohod integral with finite limits and indefinite integral fot X 6BH  t €
[0,T7]. It is easy to compare now the Skorohod and Wick integral w.r.t. fBm.

Theorem 2.4.4. Let MPX € Dom(5), E [p|X:*dt < oo and
E [L(MHP|X|)(t))?dt < oco. Then

/XtéBtH :/XtoBtHdt.
R R

Proof. According to (HOUZ96, Theorem 2.5.9), the condition MTX €
Dom(8) ensures the existence of [, (M7 X)(t) & Bydt and the equalities:

H > _ H _ H
/R (MEX)(t) ¢ Bydt = /R (MEX)(t)5B, = /R X,5B!
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Further, according to Theorem 2.3.11, in our case
/(MfX)(t) O Bydt = / X, & B dt,
R R

whence the proof follows. a

Remark 2.4.5. Let Y € LE[0,T). Then Y is a Skorohod integrable adapted
stochastic process. Indeed, it is nonrandom thus adapted. From (2.3.4) and
(HOUZ96, Theorem 2.5.9), Y (t) { BM is S*-integrable, and

T
/ Y(t)oBg”dt:/M,?(t)-Btdt
0 R
T T
:/ M_?(t)(SBt:/ M_Y (t)dB;,
0 0

where § means Skorohod integration, and the last integral is the It6, and even
the Wiener, integral. Note that, according to Corollary 1.9.4 (for H > 1/2, or
1/H < 2) L[0,T] C L0, T]. We obtain that the S*-integral for nonrandom

functions from L2[0,T] coincides with the Wiener integral fOT Y (t)dB} from
Definition 1.6.1.

Another approach to Skorohod integration w.r.t. fBm was developed in
the papers (AN02), (Nua03), (Nua06). The main idea is to use the basic tools
of a stochastic calculus of variations (Malliavin calculus) with respect to B.
Recall some of these notions for H € (1/2,1). (For H € (0,1/2) see, for
example, (AMNO00).)

Let S be a family of smooth random variables of the form

F=fmBI, .. B

with f € Cp°(R™) and t; € [0,7],1 < i < n. Let H be a closure of the linear
space of step functions defined on [0, 7] with respect to the scalar product

t s
(110,15 Ljo,s)) 7 = 2aH/ / lr — u**~du dr.
0 0

Then the derivative operator D : S — L,(£2,H) for p > 1 is defined as
pur =S o g gy
H _Zam( t10 Pty tn) [0,t:]-
i=1 "

Let Dy, ,(H) be the Sobolev space, the closure of S with respect to the norm

k
IEII}, = E(FIP) + Y E(ID"F|5e,);

j=1
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where D7 is the jth iteration of D. The Skorohod integral (divergence op-
erator) 0y is defined as the adjoint of Dy : Dy o(H) C La(£2) — La(2,H),
defined by the means of the duality relationship

E(Go () = E(DgG, u)w,u € La(2,H),G € S.

Its domain is denoted by Dom(dx).
Introduce the Banach space |H| ® |H| as the class of all the measurable
functions ¢ : [0, T]?> — R such that

2
lellirem

= (2aH)2/[ . |Qunl@s.ells — u** Lt — 0|2 tdudv ds dt < oo,

)

and denote |H| := |Ry| with the norm || - |[|z,|,2 (see (1.6.7)). Denote also
Sjn| the family of [H|-valued random variables of the form F = )7 Fih;,

where F; € S and h; € [H|. Put D*F := 5" D*F; ® h;, and define the space
i=1
Dy, (|H|) as the completion of S| with respect to the norm

k
IFIZ = EAE R + 3 BUD IR0y
=1

Then Dy 2(|H|) € Dom(dr). The basic property of the divergence operator is
that for every u € Dy 2(|H|) we have

E(8(w)?) < Ilull3, ,m)-

Consider the forward integral w.r.t. fBm ((AN02), (LT02)). It is defined as

t t
/0 usdBH— .= P — lim 5—1/0 us(B{lyon — B )ds. (2.4.1)
(Note that in a similar way the bymmetric Stratonovich integral can be de-
fined: fg usdBHE:= == P — lim._,o(2¢) fo us(B{l, . — Bl 6)M)ds and
also backward integral can be defined.) In (LT02) the ucp-limit is consid-
ered instead of the P-limit, where ucp-convergence is uniform convergence
in probability on [0,7]. Moreover, it is mentioned in (AN02) that forward,
backward and symmetric integrals with integrand w and w.r.t. fBm coin-
cide with each other under the following suppositions: u € Dj o(|H|) with
fg f(f |Dguy||r — s|?*~tdsdr < oo a.s.). Also, it was proved that for processes

u € Dy o(|H|) with fot fot | Dsuy||r — s|?*~tds dr < oo a.s. we have the equality

t t
/ usdBH* = 55 (u) + ZOzH/ / |Dguy||r — s|** tdrds. (2.4.2)
0 0 Jo



162 2 Stochastic Integration with Respect to fBm and Related Topics

Evidently, for « € C?[0,T] with 3 + H > 1 all the integrals, symmet-
ric, forward, backward, and pathwise, coincide. We use this fact in order to

establish the conditions of coincidence of Skorohod integrals introduced in
(Ben03a) and in (AN02).

Theorem 2.4.6. Fiz a time interval [0,T]. Let ¢ € CY(R) and satisfy, to-
gether with its derivative ¢, the growth condition |<;S( )| < Cexp()\:v ) for

some A > 0 and 0 < b < 2. Then the integrals p (¢(BH)) and fo ¢(BEYsBE
coincide on [0,T] a.s

Proof. According to Proposition 3.3 (Nua06), under the condition of the
theorem (even under the less restrictive condition |¢(z)] < Cexp(Az?) for
A < (4T?H)=1) the divergence operator 6 (¢(B*)) exists on [0,T] and sat-
isfies the relation

T T
5 (p(B™)) = / o(BF)ABY — H / ¢ (BH)s*ds as.
0 0

where fOT &(BH)dBH is the pathwise integral. According to Theorem 2.3.7,
under conditions (2.3.10), which evidently hold now, the same equal-

ity is valid for the integral fOT (BH) & dBE . Therefore, 6 (¢(BY)) and
fo #(BH) & dBE coincide a.s. on [0,T]. Further, the conditions of Theo-
rem 2 4. 4 also hold now. Indeed, for example, EfR ((MH|X|)(t))%dt can be
bounded in our case by C’fo |p(BH)|2ds. Therefore, fo ¢(BH)SBH exists
and equals fOT #(BF) & BHdt. Finally, we use Theorem 2.3.1 and Corollary

2.3.2 and obtain the proof.
O

Remark 2.4.7. A general S-transform approach to the stochastic fractional
integration is presented in (Ben03b); see also (CCO00) and (Cou07).

2.5 Isometric Approach to Stochastic Integration with
Respect to fBm

2.5.1 The Basic Idea

Some special approach to stochastic integration w.r.t. fBm was considered in
(MV00). We will work with a continuous stochastic process {X;,0 <t < T}
defined on a complete probability space (£2, F, P). Let F; := F< be the sigma-
field generated by X on [0,t]. We assume that Xy = 0. Given a partition
T i={ti : 0=ty < t1 < -+ <t, =T} and X a stochastic process, define
AX; by AX; == Xy, — Xy,_, for 1 < i < n. Assume first that the integrand
[ is a simple predictable process: f; = > fily, ,,)(t), where the random

1
variables f; are assumed to be F;, , measurable and t; € m,; denote the
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class of simple predictable processes by L®. With such an f € L° and any
(continuous) process X, define the stochastic integral of f with respect to X

by
X) =) fiAX;.

Assume now that |m,] — 0 as n — oo. If the process X is the standard
Brownian motion B, f := Lao(P®\)-lim f™, where A is the Lebesgue measure

n [0,7], one can define the integral (f, B) as the Ly-limit of the simple
stochastic integrals (f (n), B) using the classical It6 isometry

T
E(f™,B)? :E/ (fim2ds. (2.5.1)
0

Assume now that the process X is any continuous stochastic process and f is
a simple predictable process. Define now a semi-norm for (f, X) using (2.5.1).
Note that such a semi-norm does not depend on the process X. It is the main
feature of this approach. If the process X is the standard Brownian motion,
then the semi-norm is a norm and the integrals of simple function converge
to the classical stochastic integral defined by It6. For an arbitrary integrator
X, even if the semi-norm is a norm, it may happen that the integrals of
simple functions of processes have no limit. However, they have a limit in the
completion of the space integral sums with respect to this norm. In this sense
we generalize the It6 construction of stochastic integrals.

In particular, we show that if X is a fractional Brownian motion B¥, then
we can define a norm by putting

I8l = (2 [ r2a)"”

in the space G of random variables of the form {g € G : G = (f, BH), f € L*}.
Even more turns out to be true: for any £ > 2 define random variables
(f, X)) by the formula

(f, X®)) Z fi(AX;)

and define again a semi-norm for such random variables by putting

i x0], = (o )™

Again, if the process X is a fractional Brownian motion B, then
I|(f, (BH)(’f))HG,c is a norm. Denote by L5 (P ® \) the space of predictable
process f with the property EfOT f2ds < 0o. Now, let f € LY (P ® \) be a
predictable process and f(™) a sequence of simple predictable processes such
that
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— 0
L2(P®X)

s

as n — oo. Define the higher-order generalized integral (f, (B)(*)) as a limit
in the Banach space (J*, ||| o), which is the space of some kind of extended
random variables g, which are limits of the sequences of the form (f, (B)®*))
with respect the norm ||| 5.

2.5.2 First- and Higher-order Integrals with Respect to X
Wiener Integrals

Further, if (Y, ]|-|ly-) is a complete metric space, then the Y-lim stands for
the limit on the space Y with respect to the norm |-||,. Assume that f is a
simple deterministic process, fy = /"1 fily, , +,)(t). Then |- is a norm if
and only if

(f,X)=> fidX;=0+= fi=0,1<i<m. (2.5.2)
=1

Let X = (X¢)iejo,r) be a square integrable process with EX; = 0, X, = 0,
and write R(t, s) for the covariance function, R(t,s) = E X;X,. Consider the
quadratic forms

B, = E((f7X))2
where f € L® has deterministic coefficients f;;1 < 4 < m. Then condition
(2.5.2) is equivalent to the following:

The quadratic form B,, is positive definite for each m > 1. (2.5.3)

We can write B, in terms of the correlation function R:

Z tmt 2R(z 1, )+R(z 17 17— 1))]

Z fifj[R(ti,tj) — R(ti—1,t;) — R(ti, tj—1) + R(ti—1,tj-1)]
1#£7,5,5<m
e (2.5.4)

Put
0ii = R(ti,t;) —2R(t;—1,t;) + R(ti—1,ti—1)

and
51’]’ = R(ti, tj) — R(ti_l,tj) — R(ti,tj_1) + R(ti_l,t]‘_l).

Then condition (2.5.3) is equivalent to the property that the matrix (;;); j<m
is positive definite for each m > 1. Assume that condition (2.5.2) is valid for
the process X and assume that f € Lo[0,7]. Then there exists f* € L?®
such that [|f" = fl[;,0,m — 0 as n — oo. Moreover, the sequence (f",X)
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is a Cauchy sequence in the space (E°, ||| g.), where E® is the subspace of
L? consisting of deterministic simple functions f. Complete E® with respect
the norm |[|-|| ;. and denote this Banach space by E. Define now the integral
fOT fsdX, as the limit of (", X) in the space E. We say that fOT fsdX, is the
generalized Wiener integral with respect to process X. Note that L® in dense
in L,[0,T] and hence also E* is dense in E, by using the isometry.

We clarify the connection between random variables and Wiener integrals
defined above. Let (" be a sequence of random variables of the form

"= (" X)

with some f" € L. Assume now that ¢ = P-lim,, ¢" and | f — " 1,077 — 0,
n — o0o. We show later that it may happen that P{|¢| < co} < 1 or even
P{|¢] < o0} = 0. But even in the above situation the limit

T
/ fsdXs = E-lim(f", X)
0 n

defines the generalized Wiener integral. In this kind of situation we say that
the random variable ( is one of the representatives of fOT fsdXs in the space

of random variables and fOT fsdX is one of the representatives of the random

variable ¢ in the space E: write this as ¢ « fOT fsdXs. It is easy to check that
if X is a process with non-correlated increments and with the property

EX?>EX? (2.5.5)

where s < ¢, then condition (2.5.2) is satisfied. Note first that condition (2.5.5)
is equivalent to the condition F(X; — X,)? > 0 for s < t. Since the process X
has non-correlated increments, we have that

E(zm:fiAXi)Z = ifizE(AXi)Q =0
i=1 i=1

if and only if f; = 0,7 < m. Note that if X is a square integrable martingale
and EX? > EX2 s <, then (2.5.2) is satisfied.

Similarly, if X is a stationary process with so-called orthogonal vector mea-
sure p(d)\) such that the spectral measure F(d)\) := E|p(d)\)|? is equivalent
to the Lebesgue measure, then condition (2.5.2) is satisfied.

If the process X is the standard Brownian motion B, then

H(fv B)| Es — E(f, 3)2 = ||f||L2[O,T]

and then the limits of simple integrals (™), B) in the space E and in Ly(P)
are the same. Similarly, if the process X is a continuous square integrable
martingale M with the angle bracket (M); = fg asds, where 1/K < Fa; < K,
the limits in the space E and Ly(P) are the same.
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First-order Stochastic Integrals with Respect to X

Let F := {F;,t € [0,T]} be a filtration on (£2,F, P) satisfying the usual
conditions of right continuity and completeness.

The notation X € F means that X; is F; measurable. So, let X € F be a
process and introduce the space G*° of random variables &:

§=Y LAX;
i=1
where f; € F,_, and f; € Lo(P),1 < i <m,m > 1. Let f be as above, i.e.,
f € L* and the coefficients f;,1 < i < m satisfy f; € F;,_, and f; € La(P).
Then we can define a surjection Z from L®* — G* by

1—1

I(f) = (£, X) = > _ fiAX.
i=1
Introduce the following semi-norm on G*:

1(f, X))

o= (Eiff(ti - ti,l))m. (2.5.6)
=1

It is easy to check that the condition
(f,X)=0 P-as.ifand only if f; =0 P-a.s. for 1 <i<m (2.5.7)

is a necessary and a sufficient condition for Z to be a bijection and |-||. to
be a norm.
Let X be a square integrable process, which satisfies (2.5.7). Now let f be a

predictable process with F fOT f2ds < co. Then there exist processes f™ € L*
such that

T
_ fn\2 N
E/o (fs = f)*ds —0

as n — oo. Now L® is the space of elementary “predictable” processes g,
where g¢ := > fily, 1) (), and f; € Fy,_,1 < i < m. Complete again
the space G* with respect to the norm ||-||,.. The integral fOT fsdXs =Z(f)
is defined using the extension of the isometry Z on the completed Banach
space G. The sequence f" is a Cauchy sequence with respect the norm ||-||&

and the integral fOT fsdXs is the limit of the elementary integrals (f™, X) in

the space (G, ||||z). We say that the integral fOT fsdX s defined for predictable
f € LY (P ® \) is the first order generalized stochastic integral with respect

to the process X. Later we will use the notation fOT fsts(l) for this integral.
If (™ be a sequence of random variables of the form

Cn = (fn7X)
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with some f™ € L* and assume that ( = P-lim,, (" and || f — f”||Lgr(P®/\) —
0, n — oo. Hence also

T
/ £,dX, = G-lim(f™, X).
O n

It may happen that P{|¢| < oo} < 1 or even P{|¢| < oo} = 0. Again the
random variable ¢ is one of the representatives of the integral fOT fsdX M in

)

the space of random variables and fOT fsdX 5(1 is one of the representatives of

the random variable ¢ in the space G: write this again as ( « fOT fsts(l).
The first-order integral is linear: (af + bg, X) = a(f, X) + b(g, X).

Higher-order Stochastic Integrals with Respect to X

Let (X, F) be again a stochastic process defined on ({2, F, P). Introduce the
space G*F of the random variables ¢:

§i=> filAX;)

i=1
where k > 1, f; € Fy,_,, fi € Lo(P),1 <i<m.If f € L® is a predictable step
function, define a surjection Z* from L® to G** by putting

m
IH(f) = (F. X W) =Y fi(AX)
i=1
We suppose that any simple function has different values on the adjoining seg-
ments of the partition. With this assumption only one partition corresponds
to a simple function, we have only one zero function and Z* is a surjection.
Introduce the following semi-norm on G**:

.5

m 1/2
oo (EZ;fZ (t; — ti—l)) = Hf”Lz(P@/\) :

Let f and g be simple predictable processes, defined with respect to different
partitions m; and m,. Consider f + g on the partition 7 := 7y U 1y, put
(f, X®) 4 (¢, X®) := (f + g, X*)) and see that

(£ X9 + (9. X0

ooe [EXO o+ e XD 259

Again it is easy to check that the condition

(f,X(k)) =0 P-a.s. if and only if f; =0 for 1 <i <m,

when f € L*, f =Y filp,_,4n(-) (2.5.9)

i=1
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is a necessary and sufficient condition for Z* to be a bijection, for G** to be
a linear space and for ||-||;..» to be a norm.

If f is a predictable process from LY (P @ M), take f™ € L*® such that
If = f"lz,(pery — O. Assume that property (2.5.9) holds for the process

X with some k& > 1. Define the integral fo fsd X(k) = T*(f) as the limit

of (f*,X®)) in the completed Banach space (G ,H-||§k), where G is the
completion of G** with respect to norm |[|-|| ;... We say that such an integral

fOT fstgk) is the kth order generalized stochastic integral of f with respect
to the process X.

Assume now that property (2.5.9) holds for all £ < N. Define the Banach
space GV by

GN =G ' xT x--xG"
and define the norm in GV by

N
gy =D Il
k=1

In view of (2.5.8), |||~ satisfies the triangle inequality and hence it is really
a norm. e
The elements g € G~ have the form

N T
g= fu(s)dx ¥
>

where f; is a predictable process from Lo(P ® A). Note also that there is
a bijection between such a g from GV and (fiyeoos fn) € @N_ LY (P ® N)

equipped with the norm Z ||fk||L2 (P®X)"

The following examples clarlfy the definition of the generalized integrals
of higher order. We assume that the process X satisfies property (2.5.9) for
ecach 1 < k < N below.

Processes with bounded variation. Assume that the process X is a contin-
uous process with bounded variation and consider the random variables X7*,

where
m

Xit=> "3 (AXy)"

=1 k=1

When |7| — 0 we have that X} L X7 and the right-hand side converges in

—N
the space G towards the element

N T
> [ axo.
1=170
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Here the random variable X7 is a representative of the integral fOT dX 5(1) and

zero is a representative of the sum Z fo axV.

Standard Brownian Motion. Assume that X is a standard Brownian mo-
tion, X = B. Define again the random variable X7 by

m

X7t =" (ABy)

=1 k=1

Now, when |7| — 0, X/? Kt Br + T, so the constant T is a representative of

: T (2 . . N o)
the integral fo dBs” and zero is a representative of the sum > fo dBs” .
=3

2.5.3 Generalized Integrals with Respect to fBm
Fractional Brownian Motion and Property (2.5.7)

Theorem 2.5.1. Property (2.5.7) holds for fBm B H € (0,1).

Proof. Assume that > fiABH = 0 almost surely. Assume that mg is the
i<m

largest index for which P{f,,, # 0} > 0. Then from presentations (1.8.17)—

(1.8.18) we have

tmg tmg—1
ABY, = [ ity )Wt [ (il 5) = (1,5

tmg—1 0
- Amo + Bmoa

For the term B,,, we have B, € Fy,, ;. Put £ :={w : |fi| < c,i < mo}.
Then 2. € F3,, , and

mo m

> 10 fidBf =) 10 f;ABf' =

i=1 i=1

Hence we can conclude the following:

mo 2
- E(;mcfiABf)

— E(( Z lﬁcfiAB,H) + fmola,Bmo—1 + fmoAmo)

i<mo—1

,  (25.10)

The right-hand side of (2.5.10) is equal to



170 2 Stochastic Integration with Respect to fBm and Related Topics

B( Y (FABM 1)+ fugle By )

i<mo—1

tme
+B( ,znolgc/ (B (g, 5))%ds).

tﬂlofl
Hence, from (2.5.10), since
t‘ITLU
/ (B (tyns, 5))%ds > 0
tmo—l

we have that f,,,1n. = 0 almost surely for any ¢ > 0 and so f,,, = 0 P-a.s.
This shows that condition (2.5.7) is fulfilled. Hence f; =0 for alli <m. O

Fractional Brownian Motions and Property (2.5.9)

Theorem 2.5.2. Property (2.5.9) holds for fBm B H € (0,1).

Proof. We know from Theorem 2.5.1 that the claim holds for & = 1. Assume
now that £ > 1 and let mg, Ay, Bm, and W be as in the proof of Theo-
rem 2.5.1. Put f{ :=1gq_f;. Note that ff € F,, , for i < mg. Denote by x
the random variable

mo—1
xi= > fi(AB".
i=1
For the random variable x we have that x € F, _,, and this fact is used
below. Assume that Y f;(ABf)* = 0. With the above notation we have

i<m
from this assumption that also

k
X+ TCTL() Z (k) (Bmg)kir(Amo)r =0. (2.5.11)

r
r=0

Write the expression in (2.5.11) as

il X (5) By

0<r<k, r even "
(2.5.12)

e X ()@ | =

0<r<k, r odd

The random variable A,,, is a Gaussian random variable with zero expectation
and hence for odd r E(Apm,)" = 0 and by conditioning on ¢, in (2.5.12) it
is easy to see that E(x1x2) = 0. So from this we can conclude that Ex3 = 0,
using also (2.5.11) and (2.5.12). But
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Xz = fno (11 +72)
with
k . 2
wm 2 (1) B ny) (25.13)
0<r<k, r odd
and
o k k 2k—r— r+
Y=y (T) <q) (Bim,) U Apy)" . (2.5.14)

T#q, 7,¢ odd
All the terms in (2.5.13) are nonnegative and since r 4 ¢ is even, the same
holds for the expression (2.5.14), too. Note also that if 7 = 1, then

k2 (Bing)** ™% (Amy)? > 0

almost surely. But at the same time E(f2 (71 +72)) = 0. Hence fr,, = 0

almost surely. From this follows that f; = 0 almost surely for all ¢ < m. We
have shown that fBm B¥ satisfies property (2.5.9) for all k > 1. O

Some Properties of the Generalized Integrals

In this subsection we discuss some of the properties of the generalized inte-
grals. At this stage we have results mostly on Wiener integrals.
Assume that B¥ is again an fBm with index H. Take

f&=n"Lr /221 2n,1/241/20) (5)-

Then || /"2, 02 = n* =1 I H € (1/2,1),1/2 <5 < H, then |f"]l, 0z —
oo and the generalized integral does not exist, but E((f", B7))? = n?—2H _,
0, and the limit exists in Lo(P). If H < v < 1/2, then E((f", B¥))? — oo,
but |||, o,7] — 0. Hence the integral exists in G and it is = 0, but the limit
does not exist in Ly(P). Note also that here we have that |(f", Bf)| L .

Lo-integrals and Wiener integrals, H € (1/2,1). If B is an fBm with
Hurst index H € (1/2,1), then according to (1.9.2) we have the following
estimate for Lo-integral, valid for any p > 0:

T
/ f.dBY
0

Hence, if (™), BH) converges in G, it also converges in Ly(P).
Lo-integrals and Wiener integrals, H € (0,1/2). Before the continuation,
we prove the following theorem, which is the opposite to (2.5.15).

Theorem 2.5.3. Let f € L* and BY is an fBm with Hurst index H €

(0,1/2). Then
T
/ fodBY
0

p
E <cupllflIL, o (2.5.15)
H

2

E > CIf1170.17 (2.5.16)
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Proof. If f € L® and (f, B) = ZfiABZH, then
E(f,BY)* =3 (fPEABI)’ + ) [i[r B(AB' ABYY). (2.5.17)
i i#k
But E(ABH AB}T) < 0 and hence
Fife B(ABTABY) > |fil| fu| E(AB]T ABYY).

Use this in (2.5.17) to obtain the inequality

2
E(f,BY) > E (Z |fi|ABiH> :

Hence we can assume that f; > 0 for all ¢ < n in proving (2.5.16).

Denote by D(R) the space of functions f with the two properties: f €
C*(R) and f has compact support.

Let ¢ € D(R). Then the Fourier transform ¢ of ¢ belongs to S(R) C Fu C
LI (R) (see Lemma 1.6.8), and moreover,

/ oudBY!
R

where ¢y is some constant.
We want to prove that there exists a sequence (¢")n>1,¢" € D(R) such
that

2 2
E =FE :cH/\qAS()\)||)\\‘2ad)\, (2.5.18)
R

/ o/ (t) B dt
R

/R((b")’(t)BtHdt L2 p B, (2.5.19)

To prove (2.5.19) it is sufficient to prove it for f € L®, f, = al[, (u), s <
t < T and a > 0. Take ¢ € D(R) such that supp(¢™) C [s—1/n,t+1/n] and
¢" =aon [s+1/n,t —1/n]. Then

t+1/n s+1/n
[erwsla= [ @y@slas [ @ @bl
R t—1/n s—1/n
and, for example,
t+1/n t+1/n
By, - [ @y Bla < | [ @ @B, - B
t—1/n t—1/n
<a sup |Bg_1/n—Bf|.

w€[t—1/n,t+1/n]

From self-similarity of Bf and Remark 1.10.7 with f = 1,7 = 2/n

sup |BfL,, - B 20
u€lt—1/n,t+1/n]
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and so
E(f, B")* = lim / B (VA2
noJRr

Since for any A € R f()\) = lim, QAS”(/\), we have, using the Fatou lemma
and relation (2.5.18),

2

/ |F(V)PA72*dA < lim inf / 6" (VPN dA = B> fiAB]!
We have that
/ FOVPIA2dA
o (2.5.20)
> 20 / FO2dx + / IFOVPIA 2,
[A|>e [A[<Le

Put p(A) := [A][7*1[_c (A). Since H € (0,1/2), we have that p € L;(R). Also,

At = / ¢ (NN = [ cos(tA)A|~d.

— 00 —&

This integral is finite and hence p(-) is the Fourier transform of p(-). Use the
Parceval identity to obtain

[ ROy
|Al<e

. ) (2.5.21)
= / / f(s) (/ cos((t — s))\))\|“d>\> ds| dt.
R |/R —e
Estimate the right-hand side of (2.5.21) from below by
1 T e 2
/ / f(s) (/ cos((t — s))\)|>\|‘ad)\> ds| dt. (2.5.22)
-1 0 —€

Take in (2.5.22) such an ¢ that e(T+ 1) < 7/3. Then cos((t — s)A) > 1/2 and
the left-hand side of inequality (2.5.21) can be estimated from below, using
the estimate (2.5.22) and the chosen € by the expression

/OT f(s)ds ’ </5€ |>\|ad>\>2 = (21%;;2]?(0”27

~ ~

but since f is nonnegative, we also have the estimate |f(0)| > |f(\)|. There-
fore, from the above estimates we obtain

1
2

61—2&

S [FOVRIA=20dN > 2225 [ [F(0)[2d, (2.5.23)
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Take C' = min{e~2%,e!72% /(1 — )%} and use (2.5.23) in (2.5.20) to obtain

/R FOPIA2Hdr > ¢ / FOV2AN = Cy 11, o -
Od

Random variables and the corresponding integrals. Assume first that H €
(1/2,1). Let f* € L® be such that f = Ly(P)-lim f*. Put ¢" := (f", BH)
and assume that ¢ := Ly(P)-1lim (™. Let g™ € L*® be another sequence such
that ¢ = Lo(P)-1lim(g", BH). Use the beginning of this subsection to conclude
that the corresponding integral may not exist, and hence the representative
of the random variable ¢ need not to be unique in the space E. On the other
hand, it follows from inequality (2.5.15) that the integral fOT fsdBE has only
one random variable as a representative.

If H € (0,1/2) then the picture is the opposite. Namely, a random variable
¢ can represent only one Wiener integral; this follows from Theorem 2.5.3. On
the other hand, the zero Wiener integral has at least two representatives as
extended random variables, namely ¢ = 0 and { = oo; this follows again from
the beginning of this subsection.

2.6 Stochastic Fubini Theorem for Stochastic Integrals
w.r.t. Fractional Brownian Motion

In this section we prove the generalization of stochastic Fubini theorem for
the Wiener integrals with respect to fBm (Theorem 1.13.1). First, we con-
sider pathwise integrals and the result is for the most part based on Hoélder
properties of fBm and of corresponding integrals. Then, the extension to Wick
and Skorohod integration is more or less evident, due to comparison results
of Sections 2.3 and 2.4.

Definition 2.6.1. The nonrandom function f : R — R is called piecewise
Holder of order a on the interval [T, T5] C R (f € Cp,, [T, To]), if there exists
a finite set of disjoint subintervals {[a;,b;),1 < i < N | Uﬁvzl[ai,bi} UTy =
[T}, T3]} and the function f € C%[a;,b;) for 1 <i < N.

As before, we denote

Lf(t) — f(s)]
[fllcaga, by = sup [fO)[+ sup ———7—.
a; <t<b; a; <s<t<b; |t - S|
Definition 2.6.2. For f € Cp, [Ty, T3], let
”fHCg‘u,[TLTQ] = 12%}%[ ”fHCa[ai,bi) :
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Let f € C%a,b], g € CPa,b] with a + 3 > 1. Then we know that the
Riemann—Stieltjes integral exists,

kn—1

b
/f(t)dg(t) = lim thk Ag(t}), (2.6.1)

[7n]—

where m, = {a = 9 < th < .- < th" = b}, Ag(t}) = g(tiy) — g(tg),
T C Tn41-

Moreover, according to (FdP01, Theorem 2.1), there exist the se-
quences {fn,gn} C CW[a,b] such that 1fn = fllcoany — 0, n — o0,
llgn — g\lca[mb] — 0, n — oo.

We shall use some bounds for integrals involving Hoélder functions. They
are proved in the next lemma.

Lemma 2.6.3. Let f € C%a,b], g € CPla,b], a + B > 1, fum,gm €
Cla,b],m > 1 and Hfm chaab —’O Hgm—chﬁ[a,b] — 0, asm — oo.

2) the followmg estzmate holds:

b
[ #@00(0)| < g I9llong - (0= )=V (b= )
3) if f(a) =0, then
b
f)dgt)| < C ||fHCa[a,b] ) HQHcs[a,b] (b- a)tte, (2.6.2)

where 0 <e <a+ -1, C >0 is a constant not depending on o and 3.

Proof. 1) Evidently,

/fdg /fmgmdt

kll
/fm Yt — 3 font2) Agin (1)
k=1

kn

/:f )= > fE)Ag(ty)

k=1

krn
Zf tn Ag tk Zf’m tk Ag?n tk;)
k=1 k=1

According to (2.6.1), for any fixed § > 0 we can choose 7, in such a way that

k'VL
/f (Wdg(t) — S F(E) Ag(th)] <
k=1

<. (2.6.3)
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Further, according to (FdP01, Corollary 20),

/fm ), (t)dt — Z () Agm (1)

< Clmal” ||fm||ca/[a,b] Nlgmll s [a,b] *

2.6.4
where 0 < o' <o, 0<f <fB,anda’ + 3 =1+e¢. If an*f“ca[a,b] iO, :
m — oo, then ||fm — f”C"“/[a,b] — 0, m — oo for 0 < & < a, and
Hfm”C"'[a,b] < (i, where C; does not depend on m > 1. Similarly,
gmllcer (a4 < C2. From these bounds and from (2.6.4) we obtain that

b kn
| 00t =3 £(t) Agua(80)| < Calml* (2.6.5)
a k=1

Choose such n that (2.6.3) holds and also C3 |7,,|° < d; then for such fixed
n we can choose such m that

kn kn
Z FURDAGER) = fm(tR) Agm ()] < 6. (2.6.6)
k=1 k=1

It is possible since sup; ¢, 41 [9m (t) — 9(1)| < llgm — 9ll oo,y — 0, and the
same is true for f,.

The proof of the first statement follows now from (2.6.3)—(2.6.6).

The third statement follows from 1) and (FdP01, Lemma 19), which states
that the bound (2.6.2) holds for any f € Cél)[a, b] (it means that f € CM[a, b]
and f(a) = 0) and g € CWV][a, b].

The second statement follows from 1) and (FdP01, Theorem 22). Indeed,
according to 3)

[ (10~ 1) astr

< Cllfllagap  N9loapap - (0 —a)t*s,

whence
/ F(t)dg(t)

Further we consider H € (3,1). Let f € CJ,[a,b] with 5 > 1 — H. In this

case the sum ZZJ\LI f;’ f(t)dB} exists. The next result means that this sum
can be represented as a unique integral.

<cC ||fHCa[a,b] : HQHCB[a,b] ((b—a) v (b- a)ﬁ)~

O

Lemma 2.6.4. Let f be piecewise Holder of order B > 1— H on the interval
[a,b]. Then there exists the Riemann—Stieltjes integral
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b N b,
/ fwdBH =3 / fw)dBH
@ i=17 %

and for an arbitrary sequence m, of partitions of [a,b] it can be represented as
a limit

(We suppose that Ufil[ai, b;) = [a,b), [a;, b;) are disjoint and f € C%a;, b;)).

Proof. Put 7, := [a;,b;) N 7. Evidently, |7} | < |my|. It follows from bound-
edness of f and continuity of B that

b;
> fnaslh — [ fwas!

/) i
Jiugemy

even in the case when 7}, does not contain a; or(and) b;.

Therefore, Zk:uzewn f(uZ)ABfZ? = Ziil Zk:ugen; f(uZ)ABfZ
= S o Bl = [} f(w)dBY, as |ma| = 0. D

Let 0 < Ty < Ty, = D(t,u,w) : Pr := [T1,T2)* x 2 — R be the random
function measurable in all the variables.

Theorem 2.6.5. Let there exist the set ' C 2 such that P(£2') =1 and let
for any w € Q' the function ®(s,u,w) satisfy the conditions:

1) Vs € (T1,Tz) P(t,-,w) is piecewise Holder of order B > 1 — H inu €
[Ty, T3], and there exists C' = C(w) > 0 such that ||B(t,-,w)ll oo 17, 7,y < C

2) the function ijf &(t,u,w)dBY is Riemann integrable in the interval
[T, Ts).

Then there exist the repeated integrals

T2 T2 T2 T2
I ;:/ (/ @(t,u,w)dBf)dt and T ::/ (/ @(t,u,w)dt)dB{j,
T T T Ty

and Il = IQ P-a.s.

Proof. We fix w € 2 and omit w throughout the proof. The integral
f;f &(t,u)dBE exists according to Lemma 2.6.4 and condition 1); the re-
peated integral I exists according to condition 2). Since @(t,-) is piecewise
Holder, then from the evident bound [;* |(t,u1) — (¢, uz)|ds < C(Th —
T1) |up — uz|™ we obtain that f;,;z &(t,u)ds is piecewise Holder of order « in
u € [Ty, Ty]. Further, since B is Holder up to order H > % and a+H > 1, the
integral Is also exists. The integral I; can be presented as a limit of integral
sums,
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kn—1

= lim D(t7, u)dBE At} 2.6.7
|70 |—0 Z / k ( )

For any point t} € m,, according to condition 1), there exists a finite
number of points {uyr < uzp < -+ < Ukt such that &(-,u) is Holder
between them. Denote

{T1:U0<7.L1<UQ<"'<UL(n):T2}
kn

= U {ure <wop <+ <wyyt U{T1, To}.
k=1

For any interval [u;, u;+1] we consider the sequence of partitions m; ., 7 > 1
of the form

1 "
T = {w —ugr) <u§) < --- <u§T ) = Ujt1},|mir] — 0,7 — o0

Then 7, :== U-® ™ 7, U{TL, To) o= {Th = i < - < o) = T3}
is a partition of interval [T7,T5] w.r.t. argument u, its diameter |7,

maxy<;<r(n)-1|7l; ., and |7r[ — 0,7 — oo.
Estimate the difference |I; — I5:

kn—1N,.—1
I — L] < |I, - Z Z ul) )AB! ,)At;;
k=0 7=0
N.—1k,—1
+ |2 - Z S by, ul) Aty AB! M| =t AT+ AT (26.8)
7=0 k=0
Further,
kn—1
AV < - Z/ (1}, u)dBI . At}
kn—1 N,—1
+ Z / oty w)dBI — Y By, ul)ABM,)| Aty

=0

Since @ is piecewise Holder, then, according to Lemma 2.6.4,

T>
/q;( w)dBH — Zgb u(])AB()HOTHoo
T

b P2 (tn, u)dBE - At | — 0,n — oo.

According to (2.6.7), |I k=0 T

Therefore,
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lim lim A7 =0. (2.6.9)
Further,
N7 Ty
AT < T / &(t,u)dt - ABH Nt
j=0 7T
(2.6.10)
N,.—1k,—1 tk+1
+ / ( (J)) @( ko U ( ))dt AB (J) .
j=0 k=0 Ytk
The second term can be expanded as
kn—1 t2+1 N,.—1
Z/ 3 (@(t,ugj))—@(tZ,ugj)))ABgﬂdt (2.6.11)
k=0 Jth =0 "
kn—1L(N)—1

= Z Z / Z (@(tvugj))*ép(t’;;”,ug)))ABﬁlj)dt_

Since the function @(s,u) — @(t},u) is Holder on any interval [u;, u;41), we
have that

Jim ST (@) - B, ul) ) ABL
Ti,r|—0
' u(rj)€7ri,7.

:/%1 (@(t,w) — @0t w))aBl. (2612)

Moreover, ¥V 0 < ¢ < L(n) — 1 the sequence f](t,t}) := ZU@EW (@(t,ugj))

- D(t},u m)) ABf(j) has the integrable dominant. Indeed, we can use the

bounds from (FdP01, Corollary 20), Lemma 2.6.3, and the boundedness of
Holder norms, and obtain that

w9

e - [ (@0 - o w) !

TJ)

fi (8t ] <

€))

n /uu"'“ ((t,w) - @(t7,w)) B!

(TJ)

€ H
< Clmip|” - ||®(t,-) — (t7, .)||C[“&j)’“£']+)1]ﬂ/ . HB HC[u(rj),uEQI]H'
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3)
Uyfq
u

$:7 )

+

" (2.6.13)

/u e (@(t, ) — (L, u))dBf ,

()
I

<C+

where ' < 3, H < H and ' + H' > 1.
Using the second statement of Lemma 2.6.3 and condition 1) of this the-
orem, we obtain the bound

(7)

/ e (@(t,u) - (43, w) ) aB!!

ul)

< C||@(t,-) — D17, .)||C§;[T1’T2] . HBHHcH'[Tl,Tz] <C. (2.6.14)

Estimates (2.6.13) and (2.6.14) mean that we can use the Lebesgue dom-
inant convergence theorem and obtain that

thtt Ty Wit
lim Fr(t e dt = / / (@(t,u) — & Z,u))ddeL
th Ujg

r—00 tn

where the integrand fuq“ ( (t,u)—D(t}, u)) dB is measurable and bounded

in t.

Therefore,
kn—1L(n)=1 4n _
lim Z Z / @(t,ugﬁ) (7, u ))AB i

(7)€7r o

3 1/?“/ oty ))ddet
:/T2 (/T ®(t, u)dBI ) di - Z / WdBEAR.  (2.6.15)

T

According to condition 2) of this theorem, the integral f;;z &(t,u)dBH is Rie-
mann integrable in ¢, therefore

H T2 T2 H
n __
n1520§ / D7, u)dBH At _/ (/ qs(t,u)dBu)dt. (2.6.16)

™ N7
From Lemma 2.6.4,
L(n)—1
Z / ))dt ABH ) e 0,as n — oo. (2.6.17)

r=

Now the proof follows from (2.6.8)—(2.6.17). o
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Let I(¢ fo )dBE for some stochastic process f with trajectories
from Cﬂ[O T] with B—i— H > 1. Consider the integral (H € (3,1)) Ji(t) =

fg I (t,s)I(s)ds that will appear in connection with the Girsanov theorem
and stochastic differential equations in subsections 2.8.2 and 3.2.3, and also,

let Jo(t) = Ji £( ( ([, s)ds) dBH.
Lemma 2.6.6. Both the integrals, J, and Js, exist and J; = Jo P-a.s.

Proof. 1t follows from (FdPO01) that the trajectories of I(t), ¢t € [0,7] are
Holder of order H — ¢ for any 0 < ¢ < H, whence the existence of Jy(t)
follows. Further, elementary calculations

u2 1 u2 us
/ (t—s5) % %ds < = [/ (t —s)"2ds + / S_QO‘ds] < (ug —up)'t ™2
w 2 w“

demonstrate that the function f(u f Ly (t, s)ds is Holder up to order SA (1—
2a) > 1— H, and J5(t) exists. We can present these integrals in the following

way:
n= [([ otsantyas, = [( [ o s)ast

where @(s,u) = lg(t,s) f(u)l{o<u<s}-

The function ¢ will satisfy both the conditions of Theorem 2.6.5, if we put
Ty =dand Tpb =t — 0 for any 0 < § < % In particular, @(s,-) is piecewise
Hélder of order (8 on [§,t — 6] with one point u = s of Holder discontinuity for
any s € [0, — 9]

Therefore, the following equality holds a.s.:

t—5 s t—6 t—5
/(s L (t, s) /5 f(u)dBHds = /5 f(u) L Iy (t,s)dsd B

The last equality can be rewritten as
J1— R1 = Js — Ry, (2.6.18)

where

R :/0(S lu(t, s)(/osf(u)dBf)ds—|—/(st_(slH(t,s)(/Oéf(u)dBf)ds

t S
—|—/ lg(t,s) (/ f(u)dBf)ds =: R11 + R12 + Ri3;
t—8 0

Ry = /Oéf(u) ( /ut lH(t,s)ds)dBf + F(u) ( /t té lu(t, s)ds) dBH

+/tt6f( )(/utlH(t s)ds)d =: Ro1 + Ros + Ros.

t—0
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According to (FdP01, Theorem 22), there exists C > 0 such that
|f0 BH’ < CsH=¢ for any fixed 0 < ¢ < 5. Therefore,

|Ri1| < C’/ §T5(t— ) ds < Ct' (1 —a) 107 - 0asd — 0.
0

Similarly,

|Ria| < C1oH—2 .57 . 6= 0 and |Ry3| < Cotz6'"* - 0as § — 0,
where C7 and C5 are some constants, p0851bly dependlng on w.

As mentioned above, the process f(u f Iy (t, s)ds is Holder of order
BA(1—2a) > 1—H. Therefore, by using again (FdPOl Theorem 22), we obtain
the bounds |R21| < C(SHiE, |R22‘ <C; (t* 25)H7€, and |R23‘ < CsH—¢ with
some constants C, C1, depending on w. Taking in (2.6.18) a limit as § — 0,
we obtain from all these estimates that J; = Js a.s. 0

2.7 The Ito Formula for Fractional Brownian Motion

2.7.1 The Simplest Version

First, we present a very elegant proof of the It6 formula involving fBm from
(Shi01).

Lemma 2.7.1. Let B¥ be an fBm with H € (1/2,1), F € C*(R). Then for
any t > 0

F(B) = F(0) + /t F'(BHyaB!.
0

Proof. The Taylor formula with the reminder term in the integral form gives
us "
F(a) = F(o) + F')w— ) + [ F'(w)(e =~ w)du.
Yy
Let the sequence of partitions 7, = {0 =t5 <t} <--- <t} =t}, [m,| — 0,

=

n — oo. Then F(BH) — F(0) = él [F(ty) - F(ty_y)]

ZF’(B# O(Bfi =Bl )+ R{, where R} = sz F"(u)(Bff —u)du.

Ic 1

Further sup |F"(B[I)| < oo as. and for H € (1/2 1), and
0<u<t

2
H _
A Bl ‘ ~0.

n—oo

2
Therefore |R}| < & sup |F"(BL)| Z ‘Btn Biﬁ 1’ L, 0. Even if we do
ougt '7

not know that the limit of integral sums 14:2:31 F’ (B{iil)(BtIi — Bﬁéil) exists
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(but we know it from Theorem 2.1.7), we can obtain this existence now and,
moreover,

F(BE / F'(BHyaBH .

0

2.7.2 1to6 Formula for Linear Combination of Fractional Brownian
Motions with H; € [1/2,1) in Terms of Pathwise Integrals and Ito
Integral

Denote C#~[a,b] = No<y<p Ca, b].

Theorem 2.7.2. Let the process Xy = Z 0:B; Hi where Hy = 1/2 and
H; € (1/2,1) for 2 <i < m. Let the functwn F € C%(R). Then for anyt >0

F(X,) :F(O)+01/ &)W, +Zm/ X,)dBMi 4 22 /OtF”(Xs)ds.

Proof. Note that fot |F'(X,)|* ds < oo and fot |F"(Xs)|ds < 0o a.s., so, the Itd
integral fot F'(X;)dW; exists and is a local square-integrable martingale, and
the Lebesgue integral fot F"(Xs)ds also exists. As to integrals fg F'(X,)dBH:
for 2 < i < m, they exist as pathwise integrals because X € C/27[0,1],
Bfi € CHi=[0,t] and H; +1/2 > 1. Further calculations are obvious: we use
the Taylor formula and pass to the limit, as usual, taking into account that
kn H; H; H; H, P
foranyl<i<mand2<j<m) ", (Bt;; — Btz;l) (Bt;;] — BtZ;) —0
as m — 00.
m
Now, consider the process Y; = > oy B/, where H; € (1/2,1) for any
i=1
1 < i < m. We can forecast that in this case the class C*(R) of functions can
be used.

Theorem 2.7.3. LetY; = E o:BFi where H; € (1/2,1) for any 1 <i < m.
Let F € CY(R), and F' € C’ﬂ[O t] with (84 1) min H; > 1 for any t > 0. Then

foranyt >0
m t
F(G) - F(0) =Y o / F(V,)dBE (27.1)
i=1 0

Proof. Clearly, condition (8 + 1)minH; > 1 ensures the existence of
fg F'(Y,)dBH: as the limit of Riemann sums for any i > 1. Consider convo-
lutions F,, = F * ¢, with ¢,, from Lemma 2.1.8. Then F,, € C*(R), formula
(2.7.1) holds for any F;, and for any 1 —min H; < v < - min H; we have that
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D{,F) — Dj,F"in Ly[a,b] as n — oo for any a,b € R, which can be proved
similarly to (2.1.10). Therefore,

/ t<F’<Ys> — F;(Y))dBL"
0

sup Y|
0<s<t
< sup Dtlj’ny_i(s)’ / |Dy, Fy(s) — Dy, F'(s)|ds — 0,
0<s<t
— sup |Yi|
0<s<t
whence the proof follows. O

Remark 2.7.4. Theorems 2.7.2 and 2.7.3 can be extended to the functions F
of several variables, depending also on t. The It6 formula has the following
form: let Y, = fo fi(s)dBH: where Hy = 1/2, H; € (1/2,1),2<i<m—1,

= fo s)ds, fo f2(s)ds < oo as., f; € CP0,t] a.s. for B + H; > 1,
fg lg(s)|ds < 00 a.s., F = F(t,z): Ry x R" 5 R, F € CY(R*) x C2(R)

x CH(R"™1), the integrals fo (ax )fl(s)) ds < oo, fo 95(Z,)| ds < o0,

t] a2
Jo %TE(Z f2(s)ds < oo, and fo 8961 )‘ lg(s)|ds < oo a.s, 87( <) fi
€ C7[0,t] a.s. for v + H; > 1 and any t > 0, where Z, = (s,Y},...,Y/").
Then

O R Ry R ACAZES o AV
817 8217
* 0 @(Z) g(s)ds +2 ; axz( Z)f(s)ds.  (2.7.2)

In particular, for the process Y; = fo s)dBH + fo s)ds we have that

F(t,Y;) = F(0,Yp) + /t F/(s,Yy)ds + /t Fl(s,Y5)b(s)ds

0 0

+/t Fl(s,Y.)a(s)dBY, H € (1/2,1). (2.7.3)
0

2.7.3 The It6 Formula in Terms of Wick Integrals

The next result is a direct consequence of Theorems 2.3.8 and 2.7.3.

Theorem 2.7.5. Let the function F = F(t,x) : R x R — R be con-
tinuously differentiable in t and twice continuously differentiable in x. Let
Y; be as in Theorem 2.7.2, E 8—F(t,Y})’Q—'ﬁS < oo, t > 0 for some e > 0,

2
E sup [(?;(S,YS))Z + (g;;(s Y)) } < oo, t>0. Then
0<s<t
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t t
F(t7Yt)—F(O,0)=/ a—F(s,Ys)der/ aﬁ(s,n)odn

+ Z 0:01.Cx, i, (H; + Hy) / ) (s,Y,)sHiTHE=1 s, (2.7.4)
i,k=1

2.7.4 The Itd6 Formula for H € (0,1/2)

We use the integral representation of fBm via the underlying Wiener process
B on the finite interval [0, ] :

t
=/ my(t,s)dB
0
t t S
:c}?%a/ u_a(t—u)o‘dBu—Cgs)a/ sl (/ u_o‘(s—u_a)dBu> ds.
0 0 0

Let the function F € C3(R) and we want to expand F(B}?). Note that
Bl = Bff,, where for 0 < z <t Bft = Cg})zo‘ Jo um(t —u)*dB,
— W [7 g0t (fg u=*(s —u)~*dB,) ds. Therefore

F(BH) = F(0) + / F(BH,)d. B, + < (

t
Clo)2 / F'(BR)(t - 2)2°dz
0 2 0 ’

t z
:F(0)+ac§§)/ F’(Bft)za_l/ uw(t — u)*dBydz
0 0
t
+o® / F/(BH)(t - 2)*dB.
0
t z
—aCI(L?)/ F’(Bft)za_l(/ u_a(t—u_")dBu)dz
0 ' 0

%(o@) /0 FU(BY,)(t— 2)*dz. (275)

Further,
z t
Bft =B 4 aC’gi)za/ ufa/ (v —u)* tdvdB,

=BY 1 ac¥z / / Y*~YdB,dv, (2.7.6)

whence
F'(BY,) = F/(BT) + / F”(BH+aO§?z / / @y —u)*"1dB dv)

xacg”za/ " (r — w)* YdBydr = F'(BH) + ¢(F", 2,t), (2.7.7)
0
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and similar relation holds for F”/(BY,). But

/ / (v — u)*LdBdv = 1/02 W [(r— w)® — (2 — W] dBy. (2.7.8)

(07

Substituting (2.7.6)—(2.7.8) into (2.7.5), we obtain the following result.

Theorem 2.7.6. Let H € (0,1/2), BH be an fBm with Hurst index H,
represented as BY = fot mpy (t,s)dBs. Denote Y, , = C'}(f) foz u”(r—u)*dB,,
0<2<r, Y, =Y, .. Then

t t
F(BH) = F(0) +/0 F'(BM)az""1Y, .dz + C}f)/o F'(BF)(t — 2)*dB.

t 1 t
- a/ F'(BM) 271y, dz + 5(C}f))?/ F"(BH)(t — 2)>dz + R,,
0 0

where
t t
R; = a/ H(F", 2, )z 'Y, Ldz + ng) / O(F", z,t)(t — 2)*dB,

—a/ O(F" 2, t)2%" 1Ytzdz+ C(G / S(F" 2, 1)(t — 2)**dz.

Remark 2.7.7. The different approaches to the Itdé formula for fBm with
H € (1/2,1) are contained in the papers (Lin95), (DH96), (DU99), (AN02),
(DHPO00), (BO04), (CCMO03), (FAP01). An elegant version of the Ité formula
for F(Bf) for any H € (0,1) was obtained by C. Bender in (Ben03a) and
(Ben03c), but in terms of distributions. If the distribution F' is of function
type, continuous at 0 and of polynomial growth, the form of such an It6 for-
mula coincides with (2.7.4) for m = 1. For the other forms of the It6 formula
for fBm with H € (0,1/2) see also (Nua03), (GRV03), (ALNO01), (AMNO00),
(CNO05).

2.7.5 Ito Formula for Fractional Brownian Fields

First, we prove one auxiliary result for Holder two-parameter functions. Let
the function

F:R - R, FeC3R),F" is the Lipschitz function, f(t):= F(g(t)),
g € CMF2(RY) with p; > 1/2, i=1,2. (2.7.9)

Let the rectangle P, = [0,t] C R% be fixed, 7, = {0 =t <t = ti},
where 7" = Kl £, = f(ia Koy

AL f = fivik — [y A% f = firr1 — firy Ainf = Abpir f — AL f
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Lemma 2.7.8. Under assumption (2.7.9) lim I? =0, 1 < j < 7, where

n—oo
27 —1 2" —1 271
= kE AL fAirg, I3 = 3 A% fAig, I3 = kE firAingAL.g,
i k=0 i, k=0 i k=0
=% fudugilg, 7 = ZA FA302 I = % (AL S
4= 2 Jik ik9Siky, 15 = e T k9 =P k9
i k= = k=
2" —1
I = A;OF’”(gi,k)A%kg(A?kg)z-
i k=

Proof. Consider I} (I3 is similar). We can rewrite I = fPt fndg, where
fo=ALf forse A" = [”—1 er)tl) X [@ (k;i)t2>. Further,

on 3 on on 3

fndgz/ (DG fa) (s)(DZ 172 g1 ) (s)ds,
P P

where 1—p; < a; < pi, 1 =1,2. Since ‘(Dto‘ll_a"’gl,)(s)’ < C for some C >
0, it is sufficient to prove that lim [, ‘(ng_az fu)(s)
this purpose it is sufficient to ;rz\ozz that fPt |pn.i(s)|ds — 0,1 < i < 4, where
¢n,1(s) = Sfasgafngs)a ¢n72~( s) = S;DQ . (fn( )_fn(u7 s2))(s1— ) 1merdu,
Pn,3(s) =517 57 (Fa(s) = fuls1,v))(s2 *U)’l’”dv,

bna(s) = fo 0,5] Auofn(s)(s1 — u)~ 17 (sy — v)~1"*2dudv. The relation

fp |pn.1(s)|ds — 0 is evident. Further, if g‘ﬁ s < (H;L) then

|pn,2(s)] < Csy ™2 fo (51 —uy) "7 du - 27" whence
fPt |pn,2(8) ds < Cfot2 55 %dsy - 2M1=1) 0, n — co. Similarly,
fp ¢n,3(s)|ds — 0, n — oo. Finally, fPt |pn.a(s)| ds < €27

2" —1

X Z fAn f j(s1—u)” 1= (gy — v+ 27m)r2=22 = gy du dsy dso

ds = 0, and in turn, for

= 02"(‘1”’“2 M= “2) — 0, n — oo. Of course, similar estimates hold for I
and I}. As to IZ, I} and 17, their estimates resemble each other, so, we con-
sider only IZ'. Note that

2" —1
lim S, = lim Z Fth)(ALngivian)? < lim C-2" . 272 = (),
n—oo

n—oo n—oo

Now, present the sum S, as

2" —1

Sn= > (finlAirg)* + 2firAingAlyg + Af f(ALg)? + AZ f(Airg)?
ik=0

+ 2AzkazkgAlkg Z Sn Ky

1<i<H
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where S, 1 < C - 2 2n(mtr2=1) _, (0, n — oo, similarly, S, 4—0,8,5—0,
n — oo. According to previous estimates lim S, 2 = hm I3 =0.T herefore

n—oo

lim I5fhm Sn,z = 0. ad

n—oo

Remark 2.7.9. Let F: R — R, F € C3(R) and F" is the Lipschitz function,
the field g(t) is a linear combination of the fractional Brownian fields,

m
Tyt . 1
=Y B with HE > 3 =12 1<i<m.
i=1

Clearly, the previous lemma holds for such g(¢) and f(t) = F(g(t)).
Theorem 2.7.10. For any t € R%

F(g(t) = F(0) + /P F/(g)dg + /P F"(g)drg dag.

Proof. According to the one-parameter Ité formula (Theorem 2.7.3)

F(g(t) = F(0) + / P (gs1,02))drg (51, 12)

= F(O) + nlLI& Z f(t?gn)A%gnQi.kl)gn a.Ss.
) i=0

The prelimit sum can be presented as

-1 2m_1
> Flg(t) Awg + Z F"(g(t5)) AlgAdg+ Y F"(g(siF)) AingAZg
i,k=0 i,k=0 i,k=0
2"—1 2 -1
+35 Z FW zk:g g + 3 Z FW zk:g)ZAik.%
1,k=0 i,k=0
(2.7.10)

2 —1
where H?k € AD. According to Theorem 2.2.9, > F'(g(t}.))Aikg —
i,k=0

fp g)dg a.s. Furthermore, according to Theorem 2.2.17 and Lemma 2.7.8,
2m—1 2m—1

> P (gt ) ARgALg — [p, F(9)digdag, Yo F"(g(siF))AixgAfg — 0,
i,k=0 i,k=0
271 271

2 2 F(0(t5))(450)° Al — 0. 5 3 F"(9())(439)* Aing — 0, and

2m—1
due to the Lipschitz properties of F'”/, 1 %: F"(g(07.))(A%.9)?Alg — 0,
4 0

k=
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21

LY F"(g(05))(A%.9)*Aikg — 0, n — oo, a.s., and the assertion of the
i,k=0

theorem is proved. 0O

Remark 2.7.11. The theorem holds even for ' € C?(R), such that F" is the
Lipschitz function. To prove this, we must rewrite the sum of second and

fourth term on the right-hand side of (2.7.10) as Z F"(g(02 )AL gA? g
i,k=0

Then we can prove that this sum has a limit fPt F"(g)d1gdag, similarly to

Theorem 2.2.17. Also, the sum of third and fifth terms can be rewritten as

1
> F"(g(0%))AikgAZ.g, and we can prove that its limit is zero.

2.7.6 The Itd Formula for H € (0,1) in Terms of Isometric
Integrals, and Its Applications

Definitions

If f € L2(P®)\), f is predictable, 7 is a partition, then f; is the step function
Jo =22 F(tima) L,y (8).

Define the class of functions @ as follows: 7 € @ if the following conditions
are satisfied:

(i) f = (f" 4 >1), where f* € L*(P ® \), f* is predictable and
Xi: HJ”HL?(P@)\) < 0.

(ii) ? is uniformly tight: P{sup,.; sup; |f*(t)| > C} — 0 as C' — oo.

(iii) The random variable u defined by u := S (f%, (B#)®) (for the no-

tations see Section 2.5.2) does not depend on the partltlon 7, and the series
converges abbolutely with probability one, when f € .
Write (f BH) for the sum Z(fZ (BTY@), and put U = {u : u =

—
(7, BH), f € &}. Let P, be the projection of & to the first p coordinates.
The following example shows that U is nonempty.

Example 2.7.12. Assume that f € Cp°(R): then
J(BY) = £(0) =Y Af(B)

and if f*:= (1/k!)f® k > 1, then

—

F(BE) - £0) = (F,BY),

FBHEY = f(0)eU and | € ®,(f,....f,) € P, for any p > 1.
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_ — )
Lemma 2.7.13. Ifu € U,u= ( f,B") withu =0, then f' =0,i > 1.

Proof. Since u does not depend on the partition, take first the partition {0, T'}.
The random variable u has a representation

u=3" Fi(BEY (2.7.11)

where f¢ are real numbers, since JFy is the trivial o-algebra. But since u = 0
from (2.7.11) it follows that for almost all y € R we have that Y fiy’ = 0 and
i

hence fi =0 for all i > 1.
Next, consider the partition {0,¢,7}. We have that

w= Y B+ Y B - B =0

From the above we get that fi = 0 for all i > 1 and hence also f{ = 0 for all
72> 1. O

The It6 Formula for Isometric Integrals

The following is an analogue of the It6 formula in this context.

Theorem 2.7.14. Assume that the Hurst index H satisfies H € (0,1/2).
There exists one-to-one correspondence between U and the set

(1/H]

vi={viv= 3 (BN}

i=1

Proof. We must show that there exists one-to-one correspondence between U
and @[y /). Assume that f € @y p). Then there exists a vector g € & such
that f* = ¢* for i < [1/H]. Assume that 7 is another element from & such
that f* = h for i < [1/H]. Put w:= (¢, B”) and v := (h, B*). Then

o0

uU—v= Z (¢° — n', (BH)@),

i=[1/H]+1

On one hand, since u and v are independent of the partition 7, we can take a
partition 7 such that || < 1. Then for any € > 0 we have that

P{lu—v|>e} < P(D)+ P{lu—v| >¢e,02\ D} (2.7.12)
and D is the set D := {sup,<sup; |f{ — gi| > C}. But

P{lu—v| > e, Q\D}<; > EZ|ABH|Z

i>1/H
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and since

EY |ABfI] < CT(|x)"
k
we have that
P{lu—v| >e,2\D}—0

as || — 0. By property (iii) of & we can choose C such that P(D) < ¢ for any
0 > 0. Use these estlmates in (2 7.12) to conclude that u = v. On the other

hand, if u = (f BH) (h BH) we have from Lemma 2.7.13 that f
To finish, note that from Example 2.7.12 it follows that the random varlable

[ _ 4

F(BH) = £(0) is a representative of Y 1/H](1/i) [ f@ (xs)dBI . O
i=1

Ezample 2.7.15 (Fractional Doleans exponent). Assume that [1/H] = 2p,

where p € N. Then the random variable y; = exp(Bff —t/(2p)!) — 1 is a

representative of
2p—1

Zz,/ys (B

We say that y is the Doleans exponent of BH .

2.8 The Girsanov Theorem for fBm and Its Applications

2.8.1 The Girsanov Theorem for fBm

Consider the kernel Iz (t, s) = sTHt—s)7*, 0<s <t Let
Fi=o0 {B 0<s< t} = O'{BS,O s <t} Where B is underlying Wiener
process in the representation

t t
M :/ lg(t,s)dBY, B, = a/ s“dMI
0 0

Assume that the random process {¢;,t > 0} is adapted to filtration F; and
satisfies

t
/ la(t,8) |¢s| ds < o0, t >0, P-a.s. (2.8.1)
0
Assume also that we have the representation
t t
/ I (t, 8)psds = &/ dsds, t >0, (2.8.2)
0 0
with some F;-adapted process § satisfying

t
/ |0s|ds < 0o, P-a.s.,t >0, (2.8.3)
0
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and .
E/ s2*62ds < oo, t > 0. (2.8.4)
0

Define a square-integrable martingale L by L; := fg §%05dBs.
Theorem 2.8.1. Assume that we have (2.8.1)—(2.8.4) and the martingale L
satisfies

Eexp{L; —1/2(L)} =1, ¢t > 0.

Then the process étH = BH — fot @sds is an fBm with respect to measure
Q, where the measure Q) is defined by

Q| 1
aP . = exp{Lt - 2<L>t}-

Proof. Note first that the integral

t t t
MH = / lg(t,s)dBH = / Iy (t,s)dBI — / Ly (t, s)psds (2.8.5)
0 0 0
exists, since both integrals exist as pathwise integrals (the first integral was
studied in Section 1.8 and (2.8.2) ensures the existence of the second integral).
Moreover, from (2.8.2) it follows that

N t t t
Mgf:Mgta/ 5Sds:&(/ s*astf/ 6sds).
0 0 0

Evidently, {MH} = P-lim ) (]\A/I;H — ]\Zlf_l)Q exists and equals {MH] =
¢ ’ ' ¢

7| =0 ¢;€n
t1=2o Therefore, for any 6 € R we have for M/ := aMH that

. > 1 ¢ t 2 ,1-2a
HM,{{—Q—{MH] —I—Lt—*(L)t:@/ s_ast—Q/ 5sd8—9*t
2 t 2 0 0

21-2«a

t 1t t
+/ 5%0,dBs — 7/ 52°‘5de = / (0s™ + s%05)dBs
0 2 Jo 0

1/t 1
_ 5/ (0572 ~ 26,0+ 8257)ds = R, — 3(R)., (286)
0

where R is a square-integrable martingale given by R; := fg(GS*a +5%05)dBs.
But (2.8.6) means that the process
/\H 92 /\H 1
K 1= exp { OM)T — = [M } + Lo — (L),
t
is a local P-martingale. This implies, in turn, that the process

exp{@]\//ftH — % {M\H} } is a local @-martingale. From (El82, Theorem
t
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13.22), we can conclude that MH is a local @-martingale with the angle
bracket (Z/\J\H>t = fg s~2%ds and so M, = &fot s~%dBg, where B is a standard
Brownian motion with respect to @ (and is obtained from B by subtracting
a drift). This means that

t t
/ Iy (t,s)dBT = a/ 5~ dB,. (2.8.7)
0 0

Now, using two representations for EH, (2.8.5) and (2.8.7), we can obtain
(1.8.17) for B and then conclude from Remark 1.8.2 that it is the fBm with
respect to the measure Q. O

2.8.2 When the Conditions of the Girsanov Theorem Are
Fulfilled? Differentiability of the Fractional Integrals

If we analyze the conditions of the Girsanov theorem, we see that condition
(2.8.2) is a principal concern. Now we shall establish that in one particular but
important case this condition holds. Let the process I(¢ fo L (t, 8)o(s)ds

with ¢(t) fo s,w)dBH | where the integrand a = a(s,w) T Rx 2 —- R
is measurable in its variables and for a.a. w € {2 is Holder in s with some
index § € (1/2,1). According to Theorem 2.1.7, the integral ¢(t) exists as
a pathwise integral for w € 2, P({2') = 1 Moreover, according to Lemma
2.6.6, there exists a repeated integral J(¢ fo U, w) f: lg(t,s)dsdBE and

the equality I(¢) = J(t) holds for w € Q/

Lemma 2.8.2. Let a € C?[0,t] for anyt > 0 and for anyw € 2, P(2') =1
p € (1/2,1). Then for any t > 0 I(t) admits the representation

t
I(t) = CP 12 / Ssds,
0

where 05 = 5272 [T u'~*(s —u)"“a(u,w)dBY
we .

and 6 € L1[0,t] for any t > 0,

u

Proof. Further we suppose everywhere that w € 2’ and argument w will be
omitted. We rewrite J(t) as

t 1
) :tl—za/ / a(u)l (1, 5)ds dBY
0 Ju/t
t gt
= C’S)tlda/ / §2072(s —u)"*u' "%a(u)ds dB =: C’S)tlf%‘M(t).
0

Consider now the function

/ 2a- 2/ —ayl-e (u)ddes.
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The following results ensure its existence:
(i) According to (NVV99, Lemma 2.1), for the function g € C?[0,T] with

0<vy+ 0 <1, f(0) =0 the integral fot(t — u)Vdg(u) exists and equals
t
| =gt = lim(gle - ) - 9(0)
0 E—

() + / (gw) — g(0)(t — u)du). (2.88)

(ii) According to Lemma 2.6.3, for f € C7[a,b], g € CPla,b], v+ 3 > 1,
O<e<y+p-1

b
/ F(t)dg(1)

where C' does not depend of f and g. Using (2.8.8)—(2.8.9), we obtain the
following estimates for 0 < s7 < s9 < t:
So S2
/ a(z)(s2 — z)_o‘dBf’ = |lim (—E/ a(v)dBY
s1 e—0 So—€

+ (s2— 31)70‘/ a(z)dBH + a/ (59 —2)7 172

S1 S1 z

< 1im (€ lalloiog | B oy (52— 517V (52— s0)=+#)

<C N flevian l9lospay (0 =)' TV (b —a)),  (2.8.9)

S2

a(v)dBY dz> ‘

+ 04/8276(32 — 7))t ((82 — )" v (sp — z)H') dz> , (2.8.10)

S1

where H' is any constant not exceeding H and 0 < € < p+ H — 1. Evidently,
the right-hand side of (2.8.10) can be estimated by CKj(t)(sy — s1) "%+,
where K1 (t) < [lallcop HBHHCH’[O,t] (t v 1)*e=H " C does not depend on

p, B t. Further,

/:2(32 — u)oulg(u)dBH — / w=od (/u(32 )"z )dBH>

:séfa/ (59 — 2)"“a(z)dBH — 1—a/ / (53 — 2)"“a(2)dBH du

S1

= L(Sl, 52).

The estimate
|L(81382)| < CSéiaKl(t>(82 — 81)—G+H/

+C(1—a)Kq(t) /52 u(u— s1) " du,

S1

< OKq (1) (5%_0[(52 —s1) " g (55 - 31)172O‘+H/> (2.8.11)
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means that [L(0,s)| < CK;(t)s'—20+H"
Now it is clear that

t
|N:| < CKl(t)/ sPam2gl=20+H go < CKl(t)tH/ < 0.
0
Consider the function
t s—¢
Nc(t) ::/ 520‘*21{36[5,t]}/ u'=%(s — u)"“a(u)dBH ds.
0 0

Evidently, for any € > 0 the function

¢e(s,u) := l{se[E’t]yogugs,e}sm”ul_a(3 —u)"“a(u)

is piecewise-Holder in u with index p A (1 —a) > 1/2 (u = s — € is the point
of Holder discontinuity), and the function

t s—e
:/ qbs(s,u)dBf = 520‘*21{36[5,t]}/ (s — u)*o‘ulfo‘a(u)dBf
0 0

is Riemann integrable on [0,t]. Therefore, ¢.(s,u) satisfies the conditions of
the stochastic Fubini Theorem 2.6.5, whence N, (t) exists and equals

t—e t
M (t) := /0 ul_“a(u)/ §2072(s —u)"“dsdBH.
u

+e

Further,

IN(t) —

/ 2o 2/ (s —u)"“a(u)dBH ds
/ Za= 2/ (s —u)"%a(u)dBH ds

g/ 82a72CK1(t)($17a€7a+Hl+6172Q+H/)d8
€

+/ 820‘72C’K1(t)5172a+H'ds
0
<CK () (e 427 50, e — 0.

For M(t) — M¢(t) we use one of the integral transformations from (NVV99,
Lemma 2.2): for 4 € R, v > —1, ¢ > 1 the integral [ t#(t — 1)"dt
1-1/c sV

= Jo (1 —s)"#7¥~2ds, and as a result obtain the bound
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t—e u-+te
/ a(u)u'~® / 52972(s —u)"*dsdBX
0 u
t t
/ a(u)ulfa/ 52972(s —u)"*dsdBX
t—e u

t—e fres
/ a(u)/ 571 —s)"*dsdBY
0 0

¢ 1—u
/ a(u) / 57%(1 —s)"*dsdBY
t—e 0

According to the stochastic Fubini theorem 2.6.5,

t—e
C’/ “(1—s) a/ a(u)dBH ds
0
c(1—s)

t s
+ C/ 571 — s)_“/ a(u)dBH ds
e/t 0

|M(t) = Mc(t)] < C

+C

=C

+C = A1(€)+A2(€).

and
t(1—s)
c/ (1 —s) a/ (u)dBHds
t—e
Therefore,
t—e —a 11—«
< H _¢ €
Ai(e) < C /O awsBY| (1-5) 7 (%)
1 B H
+CK1(t)/ 571 — s8)” <€(18 s)> ds — 0, e—0
e/t
and

e/t ,
|As(e)] < C’Kl(t)/ s7%(1 —s)"%e—ts)" ds — 0, e — 0.
0

Therefore, N(t) = M(t), and our lemma is proved.
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Stochastic Differential Equations Involving
Fractional Brownian Motion

3.1 Stochastic Differential Equations Driven by
Fractional Brownian Motion with Pathwise Integrals

3.1.1 Existence and Uniqueness of Solutions: the Results of
Nualart and Rascanu

Consider the function o = o (¢, x) : [0,T] x R — R satisfying the assumptions:
o is differentiable in x, there exist M > 0, 0 < v,k < 1 and for any R > 0
there exists Mgz > 0 such that

(i) o is Lipschitz continuous in x:

lo(t,z) —o(t,y)| < M|z —y|, Vtel[0,T],z,y€R;
(ii) z-derivative of ¢ is local Holder continuous in z:
|oa(t, x) — 02 (t,y)| < Mple —y|", V]|, |yl < R,t €0, T];
(iii) o is Holder continuous in time:
lo(t,z) — o(s,x)| + |o(t, ) — ou(s,2)| < M|t —s|7, Ve eRtsel0,T].

Let 0 < 8 <1/2, f € WJ[0,T], g € W)~ "[0,T]. We need some preliminary
estimates, in addition to Lemmas 2.1.9 and 2.1.10.
Consider on W{'[0,T] the norm, equivalent to | - [|o.5 :

1 £llo,8,1 = s[up]e‘%(t).
t

3

Lemma 3.1.1 ((NR00)). Let assumptions (i)-(iii) hold with v > . Then
the following statements hold.

1. There exists the integral G2 (f)(t) := fot o(-, f(-))dg,t € [0,T].

2. GO)(f) e C*F[0,T) ¢ WJ[0,T).
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3 NGO (f)h-p < CrAr—p(g)(1 + || fllo,6)-

4G (g < Colig(@AP A+ (| Fllosn), A > 1,
where C1 and Co depend only on M, 3,~,T and |0(0,0)|.
5. For any f,h € WP[0,T) such that fV hi < R

IG(£) = G (h)]o,px < CsA*P T A1_p(g) (1 + Cp + Cu)If = hllo,s.a,
where Cy := sup,.cjo 7 for %d& Cs depends only on M, 3,v, R, Mg, T

Proof. We prove only statement 5; the others can be proved in a similar, but
more simple way. It is easy to check via the Taylor formula in the integral
form that the function o satisfying (i)—(iii) admits the following bound: for
any R>0,¢ €[0,T],i=1,2, and |z;] < R,1<i<4

\a(tl,xﬂ — O‘(tg,l’g) — U(t1,$3> + 0'(t2,$4)|
§M|l‘1—$2—$3+$4|+M|$1—$3||t2—t1|7 (311)
—+ MR|.Z’1 — I3|(|$1 — $2|K —+ |I3 — SC4|K).

Therefore, from Lemma 2.1.9, part 1,

IG)(f) = G (h)
< ChpAip(g )SuptE[OT fo (t=1)"2P +17P) 00 ()= (n () (T)dr
< ChpMi5(9) 5up,eio.7) (€7 o, ()= (- h(-) (1))

< [y e A= (8 —r)=28 4= B)dr.,

(3.1.2)
The last integral in (3.1.2) can be estimated by

J e _Qﬁdu—i—f e M (t —u)Pdu
— MO [0 o=y =28 gy 4 \F- 1f” “u(\t —u)~Pdu (3.1.3)
< A2 1CM,+A" 'Cyp

with C1.g = [~ e “u=?Pdu, Cy.p = sup.> [y e *(z — u) Pdu.
Evidently, for A Z 1

¢
/ e—A(tfr)((t — )2 4Py < )\25*1(017[3 + Ca ). (3.1.4)
0

Further, from the Lipschitz property (i) and (3.1.1), it follows that
o (- f())—o(-h()(T) < M|J;VI(7“) —h(r)|+ M [g |f(r) = f(s) = h(r)
+ h(s)|(r — S)_ﬂ‘lds + 3551 f(r) = h(r)|r 7 (3.1.5)
+ Ml (r) = ho)] (Jy HEf s + fy A as))

The proof follows now directly from (3.1.2)—(3.1.5), with C5 = (Cy g

+ Ca0)(M + M) (1+ Z57). D
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The next lemma describes the situation with the Lebesgue integrals. Let
the function b = b(t, x) : [0,T] x R — R satisfy the assumptions
(iv) for any R > 0 there exists Lr > 0 such that

b(t,z) = b(t,y)| < Lrlz —yl, Vlz|,[yl < R,V €[0,T};
(v) there exists the function by € L,[0,T] and L > 0 such that
|b(t,z)| < Lix| + bo(t), V(¢ z)€[0,T] xR.

Lemma 3.1.2. Let 0 < 3 < 1/2, assumptions (iv) and (v) hold withp = 371,
fe Woﬁ [0,T]. Then the following statements hold.
1. There exists the Lebesgue integral F®)(f)(t) := fot b(s, f(s))ds
te 0,17
2. F®(f) e C1=A0,T).
3. HFU’)( Alli—s < Ca(1 4 f7) < Ca(l+ [ Fllo,6)-
4 IED(Fllopx < CsA2 L+ (| fllo,5,0)s
where A > 1, Cy and Cs depend only on 3, T, L and ||bo| 1, [0,1)-

5. Let f,h € WP(0,T) with f;V hi < R. Then

IFO(f) = FOR) o, A1,

where Cg depends on B, R, T, LRg.

Proof. We prove only statement 4. Indeed, from Lemma 2.1.10,

t s, f(s t s s
) < Cng [b(s,f(s) ‘ds < CS f (Llfét!:-)l;o( ) ds

(t—s)P

(t
3 UL e\
<Chr LJ 0 (t— s)ﬁ (f (t—s) 1"3d5) 1bollz, 500,17 (3.1.6)
< (L Jy Ehds + st Bosg),

where ¢g = 11 2%) ; Bog = [|bollz,[0,17> C’gT—Tﬁ—i—l/ﬂ

Hence

_ t
IO (Dllo s < Ol L supieo e fi 1

+ C3% 1¢5Bo.p supye(o 1] 67/\%17261&
< Cﬁ r-L- supée[o kY e | f(s)| [y e M uPds
+ CrcsBosA*’ ™~ sup, g e 72 720 < Cs AP (1 + (| fllo,5,0),

where C5 = C3 (L - I'(1 — ) + ¢sBo g sup, > e 7z1728), 0O

Now, let 0 < 3 < 1 be fixed, g € W} ?[0,T]. Consider the (deterministic)
differential equation

t t
X; = Xo —|—/ b(s, Xs)ds —|—/ o(s,Xs)dgs, te€1]0,T], (3.1.7)
0 0
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where Xy € R, and the coefficients o,b : [0,7] x R — R are measurable
functions satisfying (i)—(v) withp=1/8,0 < v,k <1 and

0<ﬂ<60— /\7/\1+H

Theorem 3.1.3. Equation (3.1.7) has the unique solution X € W{[0,T).
This solution belongs also to the space C*=A[0,T).

Proof. Let the function f € Woﬁ [0,T]. Then, according to statements 3 of
Lemmas 3.1.1 and 3.1.2, G (f) € C*=8[0,T] and F®)(f) € C*~#[0,T]. So,
if X is the solution of (3.1.7) and X € W/'[0,T], then X = X, + F®)(X)(t)
+G(X)(t) € C*P[0,T).

Now we prove the uniqueness. Let X and Y be two solutions from
C'=P10,T) and || X||c1-s0,77 V [[Y[|c1-80,77 < R. Then from statements 5
of Lemmas 3.1.1 and 3.1.2, for 8 <~

1X =Yl < [FO(X) = FO®Y)[opx + |G(X) = GO(Y)]o,
< (03/11—6(9))\25*1(1 +Cx +Cy) + CeXN DX = Yopr, A>1

Note, that for § < %= and for (1 — 3)-Holder X and Y’

Cx +Cy <2R sup / (r— s)(lfﬁ)’“ﬁ*lds < (7,
rel0,T] J0O
where C7; depends on R,T and (3. Take A sufficiently large such that for
8<1/2
C3A1_g(g)A*P 71 Cr + CeNP 71 < 1/2

and obtain
1X =Yllopx <1/2[X = Yllo,5.x
whence X =Y on [0,7].

Now prove the existence by a fixed-point theorem. Consider the operator
A: WO [0,7] — C*=P[0,T] € Wy'[0,T] of the form AX = Xo + [ b(s, X,)ds
+ fo 8, Xs)ds. Then for all A > 1 from Lemmas 3.1.1 and 3.1.2 for any
u e W{[0,T] it follows that

IAX 0,5, < [Xo| + [E® (X) 0,6 + |G (X)]lo,5,1
< [ Xo| + CsA?P M1+ [ Xlo,6.0) + Codi—p(9)A* (L + ]| X lo,5,0)
S N5 + Coli—p(9)) (1 + [ X o,8,0) + | Xo-

I AN (C5+Coly_5(9)) < 1/2 and || X[o.5.00 < 2(1 + | Xo|), then [|AX[|o.5.
<2(1+|Xo]). So A(By) C By, where

Bo = {X € W0, 7]+ | Xlo,00 < 201 + |Xo]) }.

For all X € By | X|los < 2(1 + |Xo|)e*T. Further, for any X,Y € By and
A > 1 from the same lemmas
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|AX — AY [lo.50 < CsA*? ™M1+ Cx +Cy)|X —Y

10,87 (3.1.8)

where Cs = C341_5(g) + Cs. o o
If X € A(By) C By then there exists X € By such that X = A(X)
€ C'7P[0,T], and from statements 3 of Lemmas 3.1.1 and 3.1.2

X llcr-s10,77 < 1 Xo| + [[FO(X) |l c1-sp0,7) + IG(X) | cr-s10,7)
< (C1A1-p(g) + Ca)(1 + [| X |lo,5) < Co,

where Cg = (01/11_5(9) + 04)(1 + 2(1 + ‘X0|)6>‘0T).
Therefore, for such X

Cy

< Cypi= —— TR AOER), 1.
Cx <Cho KB+ r) (3.1.9)
From (3.1.8)—(3.1.9), for any X,Y € A(By)
1
|IAX — AY |lo.8.a, < §||X =Yo7 (3.1.10)

for such A\; that C’g)\?’afl(l +2C1) < %

Denote by p;(+,+), ¢ = 0,1 the equivalent metrics generated by norms || -
0,85 and | - |lo,3,n,, correspondingly.

Let X;,41 = AX,,,n > 0. Then X,, € A(By),n > 1, and p1 (X, Xn)
< 27"p1(X2, X1) — 0 for m > n — oo. Since the metric space (Wf[O,T],pl)
is complete, there exists X* € WOB[O,T] such that X,, & X*,n — oco. Ev-
idently, po(X,, X*) — 0, whence || X*|l0.3,5, < 2(1 + |Xo|), and X* € By.
Moreover, Cx, < Cjo and it follows from convergence in pg that X, uni-
formly converges to X* on [0,T], whence Cx < Cio. Therefore, from (3.1.10),

p1(AX,, AX™) = ||AX,, — AX o8

1 *
IOﬁ,M = §p1 (XmX ) — 0,n — oo,

and it means that X* = AX™. O

1
< - X, - X"
2

Now, consider the SDE with fBm B!, H € (1/2,1) on a complete proba-
bility space (2, F, P):

t t
Xt:X0+/ b(s,XS)der/ o(s,X,)dB?, te0,T). (3.1.11)
0 0

In this case we can reformulate Theorem 3.1.3 in such a way:

Theorem 3.1.4. Let the coefficients b and o satisfy (i)—(v) with
p=(1—-H+e¢e) ! withsome0<e<H—1/2,y>1—H,x>H 1 —1 (the
constants M, Mg, R, Lr and the function by can depend on w).

Then there exists the unique solution {X;,t € [0,T)} of equation (3.1.11),
X € Lo(R,F, P,Wg H%¢[0,T]) with a.a. trajectories from CH*==[0,T].
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Remark 3.1.5. Theorem 3.1.4 admits evident generalization to the multidi-
mensional case. Consider the equation on R?

t m t
X! =X} —|—/ bi(s, Xs)ds + Z/ oji(s, X,)dBi, 1<i<dte|0,T),
0 =iJo
(3.1.12)
where the processes B are fBms with Hurst index H; € (1/2,1),1 < j <
m. Denote by o = (O’ji);{gﬁl the matrix of “diffusions” and b = (b;)%_, the
“drift” vector, |of = (3, ; aji| )2, b == (32;(b:)?)Y/2, and suppose that
assumptions (i)—(v) hold with these notations, H = minj<;j<m, Hj, p = (1 —
H+e) YL y>1-H, k>H*'—1.
Then there exists the unique vector solution X; of equation (3.1.12) on
[0,T] in Lo(£2, F, P,Ws~#7[0, T]) with a.a. trajectories from C*~==[0, T7.

3.1.2 Norm and Moment Estimates of Solution

We consider equation (3.1.7), suppose that the assumptions of Theorem 3.1.3
hold and, in addition, the coefficient o satisfies the following growth condition:
(V') lo(t,z)] < M(1+ |z|*) for some 0 < p < 1.

Lemma 3.1.6. The solution of (3.1.7) satisfies the estimate
1X 10,5 < Coexp(C1(A1-5(9))"),

wher60<ﬁ<ﬁ0:1/2/\fy/\ﬁ,

(1=28)"Yif p=1,

R=S (1=8)7"Y if 0<p< 2, (3.1.13)
> s if R <n<,

and the constants Cy and Cy depend on T, (3, and on the constants from
conditions (i)—(v).

Proof. Evidently,
P (8) < 1Xo| + P ) (8) + P ) (B)- (3.1.14)

From (3.1.6)

t | X, _
Py (1) < Ch (L fy g2z du + ct' =27 By )

3 t |Xu‘ 4
< LCSr fo aogrdu+Ch s

(3.1.15)
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IGOX)] < Ai-slg) ( fy 125 ds + 8 [y f; emseXol quar)
< Moplg) (M fy Bl s+ M [y fy ek dudr

S

tl +7 B+1
+ Mg -3 +M(vfﬁ)(wfﬁ+1))

< Cpryrhimp(g) + MAL_p(g )(f lds+ [y o 2 u)i;ldudr)
(3.1.16)

and, similarly to (2.1.15)—(2.1.16)

0

t G (x0)-¢(x t -
Jy (25 ds < MM p(9) (Cpr + fy |1 Xul (6 = )~ du
t _ -
+ fot—u) 7P [ Xy — Xo|(u—v) 7P dv du).
(3.1.17)

Let us estimate the “worst” integral fg | X |#(t — u)~2Pdu:

[r-orvans ([ (25 o) ([ o)

(3.1.18)
where we must choose up = 1,(26 — p)g < 1, whence p > 26+ p — 1, and
estimate (3.1.18) takes the form

Ji VXt = )2 < G (Jy i) (3.1.19)
" 1.
<CguT(1+fo (t‘ u)"du>’

Whereu:ﬁ> for p =1 we put v = 20).

From (3.1.14)—(3.1.19) we obtain that cpg((t) admits an estimate

26+p—1 (
m

PR (t) < K1(1+ A1_p(g)) + K2(1+ A1_5(g)) - / Pr)((t—u)™ +u?)du

with constants K7 and K5 depending on on T, 8, u and on the constants from
conditions (i)—(v). Evidently,

Biu'@Jr(tfu)”

uP(t —u)” < (P + )Pt —u) V.

(t—u)™" +u"

For p > 11:256 we have that v > (; for 0 < p < 11:255 we can put

v=_0> WT“_l In any case

P (t) < Ki(1+ Ai_5(9)) + Ka(1 + Ay_g(g))t” / P (wyu™ (t —u) "V du.

(3.1.20)
In (NROO) the following version of the Gronwall lemma was proved: if 0 < ¢ <
1,a,b >0,z : Ry — R, is a continuous function such that for each t € [0, T
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¢
e <a+ btc/ (t—s) “s “ds, (3.1.21)
0

then )
xt < C3exp{Cytbi-c}, (3.1.22)

where C5 and C4 depend only on a,b,c. The proof follows from (3.1.20)—
(3.1.22). |

In the case of equation (3.1.11) ¢g(t) = BH(t,w) and instead of A;_3(g)
we have the random variable G := ﬁ SUPg<sci<T |(D}=PBE )(s)]. It was
considered and estimated in Lemma 1.17.1 and Remark 1.17.2.

Corollary 3.1.7. It follows from Lemmas 3.1.6 and 1.17.1 that the moments
of solution of SDE (3.1.7) admit the following estimate: if the coefficients
M,Mpg,L,Lgr do not depend on w, p > %, 1-H<pg< %/\’y/\ T4 and we
can take the value K from (3.1.13) not exceeding 2 (it means that < i for
p =1, therefore, H > 3/4 for p =1 and 8 < 5 — & if 11__25 <p<1) then
E|X|§ 5 < oo for any g > 0.

3.1.3 Some Other Results on Existence and Uniqueness of Solution
of SDE Involving Processes Related to fBm with (H € (1/2,1))

It follows from the results of Subsection 3.1.1, that it is possible to consider
an SDE involving fBm with H € (1/2,1) as an ordinary differential equation
for any w € ', P(2") = 1. Therefore, the results for the ordinary differential
equations with the Holder continuous forcing can be applied. One of these
results belongs to Ruzmaikina (Ruz00). Another approach was developed in
the papers (CQ00), (GA98), (GA99a), (GA99Ib), (Jum93), (IT99), (KKA9IRa),
(K1i98), (KZ99), (MNO0), (Mis03), (Zah99) (Zah01) and (Zah05). For exam-
ple, in the papers (Zah99) and (Zah05) the author considers SDEs of the form

AXT = S g0 (t X)) dZ0™ + by(t, X, )dt
t J;OO'J ( 5 t) + + ( 9 t) ) (3123)

t€[0,T], Xy, = Xo0,0 < to < T,

under the following assumptions:

(vi) 0j; € CH(Rx[0,T],R?) and all partial derivatives are locally Lipschitz
in z € R%;

(vii) b; € C(R? x [0, T], R?) is locally Lipschitz in 2 € R? (with probability
1 in the random case). Here 1 <7 < d.

Also, Xy is an arbitrary vector random variable. The integrals w.r.t. the
processes Z] are the generalized stochastic forward integrals. What are they
and what processes can we consider here? (Recall that the forward (not gen-
eralized) integrals were introduced in the Section 2.4.)
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Suppose that Y is a stochastic caglad (left continuous with right limits)
process and Z a stochastic cadlag (right continuous with left limits) process
on [0,77.

Then the generalized stochastic forward integral is defined as

t
/de —hme/ e 1/ Y, S+“) Z=() jsaqu, (3.1.24)
0

whenever the right-hand side is determined, where lim stands for uniform on
[0,T] convergence in probability (ucp-convergence), and f(f = lims o [, 61 a.s.
We use the same notation as for the forward integral in the Section 2.4.

Similarly, the generalized quadratic variation process (bracket) is defined
as

Z)y = hms/ e 1/ (Zy_(s+u)—Z;_(s))*ds du+(Z;—Z;—)? (3.1.25)

whenever the convergence holds uniformly in probability. If Z is a semimartin-
gale and Y an adapted caglad process then integral (3.1.24) agrees with the

usual It integral fot ~YdZ, and notion of the generalized bracket coincides

with the classical one. If Z is a continuous process with the generalized bracket
[Z], and the function F = F(t,z) : R x [0,T] — R, F € C'([0,T]) x C1(R),
then the simple It6 formula holds for 0 < s <t < T:

F(t, Z) = F(s, Zs +ft o (u Z,)dZ;,
+ [P (u, Z,)du + 1 ft 9 F AN

Now we suppose that the paths of Z7,1 < j < m from equation (3.1.23)

belong to the Sobolev—Slobodeckij space WgH’ = (N Wg, H € (1/2,1),
B<H

where the norm in Wf is given by

T T ) - s\
||f||Wf = ||f||L2[07T] + /O /0 st dt .

We suppose also, that Z9 is a continuous process with the generalized bracket.

Then the sample paths of Z° belong to the Sobolev-Slobodeckij space W31 /2-
(for the details see (Zah05)).

Definition 3.1.8. A local solution X = (X!,...,X?) of SDE (3.1.23) is a
process with the generalized bracket admitting the integral representation

m t t
th = X(Z) —+ Z/ O'jl(S,XS)ng’i + / bi(saXS)dsﬂ
=07t fo

in some neighborhood of #y.
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To formulate the main results, it is necessary to consider an auxiliary
partial differential equation on R x R x [0, T],

oh
%(yvzat) = JO(tvh(yaZ,t))ﬂ h(YOaZO,tO) :XOa (3126)
where Zy = Z°(ty), 0o = (001, - -,004) and Yy is an arbitrary random vector

in R%. Now, the main result of the paper (Zah05) is stated as below.

Theorem 3.1.9 ((Zah05)). Under suppositions (vi) and (vii), any represen-
tation X (t) = h(Ys, ZP,t) with the function h satisfying equation (3.1.26) and
Y € W;{’ locally determined in some neighborhood of the point to € [0,T] by
the following matriz representation:

aY, = (36,2, 29) 71 ( 3 ot h(t, Vi, 20))dZ] ™

j=1
(bt h(t, e, 20)) — 921, Yr, 20))dt (3.1.27)
- %%(L h(t7 th Z?))Uo(t, h(t7 Ytﬂ Zto))d[ZO]t)v

Y;‘/O = YO)

provides a pathwise local solution of the SDE (3.1.23). (Here we omit index i
everywhere.) If X is an arbitrary solution of (3.1.23), then it agrees with any
of the above representations on the common interval of definition.

3.1.4 Some Properties of the Stochastic Differential Equations
with Stationary Coefficients

Now we consider the multidimensional stochastic differential equation driven
by the vector fBm B = (B}™ ..., B/"™) with the same Hurst index
H € (1/2,1) and with coefficients, stationary in time:

t t
X, = Xo +/ b(X,)ds +/ o(X,)dB?, t>0, (3.1.28)
0 0
or
X;:X5+/ bi(Xs)ds+Z/ 0ji(X)dBIH i=1,....d.
0 =/
where the processes B»H, j = 1,...,m are fBms with Hurst parameter H

defined on the complete probability space (§2,F, P), Xy is a d-dimensional
random variable, and the coefficients 0;;,b; : R¢ — R are measurable func-
tions.

The conditions of existence and uniqueness of solution of the equa-
tion (3.1.28) on any interval [0, T], consequently on R, according to Theorem
3.1.4 can be reduced to the following ones:
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(i’) Lipschitz continuity of b and o:
o(z) —a(y)|+ [b(x) —b(y)| < M|z —y|, z,yeR
(ii’) growth conditions:
b(x)] < C(A+[z]), |o(x)] < (A +]|z|"), zeR"

for some p € [0, 1)(this condition previously was used only for the estimate
of the norm of the solution of SDE (3.1.7));
(iii") local Holder continuity of d,,0:

|0,0(2) = 02,0 (y)] < MR |z —y|"

for 1 <i<d, |z|,|y| < R and some x> & — 1.

Existence of Pathwise Solution for Bounded Coefficients

Now we relax the conditions on coefficients to obtain the existence (not unique-
ness) of the solution of equation (3.1.28).

Theorem 3.1.10. Let the coefficient b be bounded and continuous, coefficient
o be bounded and Hélder of order 1 > p > 1/H — 1. Then equation (3.1.28)
has a pathwise solution.

Proof. We consider the sequence {¢(z),2 € RY n > 1} of smooth kernels,
such that 1, > 0; ¢, =0, |z| > n, Py, € C®(RY); ); Jga Un(x)de = 1.
Introduce the functions

bola) = [ bnle =y, on(@) = [ otw)inle—u)ds

Then for any = € R% and any 1 <i<d

a0 =| [ 0010000~
<lblle [ 10nn(a =)l dy < Cu [0l

where [b]. := sup, ez [b(z).
The same estimate is true for o,,, and it means that b,, and o,, are Lipschitz
continuous, with the constants possibly depending on n. Further, for any
z € R, by (2)] = | [gua b(y)¥on(z — y)dy| < ||b]| i-e. by are bounded functions.
The same is true for op. Finally, for any N > 0, 2,y € R%, |z| < N,
lyy < Nand 1 <i<d
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|0z,00(2) — O, 0n(y)| < ”GHOO /d |0, thn (2 — 2) — O, thn(y — 2)| dz
R

Slole  sup |02, dn(a)| (N + 1) —yl

|2]<E,1<6,5<d

i.e. 03,0, satisfy the local Lipschitz conditions. These estimates demonstrate
that b, and o, satisfy conditions (i’)—(iii’) that in turn ensure the pathwise
existence (and uniqueness) of the solution of the equation

t t
X =Xo+ [ bo(X)ds +/ on(X™)dBE. (3.1.29)
0 0

We fix some w € {2 and denote by C' different constants even if they depend on
2. According to Theorem 3.1.4 and Remark 3.1.5, the solution X} is Holder
continuous of order H —§ for any § > 0; from Hélder continuity of o we obtain
that

lon(z) —on(y)l < /Rd lo(z —2) —a(y — 2)| [¥n(2)|dz < Clz —y|”,
(3.1.30)
therefore, 0, (X?) belongs to the space WQB [0,T] for any 8 < Hp. By using
estimate (2.1.14) and the boundedness of o, for any 0 < s < ¢, we obtain for
each 1 — H < 3 < pH (this is possible since p > 1/H — 1) the estimate

t
/ oo (X1)dBY

|0n X” v |Un Xn Un(Xn)|
<@ (/ d +/ / RS dy du
( )17 - X5
<Glo|l +CG/ / L ————dydu.

Here G = Ay_p(BY) (see Section 1.17) and EGL. < oo for any p > 0
(Lemma 1.17.1 and Remark 1.17.2). Finally, we can estimate

¢
X7 — X7 < u| + an(X”)dBH <16l (£ —s)
lol || - X[
+Gr = (- ) “+CGT/ / PR T VL dydu. (3.1.31)
Consider any fixed interval [0,7] and denote
|Xt — X5|

X|,_sp:= sup ———.
15,1 o<s<t<T (t —s)17F
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Check, first, that the inequality || X", 5 < oo holds for any 7' > 0. Indeed,
X™ are Holder of order H — ¢ for any € > 0 with constant, possibly depending
on n (Theorem 3.1.4 and Remark 3.1.5), therefore || X", 5, < co a.s. Now,
from (3.1.31),

IIUII

—-p

Xn_ n
+CGr sup |t—s|?” 1// <| |> lu—yP PP dy du
0<s<t<T

<CHC(IX"l,_pp)" - sup (t _ 5)B=1H(1=Btp—ph)
’ 0<s<t<T

X" 11—z < 6l T7 + G

<C+ (X" —p.0)"

under the condition p — pg —1—-0 > —1, i.e. p > %, which is possible for
some § > 1 — H, since p > 1/H — 1. Note that for 0 < p < 1 the equality
P = C (14 P?) has the unique root Py > 0 and the inequality P < C(1+ P?)
holds for P < Py. Therefore, || X"||,_5 7 < Po(T, p), where Py(T', p) depends
only on 7" and p, not on n. This means that

X7 — X2| < Ro(T, p)(t — )17, (3.1.32)

which according to the Arcela criterion means that the sequence
{X7,t€[0,T]}, n > 1 is tight for any w € (2 in the space C[0,T]. Evi-
dently, we can conclude that there exists {X;"",t € [0,T]}, ny > 1, such that
X{"* — X; in the space C[0,T]. We can suppose that X' — X; in C[0,T].
Now it is sufficient to prove that X (¢) is a solution of (3.1.28). Let consider
some auxiliary estimates. First,

t
g/ b (X7) — ba(X |ds+/ b () — b(X.)| ds.
0

(3.1.33)

/0 (b (X™) — b(X,))ds

Further, for any =,y € R¢

|bn () = bn(y)| =

/ (b — ) — by — ) (1)
Rd,

<. =) = by =)l () < sup oo —u) —b(y —u)l.

lul<%

(3.1.34)

The process {X;,t € [0,T]} is continuous on [0,T], so bounded for any w € 2.
Let C(T,w) = supy<s<7 | Xs|. For any ¢ > 0 there exists 7 > 0 such that

sup [b(s) — b(2)| < e. (3.1.35)
|s—z|<n, |s|<C(T,w)+1
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For any n > 0 and any w € {2 there exists such ng € N that | X! — X | <7,
n > ng, s € [0,T]. From these estimates,

[bn (X§) = b (Xs)| < sup [by (X — u) — bp(Xs — u)|

lul<3

< sup sup |b(s) —b(2)] < B, n>mng. (3.1.36)
8| SC(Tw)+ % ls—2I<n

Since § > 0 is arbitrary, we obtain that a.s.
t
/ [0, (X)) — b (Xs)|ds — 0, n — oo. (3.1.37)
0

The second term on the right-hand side of (3.1.33) can be estimated in such
a way:

() = BX)I < [ B = 1) = D) )
<

sup  sup |b(z —u)—b(2)] =0, n— oo,
|2|<C(T\w) |u|< 3

since b is a continuous function. Moreover, b, are bounded, which implies
the convergence fot|bn (Xs) —b(Xs)|ds — 0, n — oo a.s. We obtain that

fo (X™)ds — fo s)ds a.s., t > 0. Furthermore,

/ (0n(XT) — o(X,))dBY| < / (0n(XT) — on(X,))dBH
0 0

+ (3.1.38)

/0 (00(X.) — o(X,))dBH|.

Now we can estimate the first term of (3.1.38) for any 1 — H < 8 < %:

’ o n - H ¢ |Jn(X?)7Un(Xs)| s
[ (o)~ auxasd | < / —onlX)l

Similarly to estimates (3.1.34)—(3.1.37), we obtain that a.s.
SuPy<r |00 (X2) — 0n(X)| — 0 and [} |on(X2) — 0n(Xs)[ s Pds — 0,
while n — oo. Further, recall the estimate (3.1.30). For any sufficiently small
€ > 0, present f(f J, on the right-hand side of (3.1.39) as fot Iy

— f; oo+ s fo+ f; [\ _, and the integrals on the right-hand side can be
estimated as
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/t /H <o o (X7 |/ / dr du
sup |0, — O’n
e JO o SS'I; u - T 1+ﬂ

< Ce @ sup|op(X7) —on(Xs)| — 0
s<T

a.s. for any fixed € > 0. Further, from (3.1.32),

Xy — X”p X, — X,|°
// <c// | |+|1 " ir du
u—e uir)+ﬂ

SC// (w—r)PA=A=1=B gy du = CePU=P) =8 (3.1.40)
0

is small for small £ > 0, and moreover, C' does not depend on n. The integral
€ u
/ / < CeP=A=A+1 (3.1.41)
0o Jo

Therefore, since € > 0 is arbitrary, fg Jy" = 0 a.s. while n — oo.
The second term of (3.1.38) can be estimated as

o(X)l .

/Ot(an(Xs)—a( ))dBH)<G/ o (X )8;
—I—G/ /u |on (Xu) — n(XT)_U(XU)+G(XT)|drdu,

(u—7)1+8

Evidently,

|om (Xs) — o (Xs)| < y |o(Xs = u) — o(Xs)| Pn(u)du

and fot |0 (X5) — 0(Xs)|sPds — 0 as., n — co. Now, as before,

t ru t ru— u t ru t pu— _
fOIO :fsfo E+f(ff0 +fsfu—a and fafo ) S 2$.5 7 — 0 for any

fixed € > 0 and other integrals can be estimated as in (3.1.40)—(3.1.41). So,
fo o X”)dBH — fo dBH a.s. while n — oo and
fo X, )dBH + fo s)ds. The theorem is proved. O

Remark 3.1.11. By similar, but even more simple arguments we can prove the
existence of the solution of the equation

Xt:X0+/ ds+/f ydBH,

where b is bounded and continuous, f € C'~[0,T], X, is a real-valued
random variable.
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Differentiability and Local Differentiability of the Solution

Here we shall use the elements of Malliavin calculus with respect to fBm B,
contained in Section 2.4.

Suppose that we consider some subspace 27 C {2 and restrict F and P to
£2,. Denote the mathematical expectation w.r.t. restricted measure P; as E.

Definition 3.1.12. Random variable F belongs locally to the space D1 ,(H)
on [0, T if there exists a sequence 21 C 25 C ... C 2 such that |J;—; 2, = 2
and [|F[[7,,, == En(|F[") + En(|[ DF|])7, < o0

In this case we say that F' is locally differentiable, F' € D1 p 1oc. According
to Lemma 1.5.4 (Nua95), see also (Nua98), we can formulate the sufficient
conditions of local differentiability. Let {F;.,7 > 1} be a sequence of r.v. from
D1 pioc satisfying the conditions

(viii)) F,. — F in any LP(£2,,), n > 1,
(ix) sup, [[Fy]]; , ,, < oo for any n > 1.

Then F belongs to D1 p 10c-

Remark 3.1.13. Suppose that there exists a localizing sequence (£2,,,n > 1),
such that £ € Dy p 0. for any p > 1. Then we say that F' € Dj o i0c-

Consider equation (3.1.28) and suppose that its coefficients Xy, b and o
satisfy conditions (i')—(ii’) and
(x) be CHRY),
(xi) [0z,0(x) = O, 0(y)| < Mlﬂc— yl, Yo,y € RY
(xil) Xo € Di,ec = [\p»1 D1p(H), Xo is a bounded Fo-adapted random
variable.

Theorem 3.1.14. 1. Let conditions (i’)—(ii’) and (x)—(zii) hold. Then the
unique solution X; of equation (3.1.28) is locally differentiable in the sense
that X} € D1 .0o10c for any 1 <1 < d with the same localizing sequence.

2. Let equation (3.1.28) be semilinear, i.e. o(x) = ox, conditions (i’), (ii’),
(z), (zii) hold for b and Xo and H > 3/4. Then X} € Di . for any
1< <d.

Proof. 1. Let T > 0 be fixed. According to Theorem 3.1.4 and Remark 3.1.5,
under conditions (i’)—(1”) and (x) equation (3.1.28) has the unique solution
X: on the interval [0, T]. Moreover, it can be obtained by successive approx-
imations, {Xt("),n > O}, t € [0,7T] where Xt(o) = X¢ € Dj,c0. Further we
consider the case d = 1, for technical simplicity; in the general case they are
similar. We use induction. Suppose that Xt(k) € Dy, 1 <k < n, and the
derivatives DSXt(k), 0<s<t<T,1<k<n are Hélder continuous of order
1 — g for some 1 — H < (3 < 1/2. Since the approximations Xt(n) are Holder
continuous of any order not exceeding H, and from conditions (i’) and (x) o’
and b’ are bounded, 0’(XT(”))DSX,S") is Holder continuous in r of order 1 — f3.
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Therefore, the integrals fst o' (X" D, x™dBH and fst v (x™)D,x ™ dr
exist, 0 < s<t<t<Tand

t t
DX = o(X (M) + / o' (XD, x™dBH + / Y (XM)D XM dr.

S

Hence for any 1 — H < 3 < %, from (2.1.14),

t i
1D, X" < |o(X§">)\+M/ \DSX§">|dr+MG/ 1D, XM|(r — s) Pdr

t s
+G / / lo" (XD XM — o' (XD X | (r —u) " Pdudr, (3.1.42)

where G = 1/I'(8) sup ‘(D,}:BB,{{_)(S)‘, Eexp{pG?} < oo for any
0<s<t<T
p>0and 0<d<2.

Further we denote by C' different constants not depending on w. Note that
o(x2)| < € (1+ X))
Further, it follows from condition (ii’) and Lemma 3.1.6, that
sup ‘X;")‘ < Cexp{CG*}, where

0<s<T

1 ; —1-
123" if p=1

K= >125,1f 11__2ﬁ’8§u<1;
1-2
= 6’ if 0<u< 1_55.

Finally, |0(X?)| < Cexp{CGF}, and from (3.1.42) it follows that

X"
)D XD ( < Cexp{CGF DyX™| dr + MG/ o
+MG/ / r—u)l‘*‘ﬁ dudr
+CG/ / =) dudr. (3.1.43)
It follows from Lemmas 3.1.1, 3.1.2 and 3.1.6 that
|X" — X7| < exp{CG"}|s —r|' " (3.1.44)

for any 1 — H < 3 < 1. In this case 1 — 23 > 0 and from (3.1.43)
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t
}DSXt("“)‘ < Cexp{CGF} + M / (DSXW dr

n)

+ MG/ ﬁdr + MG exp{CG*

O] (r =) 2ar

—I—CG// rfu“ﬂ@ du dr,

or, briefly,

’Dth("H)‘ < Cexp{CGF}

DX\ — DX

X( n)
dr—|—C’G// = u)i+P dudr.

+ CG exp{CG*

Further, forany 0 <u <r <T

T

DSX’r(‘n+1) - D9X7§n+1) - / Ul(Xl(ln))Dqu()n)dBf +\/ b/(X’L()n))DsXq()n)dv7

and we obtain by similar estimates that

(n)

DXV — p x(n+D) ’ < C’Gexp{C’G“}/ ﬁdv
- x|
—|—CG/ / RS dzdv, (3.1.45)
whence
(”+1) - D X(""‘l)‘
[
S 'Un)’
< CGeXp{CG””}/ ez / (v — u)ﬁ dv du
+CG/ _u1+6// v—zl‘*‘ﬁ dz dv.
(n) X DX ()|
Denote <pn ‘D X (pn f Wduv <p(1)(t) = DsXo,

@3(t) =0, cl< ) i= Cexp{CG } Co) 1= CGexplCG, o) = CG
Then for ¢, (t) := L (t) + @2 (t)
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~ _ t B t
o0 < C1(w) + Calw) [ b)) P+ Cafw) [ )

< Gu) + (Cate) + B [ enlr)le— s Par

S

@Ewrl(t) < ~2(W)/S (tii)prﬁ/u (:}On(zgﬁdvdu
- t 1 i
+Cg(w)/s (t—W/u o2 (v)dv du
B t L v du
202(“))/8 S"n(”)/s (vfu)[’(tfu)“rﬁdv
+C’3(w)/ ¥ (v) /” (t—ds)l‘*ﬁdv'

Since [(v —u) P (t —u)~ " Fdu < C(t — v) 72, with
C= fooo u™P(1 +u)"'Pdu, we have that

Fn(®) < Ca)C [ )=o) o+ Ga()C [ (- 0) P

< € (Ga(w) + Co()T?) / on(0)(t — v)~2dv,

S

Finally,

o) <0 (14 [ 0alw) (-0 +07) )
< C(w) (1 + 127 /Ot on(V)(t — U)_Zﬁv_wdv> )

where C(w) = CCy(w) V (C’g(w) + C3(w)TP v 1) for some C > 0.
Tt is very easy to check by induction, similarly to (3.1.20)—(3.1.21), that

on(t) < C(w)Cy exp{Cat (C(w)) T2 } =: (¢

~—

)

~—

where C1 and C; depend only on 8. In particular, ¢}, < (t) and @2 < (t).
Evidently, sup,<;<7 9 (t) =: C(w) < 00 a.s., and from (3.1.45) it follows that

r—u)lfﬁ

D - oo < ccte) (10 4 ),

ie. DX g Holder continuous of index 1—/ (it is necessary for induction).
Denote (2, := {w : C(w) < k}. Then
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p
B, sup ‘Dth(")‘ < kP < oo (3.1.46)

0<s<t<T

Moreover,

XY - Xt\ < /O t )b(X§">> - b(Xs>1 ds +

Xt >> o(Xn >+a<X< >>)
/ / (r—u)1+5 dudr.

From Lemma 7.1 (NR0O), conditions (i’), (x) and from (3.1.44), it follows that

() = o(X(V) = o) + o(X()

<C ’XT ~ Xy - X x

+C ]Xﬁm -] (1% Xl + ‘XT(”) —xm

)

<C ‘X,(.”) - X,| (Coxp{CG™} ju—1"") +C ’XT — X, — XM 4 xM|
Then
) o X
X - x| < cw) // 7 dudr
T—u

¢
—|—/ ‘XS(")—XS‘S_ﬁdS).
0

By similar estimates we obtain

/ ’X(nJrl qun+1) _X, -

(t—u)l+h du
‘L du " -5
- x4 x{
/ / T—U)HB dudr |.
Denote €1 (t) := ‘X(" et = [ ‘Xt" _x(M

x (t —u)" 1 Bdu, then

han) <) [ oas + [ sias),
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/ &l / )Hﬁds)scw /Ots-ﬁ(t—srﬁ(f;(s)+§Z<s>>ds

Let &u(t) = &1(6)+E2(¢), then &1 (1) < C(W)E? [ 572 (t — )26, (s)ds
Denote Cy(w) := sup |§0( )|. Then it is easy to obtain that
0<

r—20"
(1) < (C(w)" Oy (w) ———TL_yn(1=20) 3.1.47
Hence, By supg<;<p [6n(t)]” < Ck("*tYP < oo for some C' > 0 and any p > 0,
where 2 = {w: C(w) < k,Cy(w) < k}. Finally, we obtain from (3.1.47) that
P
FEy sup ‘Xt(n) - X
0<t<T
X(t) S Dl,oo,loc-
2. Let equation (3.1.28) be semilinear, i.e. it has a form

— 0, n — oo. Together with (3.1.46) it means that

t t
Xt:X0+/ b(XS)ds+a/ X.dBH,
0 0

where b satisfies conditions (i’), (i), (x), Xo satisfies condition (xii).
Then

t n
()| < ¢ [Ds X'|
’Dth ’ < C’l(w)JrC’(w)/s e

DX —D; X7
\0|//| e ‘dudr

DSXn+1 - D Xn+1|
D, X7 |D X” D, X7
()/( )d—i—CH P e

or in terms of ¢l (¢) and @2 (t) from Part 1 of the proof,

A0 < Ciw)+Cw) [ @) =) Pdr+CW)lol [ s
S (1) < C(w) / L ()t — )P dv + O(w) / 2 (0)(t —v) P,

Repeating the same estimates as in Part 1 but with other constants, we obtain

Pn(t) < Cr(w) exp{CG™(t — s)}.
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Evidently, £ |g0,1l T 126’

and for H > ¢ the coefficient 3 > 1 — H can be chosen in such a way that
= 26 < 2. Moreover in this, semilinear, case,

|p < Cp < oo since now, of course, p = 1, K =

e

X, —x™_x, +x™

|X” X| u
/ ———ds+ C(w I du dr,

+1) - X, - X(n+1)+X ‘
0 (t_U)H_B

t du t
n -8

/ / r—v)1+ﬁ —lavar)

< C(w /‘X(”)—X‘ B(t — 5)Pds

t 3 S s T Ay — Xs(n) + X’l()n)
t—s)” d
o) [a-o7 [ s

€1,1(t) < C(w) / £L(s)s~Pds + C(w) / €2(s)ds

£, <C /5 Bt —s)Pds + C(w /§ )(t — s)Pds,

or

N XM 4X (M =X+ X
where &) (t) = }Xt( )~ Xt‘v HOES (f | : (t—u)t+p |du'

Repeating the same estimates as in Part 1, but with other constants, we
obtain:

- Cn+1Gn+1C‘4(w)
0<t<T I'(n(1-28) ’
where &,(t) = €L (t) + £2(¢),

é _ _ k IXt _Xrl
4(w) = sup [§o(t)] = sup || Xo| +|Xel+ | ———5dr ).
0<t<T T)

0<t<T o (t—

According to Corollary 3.1.7, EC?(w) < oo for any p > 1if H > 3. Clearly,

P

EGP < o for any p > 1. Therefore, £ sup ‘Xt(”) - X,
0<t<T

obtain the proof. 0

< Cp < o0 and we
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Remark 3.1.15. Tt is easy to see that under conditions (i’)—(ii’) and (x)—(xii)
the derivative Dy X; satisfies the equation

t t
D,X; = o(X,) + / o' (X,)D, X, dB, + / V(X,)DyX,dr.  (3.1.48)

Remark 3.1.16. For differentiability and local differentiability of the solutions
of SDE involving fBm see also (NS05) and (MS07b).

Smoothness of the Functionals of the Solution

We consider equation (3.1.28) and suppose that the coefficients b and o satisfy
the conditions of Theorem 3.1.10 and the condition

(xiii) b, € CH(R).

Note that under these conditions equation (3.1.28) has a pathwise solution. Let
X; be any solution of (3.1.28) and the function F' € C?(R). Then for any fixed

T>0 fOT |F(X5)b(Xs)|ds < 0o a.s. Suppose that the process F'(X)o(X;) €
D1 2(H|) and a.s.

T [T
/ / |D,(F' (X))o (X)) [u— s|** " duds < co.
0 s
According to the It6 formula (2.7.3) and equality (2.4.2), it holds that
¢ t
F(X,) = F(Xo) +/ F’(Xs)b(Xs)ds+/ F'(X,)o(X,)dBE
0 0
¢ t
= F(Xo)+ [ PO+ [ FX)0(X)0B8
0 0
t ot
+ C’H/ / Dy(F'(X,)o(Xy)) lu— s/** " duds. (3.1.49)
0 Js
By using this equality, we can prove the following result. Denote

¢ ¢
el == exp {/ b (Xy)du —|—/ 0’(Xu)dB5} , 0<s<t<T.
S S

Theorem 3.1.17. Let the conditions of Theorem 3.1.10, condition (xiii) and
the following conditions hold:

(ziv) E [ |F(X)b(Xy)|dt < 0o, the function f(s) := EF'(X,)b(X,) is con-
tinuous on [0,T];
(zv) F'(X,)o(Xs) € D1 2(|H]|) and

T T
E/ / |D,(F' (X))o (X)) [u— s)** " duds < oo.
0 s
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Then the function p(t) := EF(Xy) is differentiable in t and
¢'(t) = EF'(X¢)b(Xy)
¢
+20HE (/ (F'(X,)o"(Xs)) o(Xs) |s — t** 7" (e5) " Vds - 5g> .
0

Proof. From the It6 formula (3.1.49) and conditions (xiv)—(xv) it follows that
t
o(t) = EF(Xo) + / EF'(X,)b(X,)ds
0

t ot
+ CH/ / ED,(F'(X,)o(Xy)) lu—s/** " duds, Cy =2aH.
0 Js

Note that the mathematical expectation of the divergence operator
E fo F'(Xs)o(Xs)0BHE = 0. Therefore, under (xiv) and (xv) we can differ-
entiate ¢ and obtain that

o' (t) = EF' (X)b(Xy) + 2aH/O EDy(F'(X)o(X)) [t — s[> ds.

Further, from the chain rule, Theorem 3.1.14 and Remark 3.1.15
D (F'(Xy)o(Xy)) = (F'(Xs)o(Xs)) Ds Xy, the derivative D, X, exists and
satisfies linear differential equation (3.1.48), whence

DX, = o(X,)el1 {s < t}.
Therefore
¢'(t) = BEF'(X;)b(Xy)

+2aHE (/ (F'(X,)o (X.)) o(Xs) s — t[227 1 (e5)ds - gg> .

0

3.1.5 Semilinear Stochastic Differential Equations Involving
Forward Integral w.r.t. fBm

Leén and Tudor in their paper (LT02) established the existence of a global
solution of a semilinear stochastic differential equation with forward integrals
(for the definition and properties of forward integral see Section 2.4). Let p > 1
and € (0,1). A process u € Dy ,(|H|) belongs to L7 if

[[ully

Live "= E(||uHL1 OT]) +E(HDUHL1 OT]z) < 0. (3.1.50)

It follows from (AN02) that L1? € Dom(dy) for any 0 <~ < H.
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The next statement from (LT02) establishes the relationship between the
forward integral (understood in the sense of ucp-convergence) and the diver-
gence operator that we denote here as fot us0 B (for P-convergence such a
statement was proved by (ANO02), see (2.4.1)). Here something like condition
(3.1.50) is needed.

Theorem 3.1.18 ((LT02)). 1)Let {u¢,t € [0,T]} be a stochastic process,
U € L%Q for some 1/2 < v < H and the trace condition holds,

T
/ / |Dgu,||r — s|** tdsdr < oo a.s.
o Jo

Then both the integrals, fot usdBf*’ and fot uS(SBf, exist for any t € [0,T]
and

¢ t t T
/ usdBM~ :/ u0BH + 2aH/ / Dgu,|r — s|** dsdr.
0 0 0 Jo

2) Now consider the semilinear stochastic differential equation
t t
X: = Xp —|—/ b(s, Xs)ds +/ o X dBE~ te0,T), (3.1.51)
0 0

where the coefficients b : 2 x [0,T] xR — R and o : 2 x [0,T] — R are
measurable, Xq is random variable, b and o satisfy the following assumptions:

(zvi) For allw € 2,t € [0,T] and z,y € R

‘b(w’ta Z‘) - b(wvt’ y)| < /{(w)\x - y|7
[b(w, £,0)] < k(w)

for some random variable k(w).
(zvii) o is forward integrable and there is €9 > 0 such that

. T T _ T _
lim, o0 SUPg <o ey P {fo | Jo ose N (Bl pp — BI)ds — [ 0sdBI|
X|0‘T€_1(B(Ii+€)AT — BH)|dr > c} =0.
(zviii) for all ¢ >0
. t, pr — r —
lim._,q P {SUPogth ‘fo (fy ose 1(B(I§+6)AT — BH)ds — [ 0,dBE:7)
xare’l(Bg+E)AT - Bﬁ)dr’ > c} =0.

Also, denote by A the class of all processes X such that (cX) is forward
integrable and for any ¢ > 0 and t € [0,T]
lim, o lim, o P { ‘f; 05X exp{— f; ars_l(B(Iers)AT — BH)dr}

(= (Bl np — B — e MBI, — Bf))ds’ > c} —0.
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Theorem 3.1.19 ((LT02)). Under assumptions (tvi)—(zviii) equation
(3.1.51) has a unique solution in the class A that is given by the unique solu-
tion of the equation

t t t
Xt:exp{/ osdBf’_}Xo—f—/ exp{/ asdBSH’_}b(u,Xu)du,te [0,77].
0 0 u

Here are some classes of coefficients satisfying assumptions (xvii) and
(xviii).
Ezample 3.1.20 ((LT02)). Assume that the stochastic process {oy,t € [0,T]}
satisfies the following conditions:

(xix) o € 12 for some 1/2 <y < H, and for some t, € [0,T]

T 1 2y
E(/ |Dsat0|?ds) < 00;
0

(xx) there exists 3 such that for all s,¢ € [0,7]
Eloy — o4 < c|s — t]?/?

and -
2
E(/ |Du(0s — at)ﬁdu) T < els —t)7
0

(xxi) Elo|? < oo and E(f) |Dyoy|[t — r[>*1dr)? < oo, t € [0, T];
(xxii) there exists p € (0, H) such that
(a) lime o0 SUPg. ., P{0: > c} = 0, where g9 > 0 and

T r p(s+e")AT 2 1/2
0, = 5_1_”+H(/ (/ / |Dyos||s — ul** tdu ds) dr) )
0 0 s—er)VO

(b) 9€£>Oase—>0,
(c)p>21—H+p)and H—p>1/2V pu.
Then o satisfies assumptions (xvi) and (xvii).

Ezample 3.1.21. Let {oy,t € [0,T]} be an absolutely continuous process of
the form

t
O't:O'():/ osds, te€[0,T7],
0

with o¢,6 € L1? for some 1/2 < v < H, and o satisfies conditions (xxi) and
(xxii). Then o satisfies assumptions (xvii) and (xviii).



3.1 SDEs Driven by fBm with Pathwise Integrals 223

3.1.6 Existence and Uniqueness of Solutions of SDE with
Two-Parameter Fractional Brownian Field

In this subsection we use the notations introduced in Subsection 2.2.4. We con-
tinue with the estimates of the two-parameter generalized Lebesgue—Stieltjes
integrals (the first result in this direction was formulated in Lemma 2.2.16),
and use these estimates to obtain the conditions of existence and uniqueness of
solution of SDE involving the two-parameter fBm. The estimates of the norms
of integrals on the whole duplicate the corresponding estimates from Lemmas
3.1.1-3.1.2 and Theorem 3.1.3, but are much more technical. Therefore we
omit the proofs. For details, see (MisIl03).

Another approach to SDEs involving a two-parameter fractional Brownian
field was developed in (TT03).

Denote Pr = [0,T1] x [0,73] C R3 and introduce the following norm on
the space V[/(’)Bl’ﬂ2 (Pr):

—A1t1—Aat2, B1, P2 (t).

||f||ﬁ1,ﬁ2,)\1,>\2 ‘= sup e Py
tePr

Also, recall that ||f]|| = sup |f(¢)].
tePr

Lemma 3.1.22. Let the function o : Pp x R — R and satisfy the following
conditions:

(xxiii) 1) o € C3(Pr x R);
2) 3 C > 0 such that |Do(t,z)| < C, where the symbol D stands for
any differentiation that is possible according to item 1) and (t,x) € PrxR;
3) Jo(r,0)] < C;

Also, let [ € W(')Bl’&(”PT), g € Wllf’gl’lfﬁQ(PT), for some 0 < B; < %,
i=1,2.
Then the following statements hold:

1 loC, f()lo.sr, g2 < Caygor(L+ FID +11f1l0,1, 8207
2) The generalized Lebesgue—Stieltjes integral

Gi(f) = / o(s, f.)dgs

Pr

exists, belongs to the spaces C1=Pv1=82 and Woﬁl’ﬁ2 (Pr) and admits in
these spaces the following estimates:

() |G (F)1-p1,1-p5 < Cgl,ﬁz,TAl—ﬁl,l—BQ (@)X +1[£1)
X(L+ [ fllo,s1,8:)7 " »
(b) G ()1, 82, 21 e < Cy o m A1y 1, (@A T2 N 122

XA AR (L 1 lsenne + A2, 4 ay sa) - (3:152)
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Here Cg, g, 7 depends only on (31,52 and T'.

Remark 3.1.23. All the estimates hold for f, = gs = B1H2 with H; € (%, 1)7
i=1,2.

Remark 3.1.24. Let the function o be bounded, fi(z) = f(z) + Co, where
Cp € R be some constant. Then [|G®)(f1)||3,.,.7,.2, can be estimated by
the right-hand side of (3.1.52), i.e. this estimate does not depend on C.

Lemma 3.1.25. Let the function o satisfy the condition
(xxv) o0 € C3(Pr) x C5(R), and conditions (xxiii), 2) and 3) hold. Also,
let f,h € Wéal’ﬁz and g € 1/1/11761’17’82 for some 0 < (3; < % and i =1,2.
Then

o o Cs, .8, 7M1 —51,1-8,(9)
IGO(F) = GO (h)]|g,, oo s, ne < —2 i}% jg,gﬁf? L+ |1£1+ ||R]])

<1+ 11 fllo,sr. g2 + |IRllo,51, 52)° (Hf = Mllgy,Ban ne + IS = h“Zl,ﬁm%,%?) ’
N>, i=1,2.

Lemma 3.1.26. 1) Let the function b = b(t,z) : Pr Xx R — R be of linear
growth: |b(t,z)| < C(1 + |z|). Also, let f € WP (Pr). Then the integral
FO(f) == [ b(s, f(s))ds € C*(Pr) fort € Pr and

P

Cpy a1
||F(b)(f)||ﬁ1,ﬁ2,)\1,)\2 < /\1_511)\21_52 (1 + ”fHﬁlﬁm)\l,)\Q)'
1 2

2)  If the function b is bounded, we have the same situation as described
in Remark 3.1.24.
3) If f,h e W (Pr) and || f|| < N, [[h]| < N, then

Cpy o, 1, N
HF(b)(f) - F(b)(h)Hﬁlyl‘}%)\h/\z < )\lélglﬁj\l_gz ||f - h||[51ﬁ27>\1,>\27
1 2

Ai > 1, i=1,2, where Cg, g, 7.n depends on (y,B2,T and N.

Consider now a stochastic differential equation on the plane,

X, = Xo+ /b(s,Xs)ds + /a(s,Xs)dBfl’H2 = Xo+ F”(X) + G\7(X),
Py P,

(3.1.53)
where t € Pr C R2, BH1:Hz2 is the fractional Brownian field with the Hurst
indices H; € (%, 1), 0,b: Pr x R — R are measurable bounded functions, o
satisfies conditions (xxv), (xxiii), 2), and the function b(s, ) is continuous in
s and Lipschitz in z.

The two-parameter process X; : Pr x 2 — R will be called a solution of
(3.1.53) if it converts (3.1.53) into identity for a.a. w € {2 and any ¢ € Pr, and
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the integral Gﬁg)(X ) exists for a.a. w € (2 as the two-parameter generalized
Lebesgue—Stieltjes integral. The proof of the main result, stated in the next

theorem, relies, in particular, on the boundedness of the coefficients and on
Remark 3.1.24.

Theorem 3.1.27. Under the conditions mentioned above, SDE (3.1.53) has
a unique solution in the class VVOBI“H2 (Pr) and for a.a. w € 02,
X e CVPl=P2 forany 1 — H; < B; < %, i1=1,2.

3.2 The Mixed SDE Involving Both the Wiener Process
and fBm

Real objects varying in time (climate and weather derivative, prices on the
stock market etc.) can have a component with a long memory (that is mod-
eled by fBm with H € (1/2,1)) and also a component without memory (that
is modeled by a Wiener process). Therefore, it is natural to consider stochas-
tic differential equations involving both Brownian and fractional Brownian
motions. We refer to such equations as mixed stochastic differential equa-
tions(and, correspondingly, to such models as mixed models).

The conditions of existence of a local solution of the mixed SDE were for-
mulated in Theorem 3.1.9. Of course, we would like to establish the conditions
of the existence of a global solution. We start with the semilinear SDE.

3.2.1 The Existence and Uniqueness of the Solution of the Mixed
Semilinear SDE

Consider an SDE of the form
t t t
X: = Xp +/ b(s, Xs)ds + 01/ X dW, + 02/ XsdBf,t €10,7Y], (3.2.1)
0 0 0

where X is an Fy-measurable random variable, o1 and o9 are real numbers,
{Wy, Fi,t € [0,T)} and {BH, F;,t € [0,T]} are a Wiener process and fBm,
correspondingly, on the same probability space (2, F, F;,t € [0,T]), without
any suppositions on their dependence.

Theorem 3.2.1. Let the function b satisfy Lipschitz and linear growth con-
ditions in x:

[b(t, ) = (¢, y)| < Llz =y, [b(t, 2)| < L1+ |z]), L>0,2,y €R,

and is continuous in both variables, b € C([0,T] x R).
Then there exists the unique solution {X,t € [0,T]} of equation (3.2.1),
and the trajectories of X a.s. belong to C/?7[0,T).
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Proof. First, we use Theorem 3.1.9 and construct a local solution. In this
order we consider an auxiliary system of partial differential equations (3.1.27)
that now acquires the following form:

9z,

DY, (21, 2)) = 03h(Y, (21, 22)), § = 1,2,
h(YO7070) = X().

The solution of this system has the form
h(K (Z1> ZQ)) = (Y - YQ + Xo) exp{alZl + O’QZQ}, (322)

where Z,(t) = Wy, Za(t) = BE.

Now we try to construct the local solution X; of equation (3.2.1) in the
form of Xy = h(Y:, (Z1(t), Z2(t))), where the trajectories of Y a.s. belong to
C0,T],Y(0) = Yy be some Fy-measurable random variable. Applying the
It6 formula (2.7.2) from Remark 2.7.4, we obtain that

. 9h
dX; = a—Z(Kg7Z1(t),Zg(t))dZi(t)
=1 1
oh L1,
o (Ve Zu(8), Za(0)Y{dt + So3h(Ye, Za(t), Za(t))dt. (3.2.3)

Comparing (3.2.1) and (3.2.3), we get the ordinary differential equation for
the process Y:

{ Y{ = (er(t)710(t, (Y2 — Yo + Xo)er(t) — 507 (Yy — Yo + Xo) =: f(L,Y),
Y(0) = Yo,

(3.2.4)
where ¢ (t) = exp{o1Z1(t) + 02Z5(t)}.

Further we fix w € 2 and put for this w L1 (7)) := maxo<i<r(c1(t))
> 0, LQ(T) 1= MaxXg<t<T Cl(t) >0, D; = LLl(T), Dy =L+ %0’% Then for
t < ap and |Y; — Yy| < by with some ag, by > 0 we have that
M :=maxo<i<r | f(t,Ye)| < L(L1(T) + bo + [ Xo|) + 507 (bo + | Xo])
= D1 + Da(by + | Xo|) =: Mo, and by the Picard theorem, the solution of
equation (3.2.4) exists and is unique on the interval [0,1(], where 1(0) :=
min(ag, bo/M) > min(ag,by/My) =: to; consequently, the solution exists on
[07 tO]'

By using (3.2.2), the solution at the point t; can be bounded by
|h(Yes Z1(t0), Z2(to))| < [Yi, — Yo + Xo|L2(T) < (bo + |Xo|)L2(T). Evidently,
the trajectories of the solution belong to C1/2~ [0, to], since Y is continuously
differentiable (recall that b € C([0,T] x R)) and exp{o1Z1(t) + 0222(t)} =
exp{o1W; + a9 B} € CY/27[0, ).

Now we want to extend the solution for [0,T]. The value X, will be the

)

new initial value X(()1 , and

1X5V] < (bo + | Xo|) La(T).
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Now, for |t — to| < a1,|Y: — Vi, | < by, for some a; and b; > 0, the solution
of (3.2.4) exists on the interval [to,?1], where t; — tg = min(ay, by /M7) with
My = Dy + Da(by + (bo + |Xo|)L2(T')). In the nth step of this procedure
of the extension of the solution we obtain ¢, — t,,—1 = min(ay,, b,/M,) with
M, = Dy + Da(by, + 3724 by, LETH(T) + | Xo| LT (T))) and the solution
exists on [t,—1,ty).

Now we have two possibilities: if | Xo| < 1 we can put b, = 1,0 < k <n
and by /M, = (Dy + Do(S0 LE(T) + | Xol L3 1(T))) !

> (Dy + Dy 1T~ = K, I | Xo| > 1 then we put by = | Xy,

0 < k < n and in this case also b,,/M,, > K,,. For both the cases put a,, = K,
n
n>0and t, —th_1 = an,tn = Y ap.
k=0

(a) Let Lo(T') < 1. Then the series Y a,, diverges, so, there exists only a
n>0
finite number of aforementioned steps and we obtain the existence of a solution
on the whole interval [0, T1.

(b) Let Lo(T) > 1. Then the series Y a, converges, possibly, its sum
n>0
S < T and we obtain the existence of a solution on [0, .S). Therefore, we have

established the existence of a finite solution on [0, %] By the same method we
%, S] with the same step g, since the size of step does not
depend on the initial value Xy. So, we can extend the solution with the step g
on the whole [0, T']. The uniqueness of the solution follows from Theorem 3.1.9.
It follows from its construction (see (3.2.2) and (3.2.4)), that the trajectories

of solution belong to C'*/27[0,T]. O

can extend it on [

3.2.2 The Existence and Uniqueness of the Solution of the Mixed
SDE for fBm with H € (3/4,1)

Now we consider a mixed SDE without any semilinear restrictions but only
for H € (3/4,1).

Existence and Uniqueness of Solution of Mixed SDE for fBm with
H € (3/4,1) and with Stabilizing Term

We follow here the approach of (MP07). Consider the following mixed SDE:
t t
X =X —|—/ a(s, Xs)ds +/ b(s, Xs)dW,
0 0
t t
+/ o(s, Xo)dBH + 5/ o(s, X,)dVa, tE[0,T], (3.2.5)
0 0

where a,b,c¢ : [0,T7] x R — R are measurable functions, V, W are indepen-
dent Wiener processes, € > 0 and B¥ is independent of W and V fractional
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Brownian motion with H € (3/4,1), X is independent of W, B and V. The

integral sfot c(s, X5)dVs will play the role of the stabilizing term. It permits
us to establish the existence and uniqueness of the solution of (3.2.5), adapted
to the filtration

F|, t >0, where F| = 0{Xo, W,, (Vs + B?)|s € [0,1]}. (3.2.6)

The results are valid also for the case when b = 0. If ¢ = 0 and b = 0, we obtain
equation (3.1.6) with g = B whose existence and uniqueness conditions were
formulated in Theorem 3.1.4. As we shall see, the stabilizing term permits us
to avoid the smoothness condition on ¢, for example, the existence and Holder
properties of d,¢(s,z). The main result that we use in the proof was stated
by Cheridito (Che01b). For the completeness of exposition we shall present it
here. Its proof originated in the papers (HH76) and (Hit68).

Proposition 3.2.2. 1. Let {W;,t € [0,T]} be a Wiener process, {B},t €
[0,T]} be an independent fBm with H € (3/4,1), v € R\ {0},
M7 .= B, +~BHE, tel0,T],

with its own filtration {FtMHW,t € [0,77}.

Then {MtH’W,FtMHW,t € [0,T1} is equivalent to Brownian motion; conse-
quently it is a semimartingale.

2. There exists a unique real-valued Volterra kernel h = h. € L[0,T]?
such that

t s
By := M —/ / h(s,u)dMP7ds, t€[0,T]
0 Jo
18 a Brownian motion. Furthermore,
i s
MY = B, —/ / r(s,u)dB,ds, te€[0,T], (3.2.7)
o Jo
where r = 1., € Ly[0,T)?.

1
As a consequence, the process N/ := BH +¢V, = ¢(V, + 1B = thH’ c

can be represented as

t s
Ne = ey +/O /0 ere(s,u)dV,.ds, (3.2.8)

where V' is some Wiener process with respect to filtration F; := o{eVs +
BH s €10,t]} and, from the independence of V, W, B and X, it is a Wiener
process w.r.t. {F/,t € [0,T]}. Using (3.2.26), we can rewrite the equation
(3.2.4) in the form
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t t
X =X —|—/ a(s7X5)ds+/ b(s, Xs)dWs
0 0

t t s
+8/ c(s,Xs)st’—F/ C(S,Xs)/ ere(s,u)dV)ds. (3.2.9)
0 0 0

The drift coefficient of equation (3.2.9) equals a(s,z) + c(s,z,w),
where c(s,z,w) = c(s,x) [ ere(s,u)dV,. Evidently, the random variable

f(f ere(s,u)dV, is not bounded, but we can consider the sequence of stopping

times 7™ = inf{t € [0,T] : fot(f(f ere(s,u)dV.)?ds > M} AT, and consider the
sequence of corresponding stopped equations. The existence and uniqueness
of the solutions of these equations can be established by standard methods
and then it is easy to pass to the limit when M — oo. Finally, we obtain the
following result (note that in this section we begin with the new numeration
of the conditions).

Theorem 3.2.3. Let the following conditions hold:

(i) The functions |a(s,0)| + |b(s,0)] + |c(s,0)| < L, s € [0,T] and
la(s, )| + 1b(s,z)| + |e(s, z)| < L(1 + |z|), for some constant L > 0;
(i) there exists an increasing function I(s) : [0,T] — R such that Vz,y € R

la(s, x) —a(s, y)| + [b(s, z) = b(s, y)| + |e(s, 2) — c(s,y)| < U(s)|z —yl;
(iii) the initial value Xy is square-integrable.

Then equation (3.2.9), and consequently equation (3.2.5), has on [0,T] the
unique JFi-adapted solution X.

The Existence and Uniqueness of the Solution of the Mixed SDE
Involving fBm with H € (3/4,1) as the Limit Result for the
Equations with the Stabilizing Term

Now we want to pass to the limit as € — 0 in equation (3.2.5). Let
e =1/N,N > 1, and consider the sequence of the equations with the
stabilizing term

t i
XtIV:X0+/ a(s,XSN)dt—F/ b(s, XN )aw,
0 0 (3.2.10)

t 1 t
+/ c(s,XéV)dBf—i—N/ (s, XN)dvs, te0,T).
0 0

Let the coefficients a,b,c and Xy satisfy conditions (i), (ii) and (iii). Then,
according to Theorem 3.2.3, equation (3.2.10) has a unique strong solution, say
{X},t € [0,T]}. Evidently, the solutions are adapted to different filtrations
FN = o{Xo,Ws,(N"'V, + BE) s € [0,t]}. The aim of this section is to
establish the conditions of existence and uniqueness of the solution of the
limit mixed equation
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t t t
Xt:X0+/ a(s7XS)ds+/ b(s7Xs)dW5+/ c(s,X5)dBE, telo,1).
0 0 0

(3.2.11)
Let the coefficients of equation (3.2.11) satisfy assumption (iii) and the
following ones: there exist such constants B,L,M > 0,y € (1 — H,1) and
k € (3/2 — H,1) that
(iv) all the coefficients are bounded:

la(s,z)| + |b(s, z)| + |e(s,x)| < L,Vs € [0,T],Vz € R;

(v) all the coefficients are Lipschitz in x:
la(t,z) — a(t, y)| + |(b(t, ) = b(t, y)| + |c(t, x) — c(t, y)| < Lz —yl,

vt € [0,T), Va,y € R,
(vi) the z-derivative of the function ¢ exists and is Holder continuous in t:
Vs,t € [0,T], Ve € R

le(s, ) — e(t, )| + |0gc(s, &) — Dpe(t,x)| < Lis —t|7.
(vii) the z-derivative of the function ¢ is Holder continuous in x:
|0xc(t, @) — Dpc(t,y)| < Llx —yl",

for vt € [0,T], Vz,y e R .

Remark 3.2.4. Note that for H € [3/4,1) 3/2— H > 1/H — 1, so condition
(vii) is more restrictive than the corresponding condition (ii) used in Theorem
3.1.4. In general, this last group of conditions is evidently more strong than
conditions (i)—(ii) of Theorem 3.2.3.

Now consider for 8 < (1/2AyAk/2A (k— %)) some “stochastic analog”
of the functional space of Besov type:

WP, T] :={Y = Yy (w)|(t,w) € [0,T] x 2,||Y]||s < oo}

with the norm

! |Y; — Y5 ’
Y|s:= sup | E(Y})?+E (/ ot el ds> ,
1Yl o, ]< (Y) o (t—s)ith

and prove that the solution of SDE (3.2.10) belongs to this space for any
N > 1. We shall denote different constants as C' if they do not depend on N
and it is unimportant to the stated results. First of all we prove the Holder
continuity of the solution of equation (3.2.10), by using (1.17.1) and (1.17.2).

Theorem 3.2.5. For any 6 € (0,1/2) the solution of equation (3.2.10) is
Hoélder continuous with parameter 1/2 — 4.
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Proof. Consider | XN — XN|for0<z<r <T:

s T 1 T
XN _xN| < ’/ a(u,Xu)du‘+’/ b(u, Xo) +N‘/ c(u, X )dV,
_ c .. _
(r—2) + C&slr — 2270 + S & slr — 21270

+‘/ co(u, Xu)
" e(u, X2V |du

u N _ N
+A1_ BH / / |C U, X C( Xv )|dvdu

(u—v)1th
N N
! 1/2—6 ! |X X ‘
< Cl(w)(r—2) +C(w / / (0 — o) 148 ————""dv du,
where
Cllw) = C(A_p(BT) V€5 v &5V 1), (3.2.12)

§f’5 and & 5 are defined by (1.17.2), Cj(w) < C7(w) and Cr(w) has the mo-
ments of any order.
Therefore, for § < 1/2 — 3 we have that

" XN XN r
Gr,s ::/:; Wd <Cl(w )(/ (r — )—1/2—5—de

u |XN
+/S r—zl+5// 1+5dvdudz)
< Cl(w) ((r — ) /2P0 / (r— u)’ﬁqﬁu,sdu).
From the modified Gronwall inequality (Lemma 7.6 (NR0O)) it follows that
brs < CLW)(r = )77 exp{Cl(w) =7 ).
Return to | XY — XN
XY = XN < CL(w)(r = 2)!/*7°
+ ) eplCL ™) [ (0= 9V 0 < Cro)(r - )12
where C,(w) = C’.(w) exp{C". (w)ﬁ}, and the theorem is proved for
0 <d < 1/2—p, and consequently for 0 < & < 1/2. a

Introduce the random variable C(w) := sup Cj(w). It also has moments
0<t<T
of any order. Now we want to prove that the solution of (3.2.10) belongs to
the space {WP?[0,T],| - ||g} for all N > 1.
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Theorem 3.2.6. Under assumptions (iii)—(vi) the solution of equation
(8.2.10) belongs to the space WP[0,T] of Besov type with norm || - ||g for
all N >1 and any B8 < (1/2AYAK/2AK— 1).

Proof. In order to prove the statement of this theorem, we want to estimate

RGP AN
(t—s)1+0

AV (1) + AY (1) == B(XN)? + E (/
0
First, for AY(t) we have that

B(XN)? <5E(X,)* + 5E</Ot a(s,X;V)ds)2 + 5E</Ot b(s,X;V)dWS)2

t 1 t
+5E(/ c(s,XSN)dBf)2+5E(N/ (s, XN)av,)?. (3.2.13)
0 0

Evidently, £ (fo 5, XN) ds) < L°T2,

2
E(f, b(s,Xg,V)dWs) < IPT, B (% Jy ols, XN)av, ) < KF
Further, for § < 1/2 — 8 we have that

E(/t (s, XN)dBH)2 <E(02(w)(/0t C(S’sifsjv)ds
[ ﬁguﬁmldudsy) <0E( <t [,
([ [z )

< C(E€2( )(L2T2 25—|—L2T2(1 B+7)) +L2 w))T3—2[3—25)

< L?T.

with C(w) = A;_g(B). From all these estimates it follows that A (t) < cc.
Consider now AY (t). We have that

XN
AV (#) <4E< ‘1), alu, d“|d5>

(t — s)1+P
. |fquNdW|d v 1Ll uXNdV|d
+4 (t — 5)1+0 s| +4 / (t — s)tt+p 3

| [T e(u, XY )dBE|
+4E/ T R IRNCEATY

Evidently,
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Xu)d
(/ |ft - 1+5u‘ s> < CL*?728,
—'5

Now, let p € (8,1/2), then we have the estimate

L 2 L
S b(u, X)Wl " _ i /t Bl [*b(u, X)Wl
A - o (t—s)2t2=2

&

b2 (u, X, ) du

1-2p
S I

ds < CL*'7%0 (3.2.15)

and similarly,

X,)dV,
(/ |f tu 8 s> < OL*'28,
—S

2
Now we estimate BV := (fo |f c(u, X, )dBH|(t - )*1’Bds> . Since

‘/ (u, Xu)

: / / e, @) e, X2l 1)~ ~Pdrdu) < Tw)

x(/st|c(u7Xu)| u—-s) ’Bdu+// u_rfy—i_LC(W)(u_r)l/Q_édrdu)7

(u —r)it+8

/ le(u, X)) | (u — s) Pdu

we have that for § < 1/2 — 8 EV can be bounded by

5 (C(w) /t Lt —s)' B+ L(t—s)'T7=F 4 LCN'(w)(t — 5)3/2-9-8 ds>2
0

(t — s)1+P

< O(L22 P EC  (w) + LHEF =B EC (w) + L2320~ EC” ()02 (w)).
(3.2.16)

Therefore, AY (t) satisfies the inequality
AN (1) < C(L2T?>28 + L2728 4 [2T2~ 4P O (w)
+ L2724 EOR (W) + LT3 2P EC7 ()2 (W) < 0o, (3.2.17)

Finally, the statement of our theorem follows from inequalities (3.2.13)—
(3.2.17) with sufficiently small § > 0. O
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Introduce for any R > 1 the stopping time 75 by
TR = inf{t: C{(w) > R} AT, (3.2.18)

where C}(w) is defined by (3.2.12). Evidently, for any w € §2 there exists R(w)
such that 7 = T for all R > R(w).

Define the processes {X2 ., N > 1,¢ € [0,T]} as the solutions of equation
(3.2.10) stopped at the moment 7g, and prove that they are fundamental in
the norm || - || of the space W40, T7.

Theorem 3.2.7. Under assumptions (iii)-(vi) the sequence
{X{,.. N >1,t€0,T]} of solutions of equations (3.2.10) is fundamental in
the norm || - || for any B8 < (1/2AvYAK/2A K — 3).

Proof. Consider

N,M N,M L
Al (t) + A2 (t) T E(XtJY\TR - Xt]\/{TR)z
2
+ E /t |Xt]>]\TR - Xt]V/{TR - Xé\/]\TR + XSM/\TR|d8
0 (t—s)tt7
TRAL |XNT _XMT —XN+XM| 2
= By = Xin )"+ B (/0 NS ds) |

First, for AN (t) we have the estimate

AVM(t) < 4E ( / " a5, X5 — (s, X ))ds)2
vap ([ " b, x) — b, X2 ))dwg)Q
+4F (/OTRM(C(& XNy — (s, Xj”))dBf) :

2

TRAL XN XM
+4F (/ <C(S’NS ) — C(S’Ms )> dV5> = 4L+ I+ I3+ 1y).
0

Then I, < CTL? [) B(XN.,, —XM_ )2ds, I, < CL* [} B(XN,,, XM

SATR SATR

)2ds,
I, < CL?’T(N~2+ M~2). Now we are in a position to estimate I3:
TRAL 2
I3 §2R2(E(/ \C(S,Xév)—c(s,Xéwﬂs*Bds)
0

TrAL s
FB( [ [ el ) = el ) el X2 + clu, X11)
0 0

2
X (s — u)*lfﬁduds) ) = 2RI, + I5).
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Further,

TRAL t
I < CL2T1*25E/ (XN - xM)2gs = CLQTHL’/ AYM (5)ds.
0 0
By using Lemma 7.1 (NR00), we estimate I5 as

TRAL L‘XN XM XN+XJVI‘ 2
Is<3E(/ / P dds)

TRAL L2 XN _ xM o\
+3E / / RS s s =w) du ds
0 0 (s —u)tth

TRAL s N _ xyM|(|xN _ xNix M _ xMir
4 3E / / LIXY — XX — X+ X, X )duds
(s —u)lts

2

2

= 3(-[6 + .[7 + Ig)

Here
t SATR X XM XN XM 2
IG S CTLQ/ E / | SATR SATR u + u |du dS,
0 0 (5 _ u)1+/3
I7 < CTLz/ =h E‘Xs/\TR - X?/{TRPCZS’

0

2

TRAL L|XN XM‘QR(S—’U/) Kk(1/2-6)
Is<E(/ / (5 —u)i? duds)

SCTLQRQ/ K—2K0— Q,BE‘X
0

|2ds,

SATR s/\‘rR

where we choose § in such a way that k — 2kd — 28 > 0. It is possible since
B<k—1/2s0 k—208>1/2— (> 0. Finally,

¢
Is < C’/ (AéVM(s) + (5208 4 CRQS”_Q”‘S_%)AiV’M(S))ds,
0
and

t t
ANM () SCRQ/O Af[’M(s)ds—i-C’RQ/O ANM (8)ds

+C(N"2 4+ M~2). (3.2.19)

Return to AY™(¢). It admits the following estimate:
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TRAE [TRAt XN _ X]\/[ d 2
AyMy <o E(/ J,™ (alw X)) —alu, X)) “ds>
0

(t—s)+P

(t —s)1+0

TRAL (TR (g, XN — b, XM))dW, )
+E</ S (b, X0 — b, XE)AW,,
0

B ( [ 7 (el X2Y) = elu, X1))BY ds) 2
0

(t — 5)1+8

r TRAt  c(u, XN cuX 2
+E R/\thR ((Nu)_ ( ))dv ds

0 (t_S)H_B

= C(Iy + Iio + I11 + L12).
Further, for < p <1/2

TR/\t _ S) fOTR/\t L2|X7iv _ X{LVI|2du
(t — 5)226-2

S

Iy < CT'"%FE /

t
<Cor'-% / E (XN, — XM Vds<cr' / AYM (5)ds,
0 0

1-2 f E|Xu/\7' X'i\//[\‘l' |2du
ho < CT' | (t—;)2+25 St

t AN,M(S)
1-2p 1
<CT /0 ST

For I15 we have I5 < CT'=2%(N~2 4 M~2). Now consider I;;:
Iy < CR?*T' %/ (I13 + 1),

where

S

TRAt [TRAL XN d 2ﬁd
Ly SCE/ L (Xane, = (“t” )) NG d
— S

t
<C [ Ao s
0
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TRAL TRAL L|XN XM XN + XM|
I14<CE/ / / ORI dd)

TRAL 2
/ / LIXN — XMy — v)r~1- ﬁdvdu)

TrRAL
([ [ Xy - X (- X X - x)

2
X (u—v) 1 Pdu du) )(t — ) Yds =: C(I1s + I + I17),

where v = 2+ 23 — 2p, p > (. In turn,

I <CT2p—2ﬁ/tE(/§ATR ‘XsATR Xﬁm XN_FXM‘ ) ds
o= 0 0 (5 —u)tts

¢
= CTQ”*%/O ANM (s)ds,

ds

2
tE(fTRAt XN — XM|(y— )7~ ﬁdu)
IIG<C/ G5

t
SCT2P+27_4B/ ANM (5)ds,
0

where 8 < v, 8 < p. Furthermore,

2
TRAY (fSTRM JEIXN — XM |(u— v)r(/2=9=1=0gy du)
I,; < CR’E / ds,
0

(t—s)”
where we chose 0 < 0 < 1/2 — 3/k; note that 8 < k — 1/2. Similarly to Iy,
t
L7 < CR>Tr2r0+2p—458 / ANM(5)ds,
0

where kK — 2k + 2p — 43 > 0 for sufficiently small § since p > (8 and k > 2a.
Therefore we have

t
Iy < CR? /O (A{“M(s) + AéV’M(s))ds.

t N,M
I, <CR* A + AVM(s) | ds
SR NGNS |

Hence

Finally,
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t t
AVM(t) < CR? ( /O AVM(5)(t — 5)7172PH20gs 4 /0 AéV’M(s)ds)
+CO(N"24+ M%), (3.2.20)

From (3.2.19) and (3.2.20) we obtain that the sum AN (£) 4+ AY M (¢) admits
the same estimate as AY (¢), i.e.

t

AP () + A3 (1) < CR‘*/ (AiV’M(s)(t —5) 1Ty A?’M(s)) ds
0

+CO(N72+ M™2);

taking into account that p > [ and using the modified Gronwall lemma
(NRO00), we obtain that

AP (@) + A (@)
< CRYN72 + M~ ?)exp{t(CRY)Y/ (=25} (3.2.21)

and we can put, for example, p := 1/4+3/2. When N, M — 0, we obtain that
the right-hand side of (3.2.21) tends to zero, whence the proof follows. O

Theorem 3.2.8. The SDE (3.2.11) has a solution on the interval [0,T], and
this solution is unique.

Proof. Since the space {W?[0,T],| - ||} is complete, from Theorem 3.2.6 we
can define

Xrpnt i= Jim X7,
where the limit is taken in space W3[0, T] (in particular, we have that the
limit exists in Ly (§2 x [0,T])). Using similar estimates and Theorem 3.2.6, we
can prove that X, A; is the unique solution of the original equation (3.2.11)
on the interval [0, 7x].

From the definition (3.2.18) of 7 we have 7g, < 7r, for Ry < Ra. So X,
and X, coincide a.s. on the interval [0, 7g,]. Where R — oo we obtain the
existence and uniqueness of the solution of SDE (3.2.11) on the whole interval
[0,T7. O

3.2.3 The Girsanov Theorem and the Measure Transformation for
the Mixed Semilinear SDE

Consider equation (3.2.1) and suppose that W is underlying Wiener process
for B and that the coefficient b(t, x) satisfies the condition of Theorem 3.2.1
and can be presented as b(t,z) = e(t,x)x, where e € C,(R4 x R). Denote
é(t,z) :==e(t,x)t™, a =H—3, H € (1,1). Now we try to change the measure
P for another probability measure ) such that Qr < Pr, where Pr := P|p_,
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Qr = Q|z,, and such that the drift e(t, X;) X;dt will be annihilated under

Q. First, let some probability measure @ satisfy the assumptions

T 1 T
= exp / s dW, — 7/ soidS}
F { 0 2Jo
T
T 1 T
Eexp {/ P AW, — 5/ (pgds} =1 (3.2.22)
0 0

with EfOT plds < .
Then from the Girsanov theorem the process W; — fg ©2ds =: W, will be a

dQ
dpP

and

Wiener process under the measure @T. Also, let the measure Q be such that

Q| 1
P . = exp {LT — 2<L>T},

and

Eexp {LT - ;<L>T} =1, (3.2.23)

where L; = fotsa(SSdWs, M = fotlH(t,s)dBf, W, = @fotsadMSH,

fg L (t, 8)sds = &fg dsds, t > 0 with Efg s2%62ds < oo, fot |0s|ds < oo,
P-a.s., t > 0 (see Subsection 2.8.1). Then the process EtH = Bl — fg Ysds is

an fBm w.r.t. to measure Q}]:T' Now we need in the equality @‘ = Q|-7:T =
Fr

Q|}-T. Hence, in particular, L; = fot psdWy, whence p; = s*d,. Therefore we
want to find ¢ and 1 in such a way that common drift equals

o1p: + ooty = —e(t, Xy), t€][0,T]. (3.2.24)

Now we apply the Abel rearrangement to the relation

t t t
/ L (t, s)1sds = &/ deds = &/ s %psds :
0 0 0

t u
C’S) / (t —u)>! / (u—8)"%s “psds du
0 0

t u
= &/ (t —u)*! / s™ %psds du,
0 0

t t
t —

B(a,1 — a)C’S)/ s”%eds = &/ t=w?® u” “pudu,
0 0 @

or

whence after differentiation
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t
(aC®) oy, =@ / (t — u)* 'u gy du. (3.2.25)
0
Substituting (3.2.25) into (3.2.24), we obtain that

t
o104 —&—UgCI(L?)ta/ (t—u)* u"p,du = —e(t,Xt),CfL?) = aC}f)&. (3.2.26)
0

Denote 0, :=t~“¢,, then
t
010y + 02C\Y / (t — u)* Oudu = —é(t, Xy). (3.2.27)
0

Equation (3.2.27) is a Volterra equation with weak singularity, and its unique
solution has the form

na—1

é(t,Xt) 1 /t oo (t - S) R
[ A ny - X
9t o o1 Jo E P F(TLOL) 6(57 S)ds7
n=1

where p = UQC;_?)F(Q). Now we must check conditions (3.2.22) and (3.2.23).

Evidently, it is sufficient to check Novikov’s condition: E exp {% fOT @fdt} <

oo and EeXp{%<L>T} < 00. But ¢y = _etXy)

o1

— ot fot P p”%é(s, X)ds and is bounded since e is bounded. Fur-

ther, 05 = as™*ps, and Novikov’s condition evidently holds for the function
L, too. So, we have proved the following result.

Theorem 3.2.9. Under our suppositions equation (3.2.1) under measure Q
obtains the differential form

dX, = o, X, dW, + 02X, dBHF, X(0) = X,
and its solution has a form

X; = Xo exp{alwt + UgétH — 1/20%t}.

3.3 Stochastic Differential Equations with Fractional
White Noise

3.3.1 The Lipschitz and the Growth Conditions on the Negative
Norms of Coefficients

Now we return to Wick integration with respect to fBm (see Sections 1.5 and
2.3). Consider the SDE of the form
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Xo = Xo+ [3b(s, Xs)ds + 3 [ 0j(s, X,) & B ds,
j=1
t€[0,T],

(3.3.1)

where all H; € [1/2,1) are different, BYi are the fractional noises. The equa-
tion, similar to (3.3.1), but with white noise was studied by Vage (Vage96).
Note that the proof of the existence and uniqueness result in (Vage96) is in
fact based not on the structure of white noise, but on its inclusion into S™*,
and this fact holds for fractional noise also, see Lemma 1.5.3. According to
Theorem 1 (Vage96), the negative norm of the Wick products admits the fol-
lowing estimate:

I1FQ G| =r < CrgllF)l=+||G||=¢ for random variables F' € S_,, G € S_,,
r < q— 1. According to Lemma 1.5.3, BtH’“ € S_, for any ¢ > 7/3, in partic-
ular, B/"* € S_3 and, moreover, sup,s, || B/*||_, < C, for ¢ > 7/3 and some
Cy > 0. -

Therefore, for any r > 0 and F € S_,. |[F & B ||, < C||F||_,.

Suppose now that the coefficients b and o and the initial value Xy of
equation (3.3.1) satisfy the conditions:

(i) forany 1 < j < mandsomer > 0,b,0;:[0,T|xS_, — S_,, Xog € S_,,
the functions b(t, X;) and o,(¢,X;),1 < j < m are strongly measurable on
[0,T] for any X € C([0,T],S—,);

(ii) for some r > 0

16(t, ) — bt y)l| - + Z loj(t,2) — ot y)l-» < Cllz —yll—», 0<E<T,
16, )| + Z ||0'J(t o) <l +flz|-r), 0<t<T.

It follows from strong measurability of o; and Theorem 6 (Vage96) that
oi(t,z) BtH 7 is also strongly measurable. Further, condition (ii) ensures the
existence of fot b(s, X;)ds and fot aj(s,x)Oijds,O < t < T, that can be
considered as the Bochner integrals in S_,. for X € C([0,T],S_,).

The next result can be proved with the help of the standard method of suc-
cessive approximations (similar proof for white noise is contained in (Vage96)).

Theorem 3.3.1. Under conditions (i) and (ii) equation (3.3.1) has on [0,T)
the unique solution X € C([0,T],S_,).

3.3.2 Quasilinear SDE with Fractional Noise

As mentioned in (Vage96), simultaneous fulfilment of the Lipschitz and growth
conditions on the negative norms of coefficients is very restrictive. To avoid
this, we consider the quasilinear equation of the form

= Xo+ b(s Xs,w ds—l—Z/ 0j(s)X, & Bids, (3.3.2)
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where H; € [1/2,1), the coefficients and the initial value Xy satisfy the fol-
lowing conditions:

(iii) o;(s), 1 < j < m are nonrandom functions, o; € Ly ,4,[0,T];

(iv) the function b(s,z,w) : [0,T] x R x S" — R is measurable in all the
arguments,

|b(s, z,w)| < C(1+ |z|), w e S'(R), s € [0,T], z € R;
[b(s, z,w) = b(s,y,w)| < Clz —y|, 2,y €R, w € F(R), s € [0,T];
(v) Xo € L,(2) = L,(S"(R)) for some p > 0.

Theorem 3.3.2. Under conditions (iii)—(v) the equation (3.3.2) has on [0,T)
the unique solution X € Ly (£2) for any p’ < p.

Proof. Let, for simplicity, m =1, H; = H € (1/2,1). Consider the differential
form of equation (3.3.2)
dX,
dt
Put o4(s) := o(s)1[,4(s), and suppose that .J,(t) is the Wick exponent of the
form J,(t) = exp<> fo s)dBH), where the Wick exponent is defined as

=b(t,X;) +o(t)X: O BE,  X(0) = X,. (3.3.3)

exp® X := Z XO . Then, according to formula (1.6.1),

Jo(t) = exp® { - / (MH,)(5)d W, }.

Denote also Z; := J,(t) & X;.
By the rules of stochastic differentiation (see, for example, (HOUZ96)),

daz, dX dJs,
o B o2 o x, 0y
and we obtain from (3.3.3) that
% _ o) it x), (3.3.4)

Now we use the Gjessing lemma (Gje94), which states that
dJ ( )

dJ,(t
(t Xt7 ) = dt< ) . b(t7T—(M£IUt)Xt’w + Mfo’t), (335)

where T is the shift operator, T,,, F(w) = F(w 4 wp) for any wy € S'(R).
Similarly, Z; = J,(t)-T_ (a4 5,) X1, and from (3.3.4)~(3.3.5) we obtain that
Z, is the solution of the ordinary differential equation

dZy — dJ,(t)
dt — dt

b(t, IS ) - Zyyw + MPoy), Zo = Xo, (3.3.6)
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for any w € S'(R). Equation (3.3.6) differs from the corresponding equation
(3.6.15) for the white noise (see the book (HOUZ96)) only with the function
MHg, instead of o,. However, it has the same structure, which means that
conditions (iii)—(v) ensure the existence and the uniqueness of the solution of
equation (3.3.2) for any w € S’(R) on the interval [0,T]. Now we estimate the
moments of the solution X;.

First, from conditions (iii)—(iv)

%] < 1Xo| + fy Jo()la(s, I () 2w = (M)l ds
<|X0|+CfO (s)(1+ J; ()|Z|)ds
<|X0|+Cf0 ds+cf0 |Z|ds,

and from the Gronwall inequality it follows that

[Z:| < (| Xo] + C’fo +(s)ds) exp{CT},

(3.3.7)
E\Z;|P < exp{pCT}2P(E|Xo|P + C'Efo |5 (8)|Pds).

Since
E|Js(s)|P + Eexp®{—p [r (M7 0,)(s)dW,}

= exp{p*| M o, ”%Q(R)}a

and condition (iii) and inequality (1.9.2) ensure that (Mfo,) € La(R),
therefore we obtain from (3.3.7) that E|Z;|? < oo for any p > 0. Further,
T_(mtopyXe = ZiJ; (), and E|J N (t)|9 < oo for any ¢ > 0, therefore
T (n# )Xt € Ly (82) for any p’ < p. Since MHg, € Ly(R), we obtain from
Corollary 2.10.5 (HOUZ96) that X € L,/ (£2) for any p’ < p. O

3.4 The Rate of Convergence of Euler Approximations
of Solutions of SDE Involving fBm

The numerical solution of stochastic differential equations driven by Wiener
process is essentially based on the method of time discretization and has a long
history. We refer to the monograph (KP92), which contains an almost com-
plete theory of the numerical solution of such SDEs with regular coefficients.
The paper (KP94) is devoted to the Euler approximations for SDEs driven by
semimartingales. Concerning the numerical solution of SDEs driven by fBm,
we mention first the paper (GA98), where the equations with the modified fBm
(which is a special semimartingale) are studied. The papers (Nou05; NN06)
study Euler approximations for the homogeneous one-dimensional SDEs in-
volving fBm and having bounded coefficients with bounded derivatives up to
third order. It is proved that the error of the approximation is a.s. equivalent
to 62%¢,, and the process &, is given explicitly. These papers also discuss the
Crank—Nicholson and the Milstein schemes for SDEs driven by fBm. Here we
present the results on the rate of convergence of Euler approximations of solu-
tions for SDE with nonstationary coefficients. Of course, our approach differs
from those proposed in (Nou05),(NNOG).
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3.4.1 Approximation of Pathwise Equations

Consider the multidimensional equation (3.1.12) with the coefficients satis-
fying the Re-version of assumptions (i)-(v) of Subsection 3.1.1 with H; =
H,1<j <m,by(t) = L (see Remark 3.1.5 for additional notations). Under
these assumptions, this equation has the unique solution {X;,¢ € [0,T]} and
for a.a. w € {2 the trajectories of the solution belong to C*~[0, T].

Now, let t € [0,T],6 = %,Tn = % =nd,n = 0,...,N. Consider the
discrete Euler approximations of the solution of equation (3.1.12),

~is ,
V0 =Y 4 bi(7a, Y, 5+Zaﬂ T, YO)ABLH Y0 = X
and the corresponding continuous interpolations

Y;i,ﬁ = }77?,;6+bi(7m?r(il)(t_Tn)"'Z oji(Tmi‘i)(BgV —BIHY b€ [, Taaa)-

Tn

j=1
(3.4.1)
The continuous interpolations satisfy the equation
‘ ' t mo ot .
v = xi +/ bi(te, Yy )du + Z/ 0jitu, Y, )dBIH, (3.4.2)
0 — Jo

where t, = Ty, , Ny, = max{n : 7, < u}.
For simplicity we denote the vector of solutions as Xy = (X});=1,.._a, the
vector of the continuous approximations as Y,f = (Yt‘s’l)i=17___7d.

Theorem 3.4.1. 1) Let the modification of conditions (i)-(v’) from Section
3.1 hold for the vector case, withy>1—H, k=p=1, Lp=L, Mp =M
and by(t) = L.

Then for any e > 0 and 0 < p < H there exist g > 0 and 2. 5, , C {2 such
that P(£.s,,) > 1 —¢ and for any w € 2. 5, ,, 6 < 8o one has |Y?| < C(w),
Y2 -V <Cw)(ts —t) 7, 0<r<s<T.

2) If, instead of (v) and (v’) we assume that b and o are bounded functions,
then |Y2| < C(w), Y2 - Y2 | < Cw)(s—m)H7,0<r<s<T.

In both the cases C'(w) does not depend on 6.

Proof. 1) We can always assume that § < 1. It follows immediately from (i)
and (iii), Section 3.1.1 and (3.4.2) that for any 8 € (1 — H,y A 1/2)
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. . t < ¢ j
v+ [ vl S| %@u’Yt‘i)dBi’H\

Jj=1

t mo ot
§|Xé|+L/ (1+|Yt‘i|)du+GTZ/ 074t Y )| u P
0 =iJo

m t T
+GTZ/ / |O—ji(tr7}/ti)*O'ji(tu,Y;gi”(T*U)iﬁildudr
= Jo Jo

| 15 :
< |xé| + (mMGT% +LT) + (mMGr + LT?) /O V7 |u du

t tr
+MGT// ((trftu)”+|Y;‘ifo\+|Yf*E‘f,})
0 JO

x (r—u) P Ydudr,
(3.4.3)
where G := Al,g(BH)‘ (We use here the equality ¢, = ¢, for t, < u <7r.)

Denote C1(w) = [Xo| + (mMGTTlfa + LT), Co(w) == (mMGr + LT?).

l—a

Further, note that ¢, — t, < r —u + J. Also, it follows from representations
(3.4.1) and (3.4.2) that for any p € (0, H)

|Y1?_Y7-5i’ SL(]-—’_‘YI-S?L’)(u_tu)"_MC(va)(1+ ’Yii|>(u_tu)H_p

< Ca(w) (14 V2] ) (w— 1),
(3.4.4)
where the value C(w, p) appears in the relation
|BtH - BSH| S C(wv p)|t - 5|H7p’ S, te [07 T]a 03(w) = LT17H+p +M : C(w7 p)
Moreover, for v >

t oty
P = / / (t, —tu)(r —u) P Y dudr
0o Jo
t pty
< / / ((r =) +67)(r —w) " dudr
0o Jo
t t
<Gt [ a5 [ ),
0 0
and for any k£ > 0 and any power 7w > —1

Th41 Thk41
/ (r—t,)"dr = / (r —m)"dr = C16™ M with €} = (7 +1)71,

k k

whence
t T
/ (r —t,)Pdr < / (r—t,) Pdr = C,N§* =P = C1675. (3.4.5)
0 0

Therefore
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P <O T A 4 3100 < O\T AT 4 B0 = Oy, (3.4.6)

Estimate now

t oty
Q= / / |Y1f - Yt‘N (r —u)"P~tdudr,
0o Jo
using (3.4.4) and (3.4.5):

Qi < Ca(w)(1+Y,) /Ot /Otr(u —t)" P (r —w) P dudr

t
< Cs(w)(1+ Y;**)(sH—Pg—l/ (r —t.)Pdr < Cy(w) (1 + V™) —P=r
0

(3.4.7)
with Cy(w) = Cs(w)B~1 - €. Note that Y* := SUPg<,<; | Y| < oo for any
t € [0,T] a.s. Substituting (3.4.6) and (3.4.7) into (3.4.3), we obtain that

t
V] < C5(w) +mCs(w) / |V | =P du+ mCy(w)y; 657
0

t b
+ Cs(w) / / ©rydudr,
o Jo

where ¢, == [V = Y2|(r —u)™P71 for 0 <v <t, <T,0< <1 with
C5(LU) = mCl(w) + mGrCq + mClGTCg,(w) + C’4(w), C@(w) = MGrt. To
simplify the notations, in what follows we remove subscripts from C(w) and
C, writing C(w) for all constants depending on w and C for all nonrandom
constants.

Summing up everything, we can write

t t iy
V) < Cw) (1 T A et / [V | u™Pdu + / / @rudu dr).
0 o Jo
(3.4.9)
In turn, we can estimate fg ° s udu. First, similarly to the previous estimates,

(3.4.8)

YV Y| < Clw [/t (1+ |Y5|)dv+/ts (1+ |Yt‘i|>(v—u)*5dv
/ / tv,Y —a(tZ,Yti)‘(v—z)_ﬁ_ldzdv}

<@t + [ -

ts
+6'y/ (v—1ty)~ 5dv+/ / Yy 2dz dv
[ el

(v—2)7P ldzdv]
(3.4.10)
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multiplying by (s —u)~?~! and integrating over [0,,], we obtain that

/ Psudu < C(w ZQ (3.4.11)
0
where

s ts
QL= / (ts —u) P (s —u) P ldu < / (s—u)Pdu<C; (3.4.12)
0 0

ts ts
Qg ::/0 (s—u)_ﬂ_l/ ‘Y;‘H(v—u)_ﬁdv

ts
/0

where C' = [[°(1+y) 1y~ Pdy;

v te
(v —u)"P(s —u) P ldudv < C’/ |yt5{ (s —v)2dy,
0 0
(3.4.13)

ts ts
Q3= 67/ (s —u) Pt / (v —t,) Pdvdu
0 u

. (3.4.14)
gﬂ*lm/ (s —v)Pv—t,) Pdv.
0

Let ts = nd for some 0 < n < N. The last integral can be estimated as
te n—2 (k+1)6 (n—1/2)6é no
I::/ (s—v)_ﬁ(v—tv)_ﬁdv:Z/ —l—/ +/ ,
0 k=0 7 ko (n—1)6 (n—1/2)é

where

(k+1) (k+1)8
/ <(s—(k+1)8)7" / (v —7,)Pdv < C(s — (k+1)5) PP
ko ké

and the last two integrals are bounded by C§'~27. Therefore, I < C§°.
Further, using estimate (3.4.4), we can conclude that

ts ts pto
Q;‘ 12/ (s —u) —h- 1/ / Yu,zdz dv du
/ / / Pu-(s —u) P dudz dv (3.4.15)
ts
<C/ (s —v) '6/ 0y 2dz dv.

Finally, similarly to the previous estimates,
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ts ts ty
Q3 ::/ (s—u)_ﬁ_l/ / ‘YZ‘S—Yt‘N(v—z)_B_ldzdvdu
0 u u
ts ts  ply
SC’(w)/ (s—u)fﬁ*l/ / (v—z)fﬁ*ldzdvdu-(SH*pO%—’Yt‘i’*
0 u u

Jori=es,

)

(3.4.16)
Now, denote 95 := Y;,‘;?*—ngs ©swdu. Then it follows from (3.4.9) and (3.4.11)—
(3.4.16) that for any ¢ € [0,T] (including t = k¢)

< C)(1+ v

W(t) < C(w) (1 pySrsH—B=r 4 / t ((t—v)"2% ¢ v—ﬁ)%dv).

0

Let € > 0 be fixed. Note that all constants C'(w) are finite a.s. and independent
of 4. Thus, we can choose §y > 0, p small enough such that H — 3 — p > 0,
and (2. 5, , such that C(w)éy ?7? < 1/2 on 2.5,, and P(2.4,,) > 1 —e.
Then for any w € 2 5,,,

t
Py < C(w) + %wt + C(w)/0 ((t — v)—2ﬂ + v—ﬁ)wvdv,

whence .
Yy < C(w) (1 4128 / (t— U)_%v_%wvdv),
0

and it follows immediately from the last equation and (3.1.22)—(3.1.23) that
¥y < C(w) whence, in particular, |Y{| < C(w), t € [0,T]. Moreover, from
(3.4.10) with uw = t,., r < s, taking into account that

Jo (v —t,)"Pdv = (1—-B)"'67"(ts —t,), we obtain the bound

V2 = V2 < C@)((bs = )7+ Pty — ) + (b — 1)

ot [ "0t ) < Clo)fts — 1)

T

and statement 1) is proved.
2) Let |b(t,z)| < b, |o(t,z)| < o. Then it is very easy to see that estimate
(3.4.8) will take the form

t t,
IYJ‘|§C(w)(1+// sor,vdudr),
0 0

(3.4.10) will take the form

Y2

s

v < C(w)((ltS — )P (87 + 6T7P) /ts(v 1) Bdv

ts ty h
+/ / Oy,2dz dv),
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and instead of (3.4.11)—(3.4.16) we obtain

ts ts ty
/ s udu < C(w) (1 + / (s — v)_ﬁ/ 0y dz dv),
0 0 0

whence the proof follows. a

Remark 3.4.2. Tt is easy to see that we proved a little more than Theorem
3.2.3 states. Namely, we proved that the norm in Besov space, supg< <7 ¢s,
is bounded by C(w) on (2 s, », with C(w) not depending on 4.

Now we establish the estimates of the rate of convergence of our approx-
imations (3.4.2) for the solution of equation (3.1.12) with pathwise integral
w.r.t. fBm. We establish even more, namely, the estimate of convergence rate
for the norm of the difference X; — Y;? in some Besov space, similarly to the
result of Theorem 3.4.1. Denote

Aus(X,Y%) = | Xy - Y2 — X, + Y|

Theorem 3.4.3. Let the modification of conditions (i)—(v’) from Section 3.1
hold for the vector case, withy >1—H, k=pu=1, L =L, Mr =M and
bo(t) = L, and suppose also that:

1)the coefficient b is Hélder continuous in time: |b(t, 2)—b(s, z)| < Clt—s|?,
C>0,2a0<0<1,a=H-1/2;

2) the exponent vy from condition (iii)(Section 3.1) satisfies v > H.

Then:

1. For anye > 0, B € (1 — H,1/2) and any sufficiently small p > 0 there
exists 6o > 0 and $2¢ 5, , such that P(§2. 5, ,) > 1—¢ and for any w € (2 5, 5,
6 < do

ts
Us :== sup (|XS - Y56| +/ | Aus (X, Y‘S)| (s — u)_ﬁ_ldu)
0<s<T 0

< C(w) - 627r,
where C(w) does not depend on 6 and € (but depends on p);
2. If, in addition, the coefficients b and o are bounded, then for any

p € (0,2a) there exists C(w) < 0o a.s. such that Us < C(w)d%*=+, C(w) does
not depend on §.

Proof. 1. Denote Z{ := SUPg<s<t ‘XS —YJ|. Then
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Z) < sup / 1b(w, Xu) — b(ty, Yy)|du
0

0<s<t

+ sup ‘/ oji(u, Xy) — aﬂ(tu,Y ))dB]H
0<9<f

g/ |b(u, X,,) — b(u, V) \du+/ |b(u, Y,) — b(ty, Y2)|du

/\b (tas Y2) = b(ta, Y2 ) du

(3.4.17)
b o S| Mot 50 ot v2)an”|
0<9<fzj 1 0
m s
+ sup Y / (05i(u, Y)) = 0ji(tu, Y0))dB H‘
0<5<tz] 1 0
m s 6
+ sup / Jji tu,qu — O0j; tu,Yé dBIJL’H‘ =: Ik.
2, 32 | [ (ontan ¥ o, ¥E) >
ij= k=1
Now we estimate separately all these terms. Evidently,
t
L <L / Z8du. (3.4.18)
0
Condition 1) implies that for 6 < 1
t
I < C/ lu—t,|” du < €67 < €8>, (3.4.19)
0

It follows from Theorem 3.4.1 that for any ¢ > 0 and any p € (0, H) there
exists dp > 0 and (25, , C {2 such that P(f25,,) > 1 —¢ and C(w)
independent of ¢ and ¢ such that for for any w € §2. 5, , it holds that
[V = Y7 < Clw) |t — s|" 7. In what follows we assume that § < §y < 1.
Therefore

L<L-Cw)d7r.t<CW)er, we s, (3.4.20)

Now we go on with I. For 1 — H < < 1/2

I, < C(w) [/ |O']Z’U,X) aﬂuY ’u

3,j=1
t
+/ / |oji(r, X,) — 06, Xo) — 056(r, Y + i, V)| (3:421)
0 0

x (r— u)_ﬁ_ldudr} =:I; + Is.
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Evidently, .
I; < C(w)/ Z%u=P du. (3.4.22)
0
According to (3.1.1), under conditions (i)—(iii)
lo(t1, 1) — o(te, z2) — o(t1,23) + o(te,xs)| < M |x1 — T2 — T3 + 4]

M|z — 5] (\tg | o — ol + | f:c4|'/”).

(3.4.23)
Therefore, Iz < Z,lfzg I;., where
Iy = C(w) /Ot /0 X, = Y| (r —u)* P dudr,
Ip = C(w) /Ot /O X, = V21X, — Xl (r —w) P dudr,
Iy =C(w) /Ot /OT | X — YT‘S’ ‘YT‘S - Yf’ﬁ (r —u)"P~tdudr,
I, = C(w) /Ot /0 A r (X, Y0 (r —u) P du dr.
Taking into account that 3 > H > «, we obtain that
Iy < C(w) /0 t Z%du (3.4.24)

It follows from Theorem 3.1.4 that under assumptions (i)—(v) for any
0 < p < H there exists a constant C'(w) such that

sup | Xy < C(w), sup |X;— X | <C)t—s"".  (3.4.25)
0<t<T 0<s<t<T

Moreover, we can choose p > 0 and 8 > 1 — H such that k(H — p) > 8 and
H — p > 23, because kH > 1 — H. In this case

T
Lo < C(w / Z‘S/ w) " H=P) =By dr < C(w )/ Z8dr.  (3.4.26)
0

Evidently, on the corresponding set (2 5, , the same estimate holds for Iy;.
Now estimate I5.

Is < Cw /| (u,Y?) — o(ty, Y2) | uPd

// ’U?‘Yé —o(ty, ) — o(u, Y‘S)+a(tu,Yj)|

X (r—u)” B=Ydudr =: I3 + I.4.
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Obviously,
113 S C(w)(W, (3427)

I SC(w)(At /;EK /t) gC(@(At Otr & (r — u) =0 \du dr

[d

+/Ot /: ((T—u)“/Jr(r—u)HfP) (T*u)*ﬁfldudr) < C(w)(87 P 45100,

(3.4.28)
Similarly,
Is<C(w /|0 W YO) = o(ty, Y2 )| u=Pd
(W) / / ‘U(tm }/T(S) - U(trv erfj) — U(tu7 qu) + O'(tu, }/t(i)| (3429)
0 JoO
x (r—u)™P " dudr =: I + L.
Here t
Iis < C(w)/ =Py du < C(w)sH=r, (3.4.30)
0

L < C(w // // <c 5Hﬂ// )P du dr

/ / WP dudr) < Cw)e 7,
(3.4.31)

Substituting (3.4.18)—(3.4.31) into (3.4.17), we obtain that on (2. s, ,

t t
78 < C(w)( /0 Z8r—Pip 4 §H—P—=B 4 gH—p | /0 GTdT), (3.4.32)

where 0, = [ Apu(X,Y?)(r — u) P~ 'du. Recall that H — p > 2a, therefore

t
7 < cw)( / (Z8r=2 +6,)dr + 6%,
0
Now we estimate 6;. Evidently, for ¢ > u

Apu(X,Y?) / |b(s, Xs) — b(ts, Y,))| ds

5>

3,7=1

/ oji(s, Xs) — aj,»(ts,Yt‘z))ng’H‘.

Therefore we obtain that 6, < 22:1 Ji, where
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t ot
Ji =/ / ’b(s,XS)—b(s,Y;‘S)|(t—u)_ﬁ_ldsdu,
0 Ju
t ot
J2 :/ / ‘b(s,Ys‘s) — b(ts, Y?)| (¢t — w) ™7~ ds du,
0 Ju
t ot
J3=/ / |b(ts, Y?) = b(ts, Y)| (t — w) P~ ds du,
0 Ju
t et
Jy = C’(w)/ / o (s, Xs) —O'(S,YS(;)’ (s —u) P (t —u) P~ ds du,
0 Ju
/ / o (s, Y2) — o(ts, Y, )|(s—u)75(t—u)*5*1dsdu,
t ot
Js = C(W)/ / |U(ts,YS‘s) —U(ts,ﬁﬁ‘z)‘ (s —u) Pt —u) P tds du,
0 Ju
J;=C / / / |07"X o(r,Y?) —o(v ,Xv)+0'(’l),YU§)|
X (r—v) 7?7t — w) 7P dv dr du,
/ / / |o(r, Y?) = a(t,, Y2) - o(v, Y‘;)—l—a(tv,YU‘;)’
(r —v) Pt —u) P rdv dr du,
Jo=0C /// !O’ tT,Y tr,Y )—U(thU‘;)—i—U(tv,Y;i)’
PNt —w) TP Y dw dr du.
It is clear that J; < Cfo A fo Bduds, Jy < C8,
J3 < C(w)é6 =7, Further,
t s
J4§C’/ Zg/ (s —u) Pt —u) P Lduds.
0 0
The inner integral [; (s—u) =P (t—u)~#~tdu < (t—s)727 [ (1+y) P~y Pdy.
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A<C/ )2 Z0ds.
Similarly to Jo, J5 < C(w)d?, and similarly to Js, Jg < C(w)§~7. Estimating
J7, Jg and Jy is, of course, a bit more complicated, but not dramatically.
Obviously, Js < C(w)d” fo f Lo Lt —u)=Fdu
= C(w)dY fo (t —u)2Pdvdrdu < C( )87; similarly Jo < C(w)d® . Now
we apply to J7 inequality (3.4.23) and obtain the following estimate of the
integrand:

o (r, X;) — o(r, Y?) - o(v, X,) + o(v, YU‘S)’ < M[AT,U(X, V)

X = Y (=o)X = YO X = X | X = Y|V - Yj|“]
(3.4.33)
According to this, we write J; < Z,lf’:m Ji, where, in turn,

Jio = C(w) /Ot /ut /ur A (X, YO (r —0) Pt — w) P du dr du
w) /Ot /O /Ov(t— w)PrAL (X, YO (r —v) P du dr du
<c | (¢~ )P,

t t T
Jii = C(w) / / / | X, — Yr6| (r —v) P Ydvdr(t — u) """ du
0 Ju Ju

W) /Oth/OT(t—u)_ﬁ_l(/ur(r—v)”‘ﬁ_ldv)dudr

< C(w) /Ot(t —r) P Z%r,

t t T
Jiz = O(W)/ / / | X, — Y,fs| X, — X" (r —v) P Ydvdr(t — u) P tdu

0 Ju Ju

t T T
w)/ / / Z8(r —v) " H=P)=B=1 (¢ — ) =P v dr du

0 JO Ju

t
< C(w) / Z3(t — ) Pdr,
0

and Ji3 < C(w fo Z2(t—7r)~Bdr is obtained the same way. Summing up these
estimates, we obtain that J; < C(w fo (t —r)=P(Z2 + 0,)dr, whence

6, < C(w) ( /0 t(t —r)7(Z28 4 0,)dr + 670 + 59). (3.4.34)
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Coupling together (3.4.32) and (3.4.34), and taking into account that
H —p > 2a, 0 > 2, we obtain

78+ 0, < C(w) (6% + /t ((t=7)7 17 7)(22 + 0,)ar)

o (3.4.35)

< C(w) (520‘ + % / (t —r)~20p=2 (Zf + HT)dr)
0

The proof now follows immediately from (3.4.35) and (3.1.22)—(3.1.23).
Statement 2 is obvious. O

3.4.2 Approximation of Quasilinear Skorohod-type Equations

Now we proceed with the problem of the numerical solution of Skorohod-
type equations driven by fractional white noise. From now on, we as-
sume that our probability space is the white noise space, i.e. (£2,F,P) =
(S'(R),B(S'(R)), ), the symbol ¢ stands for the Wick product, W; =
(1j0,,w) is the standard Brownian motion, W is the white noise. (See also
Sections 1.4, 1.5, 2.3 and Subsection 3.3.2.)

Consider the quasilinear Skorohod-type equation driven by fractional
white noise that is the one-dimensional analog of equation (3.3.2):

t t
X, :X0+/ b(s, Xs,w) ds+/ o(s)X, O BH ds, (3.4.36)
0 0

with nonrandom initial condition X,. Suppose that the coefficients b and o
satisfy conditions (iii)—(iv) of Theorem 3.3.2 (in this subsection we always
refer to them as to conditions (iii)—(iv)), and

(vi) “Smoothness” of b w.r.t. w: for any ¢t € [0,T] and for h € L1 (R)

b(t, 2,0 + h) — bt 2, )] §0(1+|x|)/R|h(s)|ds.

(vii) Holder continuity of b w.r.t. ¢ or order H with constant that grows
linearly in x:
|b(t, x,w) — b(s, z,w)| < CA+|z|) |t —s|7;

(viii) Holder continuity of o w.r.t. ¢t or order H:

lo(t) —o(s)| < Clt —s|.

Remark 3.4.4. Condition (vii) holds if, for example, the coefficient b has the
stochastic derivative growing at most linearly in x. It is obviously true if b is
nonrandom and Hélder of order H.
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Consider the fractional Wick exponent

Jg(t) = eXpO {—/ MHUt(S)dWs}
R
1
= eXp {—/RMHUt(S)dWS - 5 ||Ut|||2RH|,1}

It easily follows from Theorem 3.3.2 that for nonrandom X, under conditions
(iii)—(iv) the equation (3.4.36) has a unique solution that belongs to all L,(£2)
and can be represented in the form

Zy=Js(t) O Xy, or Xy =J_5(t) O Zs,

where the process Z; solves (ordinary) differential equation
t
Zy = Xo + / T, (8)b(s, J; () Zs, w4 M oy) ds. (3.4.37)
0

This gives the following idea of construction of time-discrete approximations of
the solution of (3.4.36). Take the uniform partition {7, =nd, n=1,...,N}
of [0, 7] and define first the approximations of Z in a recursive way:

Zo = Xo,
e _ _ N (3.4.38)
=7, 4+ J(1)b(10, J N 10) Z;, ,w + M5,)6,

Tn+1 n

where

_ { s)dBH —||01[0t]|||RH1}
(ts), o

( _Ulo‘rn]aM MH

Note that both ||an||‘ Ry, and Moy, are easily computable as finite sums of
elementary integrals. Further, we interpolate continuously by

t
Zi = Xo + / T(t)b(ts, T2 (ts) Zs.,w + M5, ) ds, (3.4.39)
0

where ng = max{n : 7, < s}, and set
Xi =T m@rod (07, (3.4.40)

where for wy € S'(R) T, is the shift operator, T,,, F(w) = F(w + wp).

Lemma 3.4.5. Under the assumption (vi), the following estimate is true:

e b(t, e M, w) — e™?b(t, ez, w)| < C(1+ e + e + |z]) [or — gl
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Proof. Write

e b(t, e M, w) — e*?b(t, ez, w)|
< ’eo‘lb(t, e~ Mr,w) — eo‘lb(t,e_a"‘ac,w)‘

+ €™ b(t, ez, w) — e*?b(t, ez, w)|
and apply (vi). a

Lemma 3.4.6. Let & and & be jointly Gaussian variables. Then for g > 1
2
E[[e =] < C(L.0) (B[ - &))",

where L = maX{E [5%] ,E [53]}

Proof. By the Lagrange theorem, Cauchy—Schwartz inequality and Gaussian
property,

e [[es - 5[] < (ELe + et JE [l - eaf])
e ELE - &))",

as required. O

IN

Our first result is about convergence of Z to Z.

Theorem 3.4.7. Under conditions (iii)—(iv) and (vi)—(vii) for any p > 1 the
following estimate holds:

i

Proof. Firstly, we recall that Z; belongs to all L,(2) and E[|Z]?] <
C(q). Therefore equation (3.4.37) together with condition (vii) gives
E[|Z: — Zs|7] < C(q) |t — s|?. Equation (3.4.38) and conditions (iii)—(iv) al-
low us to write

~ |2p
Zy — Zy

] < C(p)s*PH. (3.4.41)

Ze | <A+ CO) |2, |+ C8I(ry) < e©° + C8J (7).

Tn Tn

This gives an estimate < C’ZkN_l J(7x)8. Then for any ¢ > 1 by the

Tn

Jensen inequality, |Z,., < C(q) k o ' J4(7;)8. Taking expectations, we get
N-1
e[|Z.[] <cw X e[ Te]s
k:O

Using that each J is exponent of Gaussian variable and o is bounded on [0, T,
we obtain
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258
N-1
~ e
E||Z.| |<c@ > d=clo)
k=0
This through (3.4.39) and (iii)—(iv) implies E { Z q} < C(q).

Now we can write

‘Zt_Zt’ <h+L+L+1+ 15

where
t
Bo=| [T 00 T )+ M5)
—b(ts, ] (ts) Zs.,w + M5,.)) ds|,
zgéuﬂmmm]%gwww+th
— Jo(8)b(ts, J; 1 (8) Zy, ,w + Mcy,)) ds|,
= | [ 02(6) 0605 61200+ 2050
—b(ts, J; ' (8)Ze,,w+ Mcy,)) ds|,
Iy = /Ot Jo(8)(0(s, I (8) 21,y w + MGn,) = b(s, I 1 (5) 2y, w + Moy)) ds|
Iy = Ai%@ﬂM&J;%$me+Nhﬁ—b@J;%$&Mw+NMQﬁk.

First we estimate I» by using Lemma 3.4.5:

I < C/Ot (14 Jo(s) + J(ts) + | Ze.] ) < /0 (o(u) —5(u) dBY

+ ‘U(ts)(Bf - Btlj)

gqf@+&@+ﬂm+wu)
« (/0 (o(u) — 3(u)) dBY

where the inequality ‘||Us||‘2RH|’1 - ||5ns|||2RH‘}1‘ < C6H is due to (viii) and
boundedness of ¢ on [0,7]. Applying the Cauchy—Schwartz inequality, we

1 2 ~ 2
T3 ’||Us||\RH|,1 - 0n5|RH,1D ds

+ B — B +5H> ds,

arrive at
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1/2

I,<C </T (14 J2(s) + J2(ts) + Zi)ds)
0

x (/OT((/O (o(u) — 5 (u)) dB{j)2+ (BH — BH)? +52H)ds> 1/2.

Further, from (vii) it follows that

T
I3 < C(SH/ (Jo(s) +1Zs]) ds,
0

from (vi)

T
I < caH/ (Jo(s) + |Z4) ds.
0

Conditions (iii)—(iv) allow us to estimate I; < Cfot ’Zts - Zts‘ ds,
I5 < C’fot |Zs — Z:,| ds. Summing up these estimates yields

1/2
Zy— 7,

T ~
<C </ (L4 J2(s) + J2(ts) + Z,i)ds)
0

1/2
T s 2
X (62H +/ ((/ (o(u) —o(w)) dBf) +(Bff — ng)Q) ds)
0 0
T B t
+0/ ‘ZtS—Zts‘dH—O \Z, — Z,.| ds.
0 0

Then, using the (discrete) Gronwall inequality, we get

1/2
Zi — 7,

T ~
<C </ (L4 J2(s) + J?(ts) + Zi)ds)
0

X (52H+/0T<(/Os (o(u) —(w)) dBf>2+(Bf—Bg)2)ds>l/2
+C/Ot|Zs — 7| ds.

Then we raise this to the 2pth power and use the Jensen inequality. The
last term will be bounded by C(p)§??; to the first one we apply the Cauchy—
Schwartz inequality for expectations and the Jensen inequality, and use uni-
form boundedness of moments for Z, J, and J (for J, and J it follows from
the fact that the both are exponents of some Gaussian variables with bonded
variance) to get
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|7 -af"] < cw) (o7 + (e[| [ (ot~ 0w amz|"])"”
" (E[|B;f_Bg|4pD”2).

Using again that E [H@} = C(p)(E [(-)?])?" for Gaussian variables, we get

E “Zt—Z‘zp} <C(p (52”H ‘/ 7(u) D
R (E[\Bﬁ—Bﬁf])p)

< C(p) (5" + |lo =5k, 1) < Cp)5*";

Zt—Zt

the last is due to (viii). This is the desired result. O

Now we are ready to state the main result of this subsection.

Theorem 3.4.8. Under conditions (iii)—(iv) and (vi)—(viii) the approzima-
tions X defined by (3.4.40) converge to the solution X of (3.4.36) in the
mean-square sense, and, moreover,

E [(Xt - 5@2] < O5%H.
Proof. First, estimate for h such that [, |h(s)|ds < C has the difference
ThZ(t) — Z(t) < Ay + As + As, where
A = /Ot Ty o (5)|b(s, (T 5 (5)) T Zss o + b+ Mar,)

—b(s, (ThJ; 1 (8) Zs,w + h+ May)| ds,

Ay = /Ot ThJU(S)’b(S, (ThJ; Y (s))Z(s),w + h + Moy)

t
A= [
0

Conditions (iii)—(iv) give A3 < C’fot |ThZs — Zs| ds, condition (vi) gives

—b(t, (ThJ; (5)) Zs,w + Moy)| ds,

TnJy(8)b(t, (ThJ;  (8)) Zs,w + May)

— J(8)b(t, J; 1 (8) Zs,w + Moy)| ds.

T
MSC/G+M$%/W®M&
0 R
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and Lemma 3.4.5 together with the boundedness of o and the assumptions
on h yields

,%<c/ 1 Ty (5) + Thdo (5) + | Za])J /Mhs )| duds

gc/ (L4 Jo () + Thdo (s) + | Z5]) ds/|h )| ds.
0

Applying the Gronwall lemma, we get
T2 — 7, <c/ (14 Jo(6) + Ty s) + |Z) T () ds [ [h(o)] s

Raising this inequality to the 2pth power, taking expectations and using the
Jensen inequality and boundedness of moments of Z, J, and T} J, (the last
follows from the Girsanov theorem, Cauchy—Schwartz inequality and assump-
tions on h), we get

E [(ThZ(t) - Z(t))ﬂ < C(p) ( /R h(s)] ds) v (3.4.42)
Further,
E [(Xt f Xtﬂ < 3(By + Bo + Bs),
B —E [(j(t)T,Mgl[oyt] (2 — Zt))ﬂ ,
By =E[((Jo(t) = T T o1, 2)° ]
By =E [(J_c,(t) (T o (1 — T_M(glmvﬂ_m))ztﬂ ,
where

1
J_,(t) = exp {/ Moy(s)dW, — 3 |O’t|2RH)1} ,
R

J(t) = exp {/H{M(El[oyt])(s)dWS — % H51[07t1H2RH|,1} .

Now estimate using the Cauchy—Schwartz inequality, Girsanov theorem
(which can be applied as o and & are bounded on [0,77]) and Theorem 3.4.7

By < (E[70) [ Tsimnn s (2 - 2)']) "
<c(e[foE-2)"
< O(E [.72@)] E [(Zt - Zt)s] )

1/4
/ < 8%,
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Similar reasoning and Lemma 3.4.6 imply that

Bs < CE [(/}RMGIW] —0,)(s) AW,

1 - 2 2
+§( ||Ut|||2RH|,1 - ||01[07t]|||RH\,1 )) ] :

Using condition (vii), we obtain By < C62#. And for Bj, using the estimate
(3.4.42), we get

¢ 2
B3 < (/ |M(51[0,t] — at)(s)| ds) < O,
0
This concludes the proof. O

Remark 3.4.9. It is natural to assume that the coefficient b is expressed in
terms of fBm B rather then in terms of the underlying Brownian motion W
(or underlying “Brownian” white noise W) This justifies the fact that it is o
not Mo that is discretized in (3.4.38).

Remark 3.4.10. Similarly to the proof of Theorem 3.4.8 one can prove that
for any s > 1
E[|x - %[ | <o,

The case s = 2 is considered here to keep the classical “scent” of the results.

Remark 3.4.11. The results of this subsection can be generalized to a random
initial condition Xy in the following form: under conditions (iii)—(iv), (vi)—
(viii) and L,-integrability of the initial condition one has convergence in any
L, for p’ < p with

e[ e— %] <.

Proofs need some simple changes: the Holder inequality for appropriate powers
instead of the Cauchy—Schwartz inequality.

3.5 Stochastic Differential Equation with Additive
Wiener Integral w.r.t. Fractional Noise

Consider the following scalar stochastic differential equation

t t
X, :X0+/ b(s,XS)der/ f(s)dBH, (3.5.1)
0 0

where b : [0,7] x R — R is the measurable function, H € (0,1), Xy € R and
f € LE(R). Equation (3.5.1) generalizes the equation

t
X, =X, +/ b(s, X)ds + BH (3.5.2)
0

that was considered in the papers (MN03), (NO02), (NOO3D).
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3.5.1 Existence of a Weak Solution for Regular Coefficients

Definition 3.5.1. By a weak solution to equation (3.5.1) we mean a cou-

ple of adapted continuous processes (EH ,X) on a filtered probability space
(2,F, P, {F:,t €[0,T]}) such that

(a) BH is an F; - fractional Brownian motion;
(b) X and B satisfy (3.5.1).

The general approach to existence of the weak solution of (3.5.1) is the
following. Let the function f be nonzero on R, so that g(s) := ﬁ is deter-
mined on R. Consider the process BH := BH — fot g(8)b(s,x+I5(f))ds, where
1(f) = Jy f(s)dBY.

According to Theorem 2.8.1, under the following conditions
1

where L; = fot $%04dBs, B is the Wiener process, B; = &fg s*dMH M =
fg lg(t,s)dBH and

/ L (t,)g(s)b(s,z + I;(f))ds = &/ dsds, (3.5.4)
0 0

we have that Ef will be an fBm w.r.t. the measure @ such that

1
aP . = exp{Lt - 2<L>t}-

In this case it is very easy to check that the couple (B, Xo+1I,(f)) creates
a weak solution of equation (3.5.1).
Due to the Novikov condition, the equality (3.5.3) holds if

Eexp {;<L)T} < o0, (3.5.5)

where ,
<L)t:/ 5262 ds. (3.5.6)
0

Therefore, we must check inequality (3.5.5) together with (3.5.4) and (3.5.6).
Denote the stochastic process h(s) := g(s)b(s, Xo + Is(f)). Note that in this
section we begin the new numeration of the conditions.

Theorem 3.5.2. Let one of the following assumptions hold:
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(i) H € (0,1/2), the coefficients b and g satisfy the condition: there exists
A > 0 such that

sup FEexp {/\tm (/Ot sTH(t — s)_a_lh(s)ds>2} < 005 (3.5.7)

0<t<T

(ii) H € (1/2,1), the coefficients b and g satisfy the condition:

T
E):=FEexp {)\/0 (s~ |n(s)]

o [T 157%h(s) = rh(r)]  \®
+ as /0 dr) ds}<oo, (3.5.8)

(s —r)otl

for any A > 0.

Then equation (3.5.1) has a weak solution.

Proof. Let H € (0,1/2). Then we obtain d; directly from (3.5.4) (recall that
I (t,s) = CW st — 5))

5 = cg;”)(—a)a/t s™(t — )" h(s)ds. (3.5.9)
0

It follows from Example 13.32 (El82) that the condition: there exists A > 0
such that supy< <7 Eexp{Av} < 0o, is sufficient for the Novikov condition,

if it has the form Eexp {% fOT v?ds} < 00. Therefore, the proof follows im-

mediately from (3.5.6), (3.5.7) and (3.5.9). Let H € (1/2,1). In this case d; is
a fractional derivative of the form:

t
8 = 4 (C’S)/ (t— s)_o‘s_ah(s)ds>

=W [t2n(t) +a / (t=R(t) — = h(r)(t — )~ dr) Lo m)(t) |,
0

whence the proof follows. O

Now we establish more convenient conditions for the existence of a weak
solution in terms of g and b.
Denote the function h(s,z) := g(s)b(s, x).

Theorem 3.5.3. Let 0 < |f(t)| < f* for any t € [0,T] and one of the
following assumptions holds:

(i) H € (0,1/2) and h(t,x) is of linear growth:
h(t,x)| <C(A+z)), (t2)€[0,T] xR
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(iwv) H € (1/2,1), f is essentially bounded on [0,T] and h(s,x) is Hélder
continuous:
|h(t, x) — h(s,y)| < C(Jz —y|” +]t = s|"),
wherel>rho>1—% and 1>~ > a.
Then equation (3.5.1) has a weak solution.

Proof. In both cases we must check the conditions of Theorem 3.5.2.
2
Let H € (0,1/2). Then t>* (fot sTH(t — s)_‘"_lh(s)ds)
< Ct** supg< o<y |h(s)|* t=% < CT~2%(1 + | Xo| + I(f)). Note that now
a < 0). Furthermore, inequality (3.5.7) is transformed into

Eexp{\(I;(f))*} < oo for some X > 0.

The last inequality follows from the Fernique theorem (Fer74) about exponen-
tial integrability of the square of the supremum norm of a Gaussian process
(recall that the process I;(f) is Gaussian). For H € (1/2,1)

[7(s)] < [(0,0)] + C (57 + [Xo|” + [L:(£)I") , (3.5.10)

o [ M) [ ),

(s —r)otl (s — r)ott
a S (S_a—r_a)(h(r)—h(S)) (s SM .
o /0 (s —r)ott dr+ 5°h )/o (S—T)aﬂd‘
Further,
|h(s) — h(r)| < |h(s, Xo + I.(f)) = h(r, Xo + I.(f))|
< Clls =r[* + 1) = LD,
therefore
*h(s)—h(r s a1 I.( P
/o(izﬂa(“) ‘<C/( g dw/ %dr
<C+C/ S,TQH)‘pdr.

Similarly to Lemma 1.17.1, it follows from the Garsia—Rodemich—-Rumsey
inequality that for any 0 <e < H

|Is(f) - Ir(f)| S CH,E |7’ - 5|Hi5 667

where
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(/ / \x _ 2HJ2|2/6 dx dy) ” .

Further, according to Corollary 1.9.4, it holds that

2/e
) Sy
EE2 s0< )/ / oy

Therefore,

/S W) = WDy < fp/S( =)y < Cgf
0 o -

(s —r)otl

for some constant C' and such e that p(H — &) —a > 0, and

[ h<8>—h<’“>dr‘ <oa+e). (3.512)
0

(s —r)ott
The next term admits an estimate

/08 (57 —7=)(h(s) — h(r))dr‘ < /OS h(‘(s)_h(r)radr

(s —r)ott s—r)

soz

<C+ c/ L) = LD gy < 014 €2 (3.5.13)

S*T’

the proof follows now from (3.5.10)—(3.5.13), because for p < 1

T
E) < CEexp {)\/ \I,(f)** s~2%ds + ATcggﬂ} < .
0

3.5.2 Existence of a Weak Solution for SDE with Discontinuous
Drift

Consider equation (3.5.1) for the case when f = 1, b(s,z) = b(x) and b(x)
is Holder continuous of order p € (1 — 1/2H,1) except on a finite number of
points, where there is a jump discontinuity (MNO04).

Theorem 3.5.4. Suppose that the function b(x) is Holder continuous of or-
der p € (1 —1/2H,1) in a finite number of intervals (—oo,ay), (a1,a2),

Slan—1,an), (an,+00) and there is a jump discontinuity in the points
a;,1 < i < N, that is, b(a;—) # b(a;+) = b(a;). Let Bf be an fBm with
Hurst parameter H € (;, 1+f>. Then equation (3.5.1) with f = 1 has a
weak solution.



3.5 SDE with the Additive Wiener Integral w.r.t. Fractional Noise 267

Remark 3.5.5. The case H € (0,1/2) is not specific now; for example, if b is
discontinuous but bounded we have a weak solution.

Proof. A function b(x) satisfying the conditions of Theorem 3.5.4 can be de-
composed as follows:

N

b(z) = d(z) + Z cisign(z — a;),

=1

where the function d is Holder continuous of order p € (1— 557, 1), and ¢; € R.
Then, in order to prove Theorem 3.5.4 it suffices to check that the function
sign(x — a;) satisfies condition (3.5.8) for all A > 0.

We have now that h(s) = b(Xo + BH) = sign(X, + BH).

Since
T1—2(x
1—2a’

T
2
/ |sign(Xo + Bf)s_a‘ ds <
0
it suffices to consider the term

A o /S |s~“sign(Xo + BIT) — r~*sign(X, + B,H)’
s = S
: (s =)

dr.

We have

4 - / |sign(Xo + BI) — (£)” sign(Xo + BH)| 0
0

)
(s —r)atl
)

¢ |sign(Xo + BI) — sign(Xo + B[)|
< / dr
0

(s —r)ott
[(1 - (2)°) sign(Xo + B
‘), Goner
= Al + A2

The term A2 can be easily bounded:

()" -1

A% < —r ——dr =

where
/1 At S
c=[| ———dz< 0.
o (I—z)ott
For the term Al we can write

S
1 —a—1
A < 2/ 1{xo4+BH>0,X0+BH<0} (s — 1) % dr
0

S
+ 2/ 1{ X0+ BH<0,Xo+BH>0} (8 — r)~dr
0

= 24N 42412
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We will only consider the term Al!, because the term Al* can be treated in
the same way. Since X is any point from R, we shall denote it simply x. We
have

S
Ail :/0 1{B,{{<7I<Bf}(8 - T)_a_ldr~

Denote T, := sup{t € [0,s] : Bf = —z} and notice that T} is not a stopping
time. But Ts < s on the set {—z < B} and

s Ts
/ 1{Bﬁ<—z<B§}(5 - T)_a_ldr < 1{—1<Bf} / (s — T)_a_ldr
0 0
(s —T5)@
= Yocnmy—

According to the Garsia—Rodemich—Rumsey inequality, for any 7' > 0,
p>1,v> % there exists a constant C' = C , > 0 such that

\BY — BHP < Ot — 5|7~ 1/ / uJIW’“d rdu (3.5.14)

for any s,t € [0,T]. Taking ¢t = T, in (3.5.14) we obtain

IBE 4 2P < Cls — T,|""~ 1/ / u_mpﬂd r du. (3.5.15)

Fix0<5<Handtakep:277:H—%. Set

con ([ [ B )

The random variable £, verifies F exp ()\ff) <ooforany A >0,0< 3 <2,
due to (Fer74) and we obtain from (3.5.15) that on the set {B > —z}

|BE 4 2| < C3|T, — s|H%¢..

Hence,
(2a) _2 2a
o — 5|72 < C20=5|BY + 2|2 ¢d

Therefore, in order to show (3.5.8) it suffices to prove the estimate

_2a T _2a
Eexp ()\EgHE / |BH +x|H25ds> < oo
0

for any A > 0, T'> 0, x > 0 and for some fixed 0 < e < H. Set
—2a
Se = fOT |BE + x|7=<ds. We can write, assuming ¢ < %
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S.<el¢

Eexp <A§€Hfsse) —E | exp (Ag;{ffs;) 1{ 1_35}

S.>el

_2a
+ E | exp ()\faH_ESE> 1{ 1—35}
29— _< 2H-3e
< Eexp </\§E A= ) + Eexp (/\55135 ) .

We know that Eexp ()\fsim) < o0, so it suffices to show that

2H—3e

FEexp <)\Sgl‘35 < 00. By the Hélder inequality, assuming 72% > —1 + ¢,

€

we obtain that

T (H—fﬁl—a)
S. < Cr. / |BHE 4 z|71*¢ds .
0

Hence,
P

2H —3e T
ST < Crpe / \BSH + J;\_H'Eds ,
0

where p = % can be expressed as p = 4o+, where 6 > 0 tends

to zero as ¢ tends to zero. Therefore, it suffices to show that
Eexp (M2t ) < o0, (3.5.16)

where .
1/152/ L pria|<1y| B + 2|~ ds.
0

Lemma 3.5.6 below provides a proof for the estimate (3.5.16), provided
4aH < 1, and this leads to the condition H < # . O

Lemma 3.5.6. Fiz v < 1 and define

T

G::/ 1{‘B£I+m|<1}|B£I+$|7ud5
0

Then for any p > 0 such that pH < 1 we have

E (exp ép) < 00.

Proof. We need to estimate the moments of the random variable G. Denote
by A, the simplex {0 < s1 <--- < s, <T}. We have
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(Gn —n'E/ H1{|3H+x|<1}‘B —l—x\ “dsy -+ -dsy,

"21

According to (Ber70) the joint density of the random vector (B BH —

S17
BE .. BE — B ) can be estimated as follows:

p(y17"-ayn = n/QH - Si— 1 )

where sg = 0, since

det (E {(Bg — Bff,l) (Bg — Bgflﬂ)lgi,jgn > 9 H(Sz ~s_1)?H.

Then

n
E(H (1B +al<1y|Bil + 2| )
=1

n
<o Tl [ Mo Wm}(zmm -y
=1
=" H( i—Sifl)_H/ Hl{‘zi+x|<1}|zi+l‘|_ad21--~dZ
i=1 R™ =1
= dnH(Si—Si71)7H7
i=1

3
— 22 _ 2
where ¢ = @) and d = 5

G” <n'd"/ H i — Si—1) Hisy - dsy,

”l 1
L FQ-H)"'TQ—H) . m
1-H TI'(n(l—H)+1) '

= nld"
As a consequence we obtain
~ 1~
- [pk]+1
E(expGr) <et 1+ S E(GI)
k=1

(lpk] + 1iCy!
= ClJrCQ;EF(([pk]—Fl)(l myT VY

for some constants Cj, i = 1,2, 3. Using the Stirling formula we finally obtain
that this sum is finite provided pH < 1. O
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3.5.3 Uniqueness in Law and Pathwise Uniqueness for Regular
Coefficients

We return to the case of subsection 3.5.1 when the conditions of Theorem 3.5.3
are fulfilled.

Lemma 3.5.7 ((NO02)). Let the conditions of Theorem 3.5.3 hold for the
coefficients of equation (3.5.1). Then any weak solution of this equation has
the same distribution under the measure P.

Proof. Let the pair (B, X) creates a weak solution of equation (3.5.1). Con-
sider our function h(s, Xg) := g(s)b(s, Xs). In the case H € (0,1/2) we have
by Gronwall inequality

X7 < (1 Xol + I7(f) + CT)e "

and
|h(s, Xs)| < C(1+ X7),

therefore the derivative

jt/ I (t, s)h(s, Xs)ds

<c/ o(t — 5)=o=1 |h(s, X.)| ds,

evidently, satisfies the condition, similar to (3.5.7):

t 2
sup Fexp {)\tza (/ STt — s)_a_lh(s,XS)|ds) } < 0o
0<t<T s

for some A > 0. For H € (1/2,1) the condition similar to (3.5.8) can be easily
checked similarly to (iv) in Theorem 3.5.3. So,

Eexp{ L - %(L)t} —1
fort €[0,T), Ly = fot 5*0sdBs with such Wiener process B w.r.t. the measure
P that & [y 0eds = [ Lu(t, $)h(s, Xs)ds, [y lu(t,s)dBE = @ [ s~*dB,. By
Theorem 2.8.1, the process EtH = BtH—i—fg h(s, Xs)ds is an fBm w.r.t. measure
P such that R
dP
dP|,

= exp {Lt - ;<L>t} . (3.5.17)

It means that X; — Xy = fo dBH Let Bt be a Wiener process such that

Et = By + fg s%0sds. Also, let ¥ be a bounded measurable functional on
C10,T). Then

Ep(W(X — Xo)) = Ejp (wx — Xo) exp {Lt + %(L)t})
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t
0
t t t
=Fp (W(/ f(s)dBf) exp {/ s%0sdBs — 1/2/ s2a5§ds}).
0 0 0

The last relation demonstrates that the distribution of X is the same for any
weak solution. 0O

t
=Ep (W(X — Xo) exp{/o $Y0sdBs — 1/2/ sQadgds})

Suppose now that X! and X? are two weak solutions defined on the same
filtered probability space (£2,F,P,{F;,t € [0,T]}) with respect to the
same fBm. Then max(X', X?) and min(X?!, X?) are also solutions and
have the same distributions, whence X' = X?2. We proved the following result.

Theorem 3.5.8. Under conditions of Theorem 3.5.8 any two weak solutions
defined on the same filtered probability space coincide almost surely.

3.5.4 Existence of a Strong Solution for the Regular Case

Let H € (1/2,1), the function f be Holder continuous of order 8 > 1— H, and
the function b be Lipschitz continuous. Then the conditions of Theorem 3.1.4
are fulfilled, therefore equation (3.5.1) has unique strong solution. In the case
when b(s, z) = b(z), according to Remark 3.1.11, equation (3.5.1) has a strong
solution for f € C?[0,T], 8> 1— H , and it is unique due to Theorem 3.5.8.
So, the case H € (1/2,1) is not hard or interesting.

Now, let H € (0,1/2). Consider a Krylov-type inequality as an auxiliary
result.

Lemma 3.5.9. Let functions g(s) and b(s,x) are bounded, so h(s,z) is

bounded, X is a weak solution of (3.5.1), and for some r > 1 the integral

fOT Yr(t)dt < oo, where () = || f]|" 0, Lhen there exists the constant C
200,

depending on h := sup,c(o 7 er |1(t, )| such that for any nonnegative mea-
surable function g(t,x) : [0,T] x R = R

- - 1/2
E/o g(t, Xy)dt < C (/0 /Rg (t,:c)dxdt) . (3.5.18)

Proof. Let X be a weak solution of (3.5.1) and consider the measure P deter-
mined by (3.5.17). Then X; — X under measure P has the Gaussian distribu-
tion with zero mean and covariance o := HIt(f)H%Q(P) = \|f||2L§(0,t). Denote
Zy = exp{—L; — %(L)t} Then from the Holder inequality with 8’, 8 > 1 and
1/68"+1/8 =1 we have that

1/
T - , 1/5/ - T
E/ glt, X,)dt < (EZ:,TB) (E/ g(t,Xt)Bdt> .
o o
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The mathematical expectation

~

, Y /
EZ7" = Eexp {5’LT + 52<L>T} < 0,

which follows from the boundedness of (L)r. Further, let v,~" > 1,
1/y+ 1/ =1 and v8 = 2. Then

5 _ (=) z)2
B[y gt X0)Pdt = [ L [ g(t.y)’e > dydt

_w-n? , /9
< % (foT f]R g(t7y)75dy dt) (IO f]R C 207 7 dy dt

/ o 1/
= \/% (foT Jeo(t, y)*dy dt) (foT Jee™ g 0151 T dz dt)

2-38

< O(fOT ng(t,y)Qdydt> <f0 - ﬁdt) i

Finally, put 2? =r > 1, which means that § = 1+w E =1—-5,~v=1 —|— =
From inequality (1.9:1), [Ifllzs0 = CUDIfIIL, w00s 50 Jy ot < o
whence the proof follows. 0O

Lemma 3.5.10. Let b, (t,x) = b, (¢, z)1{|z| < C1} be a sequence of measur-
able functions, |b,(t,x)| < Ca, limy, o0 by (¢, ) = b(t, ), for all

(t,x) € [0, T] x R, and the conditions of Lemma 3.5.9 hold. Let also the cor-
responding solutions Xt(") of the equations

t
XM =X+ [ bu(s, X™)ds + I(f), t € [0, T,
0

converge a.s. to some process X; for all t € [0,T]. Then the process X is a
solution of equation (3.5.1).

Proof. 1t is sufficient to prove that lim,,_ . I, := lim, o F fOT b, (s, Xg"))
—b(s, X,)|ds = 0. But I, < IV + I}?, where

1Y = E/ (5, X)) — b(s, X(M)|ds,

T
@ :E/ 1b(s, X(M) — b(s, Xs)|ds.
Evidently, from (3.5.18) and finiteness of b, and b, I" < C( fo Sz lbn(t, ) —
b(t,x)|?dt dz)'/? — 0,n — oo, and also 12 = 0,n— oo a

Theorem 3.5.11. Let both the functions h(t,x) and b(t,x) satisfy the linear
growth condition. Then equation (3.5.1) has the unique strong solution.
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Remark 3.5.12. The next condition is sufficient for both the functions h(¢, x)
and b(t,x) to be of linear growth:

[b(s, )] < C(F($)I A DA A+ []). (3.5.19)

Proof. For any R > 0 denote b(®) (¢, x) := b(t, z)1{j;<r}. Let ¢ be a smooth
nonnegative function with compact support in R such that fR o(x)dx = 1. De-
ﬁne br,(t,x) =7 fR b(R)(t,y)go(jIx —y))dy. Let for n < k br p ik = /\?anRJ,
brn = Nj2,br,;j- The functions bg i are Lipschitz in z uniformly in ¢ and
ank lan, k — oo, ZRn 1) n — oo, for a.a. z and any t. Equation
(3.5.1) with bR nk has the unique solution X R.nk as an ordinary differential
equation with Lipschitz coefficient. By the comparison theorem for ODEs the

sequence Xpg n 1 decreases in k, hence it has a limit X ;. The sequence Xg ,
increases in n, hence it has a limit X (). Applying Lemma 3.5.10 we obtain

that {X ¢ € [0,T]} is a solution of (3.5.1) with drift 5@ (¢, ). Then we
apply standard techniques: all X\ are bounded by (I(f) + |2|)eCT, and
(3.5.1) has a unique solution on any [0, 7], where 7 = inf{t : |Xt(R)| > R}.
It means that (3.5.1) has a unique solution on the whole interval [0,7]. O

3.5.5 Existence of a Strong Solution for Discontinuous Drift

Let 2 = Cy([0,T],R) be the Banach space of continuous functions, null at
time 0, equipped with the supremum norm, and P be the unique probability
measure on {2 such that the canonical process is an fBm with Hurst parameter
H € (1/2,1). Assume also that the canonical filtration is augmented with the
P-negligible sets. We consider the following partial case of equation (3.5.1):

t
X =Xo+ / b(X,)ds + Bf (3.5.20)
0

with b(z) = signa, H € (1/2, Hy), Hy = 25, According to Theorem 3.5.4,
equation (3.5.20) has a weak solution. Now we intend to prove the existence
of its strong solution. For this purpose consider the following approximations
of the function b(z) = signz:

-1, z <0
ndx? —1, 0<z< 25
bo(z) = < 2nx — 1, 1/n2<x§%—n—12;
1—n3(z— 1)2 1/n—1/n <z <t
1, r>1
Then
0, z <0
2n°x O0<z < —2,
b, (z) ={ 2n, 1/n? <:c<7117 12

1
O, I’ZE



3.5 SDE with the Additive Wiener Integral w.r.t. Fractional Noise 275
Evidently, any b, € C(R); moreover, it is Lipschitz: |b, (1) — b, (22)] <
2n3|xy — @]

Lemma 3.5.13. For any z € R byy1(z) > by(x), n > 1.

Proof. 1t is sufficient to consider the interval (0, n%rl)

(a) For z € (0, ﬁ] bupi(z) = (n+1)32% — 1> n?2? — 1 = b, ().

(b) For x € (ﬁ, 2] by (@) =nd2? — 1,by41(z) = 2(n + 1)z — 1. But the
inequality 2(n + 1)z — 1 > n®2z2 — 1 holds for # < 275 and it is our case.

n3
()Forgce(nz,n}rl (n+1)2} b1 (z ):2(n+1)x—1>2nm—1—b ().

( ) For z € (%H - ﬁ,% - %] bn+1(1}) =1- (n + 1)3( — ni1)27
bn(z) = 2nz — 1. The function p(z) := (n + 1)3(z — n+1) + 2nz — 2 has
o'(x) =2(n+1)3(z — TH) +2n =0 for xy = n%rl — g7 it is the point

of local minimum and xg € (n+1 — W 1_ 2] for n > 2. So, we must

1
(nH)Q and x = P ﬁv and it

check the inequality ¢(x) < 0 for x =
evidently holds.
(e) Finally, for z € (3 — 7z, 7245) the inequality b1 (z) =1 — (n + 1)*(2 —

n+1) > 1 —n?(x — )% = by(z) is equivalent to (2n + 1+ \/n(n+ 1))z > 1

and it is sufficient to check it in the point = = — 1

n2
1 32-2n-1
(2n+1+ v/n(n + 1)) <>>(3n+1)”n2 T

n+1

n
for n > 2. Therefore, b,,11(x) > by(z), z € R. O

Consider the approximating equation
t

X' =x+ [ b(X")ds+ BE. (3.5.21)
0

The functions b,, are Lipschitz, therefore equation (3.5.21) has a unique strong
solution X7 on [0,7], and X < X["** for any ¢ € [0, 7] a.s. Moreover, for
any 0 <e < H

| X7 (w) = X0, ()] < C)lta = 11|75 + [ta = ta],
so, the set {X,(-,w),n > 1} is tight for any w € 2, P({2') = 1. We obtain

that X7'(w) 1 Xi(w), w € 2, where the limit process X is continuous in ¢.
Further,

/Otbn(Xf)ds/tb(X )ds| <

/|b (X) — b |ds+/ Ibn(Xs) — b(X4)|ds.  (3.5.22)
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Note that |b,(X?) — by (Xs)| = bn(Xs) — bp(XT) < 2. Consider all the cases
of mutual values of X,, X7.

(a) For X' <0, X, € (0, 3] bn(Xs) = ba(XY) < 21(x, (0,113

(b) For X' < 0, X > L b,(X,) — bp(XP) < 21ix,50,x7<0p — 0 as.,
n — oo.

(c) For X, X €0
(d) For X' € [0,
a.s., n — 00.
Further,

vl ba(Xs) = ba(XE) < 21(x co,1))-
]7 X5 > % |bn(XS) - bn(X?” < 21{X3>O,XS"6[O,%]} — 0

1
n

t
/ b (Xs) — b(Xs)|ds < 2/ Lix.co.2)d5 (3.5.23)
We obtain from (3.5.22) — (3.5.23) and (a)—(d) that

¢
lim |/ (X dsf/ b(Xs)ds| <6 lim lix,c(0,1)ds

n—oo n—oo

t
= 6/ 1{XS:0}CZS.
0

Therefore, to prove the existence of a strong solution of (3.5.20) it is sufficient

to prove that F fOT 1ix.,—0yds = 0, and in turn it is sufficient to establish the
existence of bounded density ps(x), x € R, s > 0 of the process X;. For this
purpose, return to X': since the functions b,, are continuously differentiable,
then X' has a stochastic derivative, and on our probability space

t
DX =1+ / Dy X"b, (XM du,

whence Dy X;* = exp{ [ b, (X2)du} > 1, since b, > 0.
Now we use the result of (Nua95): let the random variable F' € Dy o,
h € H, (DF,h)3; # 0 a.s. and ﬁ € Dom §. Then F has a continuous

and bounded density

o5 o )

Now we put F':= X, hy(s) := 1o<s<¢}- Then

(DF, by = 2aH/Ot /Ot exp{/st b (X )}

¢
X exp { / b’n(X;‘)du}|v —s** ldvds > Cyt*™ > 0.
Consider the function 6(s) = % hi(s)€, where £ is a bounded random

variable, £ = (DF, h);il, E£? < 0o. To establish that § € Dom 4, it is sufficient
to verify that
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T
E/ (D4€)%ds < 0. (3.5.24)
0

Indeed,

Dy¢ = D, <<//exp / )du}exp{/tb/(X")d}
X |v—z|2a—1dvdz)*1) (DF, h)3, //exp /b (X7 du

t
<osp{ [ 8.0}l — oot [

z

where |b, ()] < 2n® (since |b,,(z1) — b, (z2)] < 2n®|@1 — 23]). Therefore,
|D.£| < Of*t=2 . 4n3.C(H, n,t) (note that |b,, ()] < 2n), and (3.5.24) holds.
We obtain that § € Dom 6, and the density p' () := pxy () equals

h
M) =Eqlixnsgpd| —=———— 7.
(o) =B {10509 ()
Let 9 (y) := 1{q,4)(y). Then from Proposition 2.1.1 (Nua95)

b
h
=, E{I{Xf>”5<<DXf,ht>n)}d$

n

([ v s (ears)
o{en () (e )
(

—E 1<D¢(Xt")’ <D)(;7ht>7.[>7-t>

— CHt2H

b
:CLHWH/ E (1{xp>z10(h)) dx

E((Deo(X), hyn)

b
< Cont ™ El5w)] [

Therefore, p!,(z) < Cy yt=2H, and P{a < X; < b} = lim,,—oo P{a < X <
b} = Co yt=2H(b — a) for any continuous points of distribution function of
X;. Choosing a 1 0, b | 0, we obtain density p;(0) < Co gt~ 2H. So, we have
proved the following result:

Theorem 3.5.14. Fquation (3.5.20) with b(z) = signx has a strong solution.
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3.5.6 Estimates of Moments of Solutions for Regular Case
and H € (0,1/2)

Now we consider the case, when H € (0,1/2) and condition (3.5.19) holds.
Then equation (3.5.1) has a unique strong solution. Suppose, in addition,
that f € Ly[0,T] N DH[0,T] for some p > 4. Then the integral I; = I,(f)
is continuous on [0,7] (see Section 1.11). Evidently, the solution X, is also
continuous on [0,7]. Let 7 = inf{t > 0: |X;| > N} AT. Then |Xirry| < N.
The solution admits the evident estimate

t
Xinr| < |Xo| + [ Tonm| +C / (14 [ Xonry |)ds,
0

and for any r > 1

Bl Xonr | <37 (1X0I" + CTB(fy (1 + [ Xonr ds)” + Ellinry "
< 37| Xo|" + (6C)7t" + (6C)"E [y | Xopry |"ds - 71 + 37 E|Ipry |7 (3:5:25)
< g(t) + (6C) "1 [ | Xonry |"ds.
Here
g(t) = 3" Xo|" + (6C)"t" + 3"E|I;|". (3.5.26)

From the Gronwall inequality we obtain that

cyt”
E|Xinry|" < g(t)(1+ Cit"e 7 ),
where Cy = (6C)".
Let N — o0, then it holds that
E|X,|" < g(t)(1+Cit"e ™). (3.5.27)

Now, it follows from Theorem 1.10.6 and the part 2 of Remark 1.10.7, that
there exists a constant C(H, p) such that

r+1 r 1
i< et (r(55)) " chonn. s
It follows from (3.5.25)—(3.5.28) that
E|X,|" < g(t) (1 n Olt’“ecl%) (3.5.29)
where g(t) = 37| Xo|" + (6C)"t" + 3TC(H,p)’"F(%)T(G;(O,t, f))". Estimate
(3.5.29) means that E|X;|” < oo, t € [0,T], and this permits us to reduce

the value of the multiplier g(t). Indeed, if we know that E|X;|” < co, we can
write the following inequality instead of (3.5.25):
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r

E|X)|"<E <X0| L +C (/Ot(l M |X5)d8)> (3.5.30)

t
< g1(t) +Clt“1/ E|X,|"ds,
0

where from (1.9.10) and (1.10.4) g1(t) = (3| Xo|)" + C1t" + 3" supg< <, E|Ls|"

or/?

< (31Xo|)" + Cut” + C(C(H,p)) (G0, 1, /)", Cp = 3Cy, Cr = 2 I(5L).
Hence, from the Gronwall inequality it follows that

BIXi|" < gi(t)(1+ Cytme ). (3.5.31)

Let estimate similarly F|X, — Xy |", 0 <t <t' <T.

E|X; = Xu|" < ROV E(f{ (1+|X,|)ds)" +2E| [ f(s)dBI|"

o (3.5.32)
SUC)(L+gu(T)A+CiT7e )" = )" + 2"Ch(GP (LT, f))T,

where GP(t.¢.f) = CUH.pIflL, e — DTV + | lpuen),

1wy = (17 (@) = @)1 - 2)~dt)2da) /2,
Let f € C8[0,7T] with a + 8> 0,0 < 8 < 1. Then

f Iz, ey - (= O)F2 < flleson(t — 1),
£ 1w ey < I Fllcopor - Chrp — )P

with O 5 = (H + 3 —1/2)7'(2H + 23)~1/2. Therefore

EIX, — Xp|" < (4C)" (1 + o (T)(1 + LT 5 ) (' — 1) (3.5.33)
+27C(Crpr) (1)

where Cg g1, = C(H,p)(1 + C}{ﬁTﬁ) [ fllcso,r- Estimates (3.5.31) and
(3.5.33) can be strengthened by appropriate choice of partitions of [0, T]. More
exactly, take to := (6C) 7. Then for 0 < t < tq it follows from (3.5.30) that

E|1 X" < g1(t) + 6C fot E|X,|"ds, and from the Gronwall inequality

EIX,|"<gi-¢* <e-gi, 0<t<t,

where g1 = (3|Xo|)" + 1 4+ Co(G(0,T, f))".
Further, for ty < t; < 2ty

t
EIX,[” <3| X, " + 3B / F($)ABH]" + (60)" (¢ — to)"
to

t t
+(60)’”(t—to)r‘1E/ IX,|"ds < 37 gre+Co(GH(0, T, f))T+1—|—6(J/ X, | ds,
to to
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whence
E|X;|" < goe®Ctt0) < goe,

where g» = 3"g1e + C.(GY(0, T, f))" + 1.
Further, by induction, for kty <t < (k+1)to we have that E|X;|"” < grt1e€,
where g1 1 < 3"gre+B, < -+ < (3"e)*(g1+B,.) for B, = C.(G*(0, T, f))"+1.
The number of such steps on the interval [0, 7] does not exceed

k= [%} + 1< 6CT + 1. It means that for any 0 <t <T
E|X,|" < (37€)5CT+ (g1 + B,) < (3¢) CCTHI (372" + 2+ 2C, (G0, T, f))")
(

and similarly to (3.5.34) we obtain that
B|X; — Xu|" <(4C)" D,.(t' —t)" +2"C.(G*(t,t', )",

where
D, =1+ (3¢)6“T+V"(gy + B,.)

=1+ (3¢) T+ (2 4 (3| Xo|)" + 2C (G0, T, f))"). (3.5.35)
For f € C8[0,T] with 0 < 8 < 1, H+ 3 > 1/2 we have that

E|X; — Xu|" < (4C)" (1 + (3¢) CCTHI gy + B)(t' — )"+
+2"C, (Cuprp) (' =), (3.5.36)

whence

E|X; — Xp|" < (4O)"Dp(t —t)" +27C, (Cprp) ' —t)77.  (3.5.37)

3.5.7 The Estimates of the Norms of the Solution in the Orlicz
Spaces

The results of Subsections 3.5.7— 3.5.9 were motivated by the papers (KMO06)
and (KMO7).
Let the function U(z) = exp{z?} —1, (£2, F, P) be some probability space.

Definition 3.5.15. The Orlicz space Ly (£2) generated by the function U(x)
is the space of random variables £ on (§2,F), such that for some constant
Ce >0 EU(&;) < oo

The next result is proved in the monograph (BKO00).

Theorem 3.5.16. The Orlicz space Ly (£2) is the Banach space with respect
to the Luxemburg norm

€]l = inf{r >0 Eexp{fz} <2}
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Let T be some set of parameters.

Definition 3.5.17. The random process Y = {Y;,t € T} belongs to the space
Ly (92), if for any ¢t € T the random variable Y; belongs to this space.

Introduce the notations a := (3¢)5“T+!, b := 3| Xo|a, ¢ := 3aG*(0, T, f),
c1 = V2, d :=max {c1,a\/e,by/e}, h:= (3 +2V/2) exp{%}.

Theorem 3.5.18. Let the conditions of the Theorem 3.5.11 hold and
{X.,t €10, T]} be the solution of equation (3.5.1). Then for any e > 0

2
P{IX,| > ¢} < hexp{—;}. (3.5.38)

Proof. The next inequality follows from (3.5.34):

1
EIX,|" < 2a" +0" + IF (T; ) . (3.5.39)

Furthermore, from the Stirling formula
1
I(u) = V2ru12e 4™ with O(u) < —, u>1,

we obtain that

r r r/2 T
F( 1) < Vo (27 cexp {— +1}exp{6(r1+1)}
e 2(26) /(14 1) 2 exp {4 +

6(r+1) }

It is easy to see that for r > 1

h(r) == (1 + 1/r)r/2exp{—; + 1} <1

6(r+1)
Indeed,
Inh(r)=2In(1+21) -1+ (r+1)
T —r—r?
<t(G-artas) 3 temm = poane <0
for r > 1, ie.
) r/2r/2, (3.5.40)
It follows from (3.5.39) and (3.5.40) that
E|X:|" < 2a" + b +2V207r7/2, (3.5.41)

where [ = %
It follows from (3.5.41) and the Chebyshov inequality that
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B\ X" a\"” b\" AN
Plx,| > e} < ZXT (2) + () +2V2 () P12 (3.5.42)
er € € €
We put r = (%)2 1, where € > l\/e, and obtain the inequality

P{|X;| > e} <2(2) () (g)(%)Q% +2\/§exp{_ (%)22%}
= exp {(In?) (%)Qé}wexp{(ln“) (5)° 1} +2vaesp {~(5) &}
(3.5

43)
Let n2VvInt <—1 ie e>(aVvb)/e

Then

2

P{|X;| > e} < (3+2V2) -exp {—2‘22} = (3+2V2)-exp {—2502} . (3.5.44)

Evidently, (3.5.44) holds for € > d. But exp {%} > 1, so it follows from
(3.5.44) that inequality (3.5.38) holds for any € > 0. O
Theorem 3.5.19. Let the conditions of Theorem 3.5.11 hold and

{Xi,t € [0,T]} be the solution of equation (3.5.1). Then the random variable

X, belongs to the Orlicz space Ly (£2), and its norm in this space admits an
estimate

Xl < V2(1 + h)e.

Proof. The statement of this theorem follows from Theorem 3.5.18 and the
next lemma, which is the partial case of Theorem 2.3.4 (BKO00). O

Lemma 3.5.20. Let & be a random variable such that for any € > 0
P{l¢| > e} <Cy exp{ } for some C; > 0,i=1,2. Then § € Ly (£2) and
€l < V2(1+ C1)Co.

Now introduce the notations
By :=2(/e)"V2Cu g1y, Bs :=4C-% =T, By = AC(1 + 20+ )T,

By := By + Ba, Bs = (22 + 1) exp { Lt } Bs = Buv/e,
B7 = \@(1 + B5)B6.

Theorem 3.5.21. Let {X;,t € [0,T]} be the solution of equation (3.5.1),
the conditions of Theorem 8.5.11 hold and the function f € CP[0,T] with
H+3>1/2. Then for anye >0 and 0 <t <t <T

P{|Xy — Xi| > ¢} <Bs exp{ (3.5.45)

and
| Xy — Xellu < Br(t — ). (3.5.46)
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Proof. Inequality (3.5.46) follows from (3.5.45) and Theorem 3.5.19. So we
prove only (3.5.45). It follows from inequalities (3.5.37) and (3.5.40) that

E|Xy — X" < (fBT /2 | 9\aByT/? 4 Bg) (t' -ty

So, for any ¢ > 0
P{|th—Xt|za}<(( NACSE +2f( )" )7/ 4 (22)") (¢ — ) H
S(zﬂ(%)rﬂﬂ Bs ) t—

2
Now we substitute r = %(W) and obtain for » > 1, ie. for
2

e> (' — t)H Bg, that for g(¢) := W

P{|Xy — Xi| > e} < 2v2exp{—q} +exp {In (B2(¢' —)") - ¢} .

Also, let In (2 (t' — t)) < —1 ie. e > \e(t' — )7 B;.
Then for £ > g, where ¢ := (B3 V By)y/e(t’ — t)f we have an inequality

P{|Xy — X;| > e} < (2V2+ 1) exp {—q(e)} < Bsexp{—q(e)} .
If 0 < e < gp, then
P{Xy - Xi| > e} < (22 + 1) exp {a(eo)} exp {~a(e)} = Bs exp {—q(e)}
O

Corollary 3.5.22. Let {X;,t € [0,T]} be a solution of equation (3.5.1) for
which the conditions of Theorem 3.5.11 hold and the function f € CP[0,T)
with H 4+ 8 > 1/2. Then for any A € R

Eexp{)\|Xt/Xt}§2exp{)\ BH(t' - )QH}

This statement follows directly from (3.5.46) and the following lemma,
which is a partial case of Lemma 2.3.4 (BK00).

Lemma 3.5.23. If the random variable £ belongs to the space Ly (§2), where
U(z) = =exp{x?} — 1, then for any A € R

Eexp{)\¢|} < 2exp{)\2tf|(2j}.
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3.5.8 The Distribution of the Supremum of the Process X on [0, T]

First we present some facts from the theory of stochastic processes that belong
to the Orlicz spaces.

Let T be some infinite set of parameters, Y = {Y;,t € T} be some
real-valued process from the space Ly (£2), where U(z) = exp{z?} — 1,
sup,cr ||Yillv < 00, py (t,s) = ||Yz — Ys||u be a semi-metric on T.

Let the space (T, py ) be separable and the process Y; be a separable process
on (T, py). Also, let N(e) = N(T,e) be the metric capacity of (T, py), i.e.
the minimal number of closed balls of radius € that cover (T, py ). Note that
N(g) — oo as e — 0. (See also the beginning of Section 1.10, where similar
questions are discussed for Gaussian processes.)

The next theorem is a partial case of Theorem 3.3.4 (BK00).

Theorem 3.5.24. Let the following assumption holds:
€0
/ (In(1 + N(€)))/2de < oo,
0

where g9 := sup py (t,s). Then the random wvariable sup|Yy| belongs to the
t,se€T teT

space Ly (£2) and
e Oeo 1/2
< =1 _—
IsuplYillo < K = inf [¥illo + =g [ (m(1+ e 2k < o
(3.5.47)

where 0 < 6 <1 and N (0gq) > €? — 1.

Remark 3.5.25. The statement of the theorem remains true if we replace N (€)
by any function NV;(g) > N (e).

Remark 3.5.26. Under the assumption of Theorem 3.5.24 for any € > 0 we
have that

2
P{sup Y| > e} < 2exp {KQ} ) (3.5.48)
teT
where K was defined in (3.5.47).
Inequality (3.5.48) is implied by the following one: if £ € Ly (§2), then for
any € >0

P{lg| > e} < 2exp{ i } . (3.5.49)

&
€]l

In turn, inequality (3.5.49) is a partial case of Theorem 3.3.4 (BK00).

Theorem 3.5.27. Let {Y;,t € T = [a,b]} be the separable process from the
space Ly (£2), and let there exist o = o(h) : [0,b — a] — Ry, increasing and
continuous in h, and such that o(0) =0 . Also, let

sup ||Y; — Yillw < o(h), (3.5.50)

[t—s|<h
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[ (1 20509) " a0 <o

where o=V (u) is the inverse function to o(u), and & = o(b — a).

Then sup |Yi| € Ly(£2) and the following estimate holds:
t€la,b]

and

sup |Yi|

< Ky = inf [Villo
t€la,b] teT

U

+9(1ei . /0"50 (m <1 N 2%))1” du. (3.5.51)

Here 0 is any number from the interval

7 (st)
P
0, 1N ——+ 3.5.52
e (3.5.52)
Moreover, for any € > 0, we have the estimate
&2
P{ sup |Y;|] > e} <2exp {—2} . (3.5.53)
tefarb] Ky

Proof. The claim follows from Theorem 3.5.24 with T = [a,b]. Indeed, ac-
cording to (3.5.50), the process Y is separable in the space ([a, b], py ), where

py (t,8) = ||Y; — Ys|lu. It is easy to see that N(u) < 205’%1)“(@ + 1, and for

0 < u < gy, ie. for U&ji)a(u) > 1, we have that N'(u) < %a(ﬁ%ﬂ(u) Therefore

/0050 (In (1 + N (u)))? du < /0%0 <ln (1 + ;’%))1/2 du.

The inequality N(§p) > €? — 1 can be reduced, according to Remark 3.5.25,
to the inequality %fﬁ”iyg}o) > e2—1, i.e. to (3.5.52). Inequality (3.5.53) follows
now from (3.5.48). O

Theorem 3.5.28. Let the condition of Theorem 3.5.11 hold,
{X,t € T=10,T]} be the solution of equation (3.5.1) and 0 <t <ty <T.

Then the random variable sup |X;| € Ly (£2), and
t1 <t<ts

ty — 1)
sup | X¢l|| < (h+1)er + eQC’HﬁH_?}%u =: L, (3.5.54)
t1 <<t U 1-4
(2)2HB,

where 0 < 0 < (ﬁ)H, 0<v<2H,Cyy =



286 3 Stochastic Differential Equations Involving Fractional Brownian Motion

Moreover, for any e > 0

2
P{ sup |X:| > e} < 2exp {—52} . (3.5.55)
11 <t<ts L

Proof. We use Theorem 3.5.27 with [a,b] = [t1,t2]. The process X; is con-
tinuous with probability 1, hence is separable. It follows from (3.5.46) that
o(h) = ByhH | Tt is easy to see that in this case £y = o(ta — t1) and

1(6%) = 09’30 (1 (1+20f+f(u)))1/2du

°y U (3.5.56)
= HB, 700 (In (14 3a=t2)) /2 yHo1 gy,
Since for 0 < y<1land z >0
In(1+2) = 2In((1+2)) < ~In(1 +a7) < 2
n r)= —1n T S —1n X =~ T
Y Y Y
we obtain from (3.5.56) the following estimate for any 0 < v < 2H:
) X
I(05)) < (7) 3 1 fo (020) vH=1-3 do - (ty —t1)?
=Chy(t2 —11)? (0( ) )(080))" 2.
Evidently, ) )
U(_l)(ago) = eﬁd(_l)(go) = eﬁ(tg — tl).
Therefore
I(05y) < Oy 0 27 (ty — t1)H. (3.5.57)
Now the proof follows from (3.5.56)—(3.5.57) and Theorems 3.5.19 and 3.5.27.
O

Remark 3.5.29. Estimate (3.5.54) demonstrates that up to constants the esti-
mates for distribution of the supremum of the process X are of the same form
as similar estimates for the Gaussian process (see (Fer74), for example).

Corollary 3.5.30. Let {X;,t € [0,T]} be a solution of equation (3.5.1) under
the conditions of Theorem 3.5.11 and 0 < t; < to < T. Then for any p > 1

we have an estimate
N
(E( sup |Xt|> ) <C,-L, (3.5.58)

t1<t<ts

where L is defined in (3.5.54) and Cp, = =27 \f

Proof. This statement follows from Theorem 3.5.28. Indeed, it was established
in Lemma 2.33 (BKO00), that for the random variable £ € Ly (£2), U (z) =
exp{z?}—landp > 1 (E[{P)» < Cp|€|lu. Now (3.5.58) follows from (3.5.54).

O



3.5 SDE with the Additive Wiener Integral w.r.t. Fractional Noise 287

Corollary 3.5.31. Let {X;,t € [0,T]} be the solution of equation (3.5.1),
0<t; <ty <T. Then for any A € R

A2 L2
Eexp{)\ sup |Xt|}§2exp{ }
t1<t<ts 4

This estimate follows from Theorem 3.5.27 and Lemma 3.5.23.

3.5.9 Modulus of Continuity of Solution of Equation Involving
Fractional Brownian Motion

Definition 3.5.32. We say that the C-function U(x) (C-function is continu-
ous, even, convex function that increases in > 0 and is zero at the zero point)
satisfies the A2-condition if there exist such constants zo > 0 and Ly > 1,
that U%(z) < U(Lox) for > zo.

Ezample 3.5.33. The function U(z) = exp {2?} —1 satisfies A%-condition with
xo:= 0 and Lo := /2.

Theorem 3.5.34. Let {Y;,t € T} be a stochastic process from the Orlicz space
Ly (92), where the function U(x) satisfies the A%-condition with constants xo,
Lo, and let Zy := xoV Lg. Let py (t,s) = ||V = Ys||lu, t,s € T be a semi-metric
generated by Y. Also, let (T, py) be the separable space and the process Y be

the separable process in the space (T, py ). Put g := sup py(t,s), let N'(u) be
t,seT

the minimal number of closed u-balls covering (T, py ), N1(u) > N(u),u > 0

and let Ni(u) increase in u. If for any e > 0

€

ae) = / U (W (u)) du < oo, (3.5.59)

0
then for any € € (0,&q) such that N1(go) > U(Zy), and for any x > Zy

P{ sup |Yt_Ys|)) > 1’} < M (3.5.60)

0<py (t.5)<e Coq(py (t,s U(x)

Moreover, with probability 1
li AYe <1
imsup ————— ,
€l0 P Co Zoq (5) -

where AY, = sup |Y: = Yi|, Co=3Lo(5+4Ly).
0<py (t,s)<e

Proof. For Nq(u) = N(u) the theorem is proved in the book (BK00). If we
replace N (u) for N;(u), the proof will not change substantially. O
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Corollary 3.5.35. Let {Y;,t € T = [a,b]} be the separable stochastic process
from the space Ly (£2), U(x) = exp {xQ} — 1. Let for some Dy > 0 and
0<p<1

sup Y — Yillo < DohP. (3.5.61)
s,t€a,bl],|t—s|<h

Then for any x > /2, 0 < § < % the inequality holds

|Y; — Yi| 3+2
P sup —— >z, < (3.5.62)
0<t—s <s D1g(Dolt — s[?) Ul(x),
s,t € [a,b]
1
e 1\ 2
where g () := [ <ln <2 + W)) du, D1 = 3V/2 (5 + 4\/5) .
0 2u”
Moreover, with probability 1
AY,
lim su a (3.5.63)

—<1’
5o T D1v/2g (Dq - 67) ~

where AAY(; = sup |Y:—Y|
0<|t—s]|<d

Proof. As we have seen from Example 3.5.33, the C-function U(x) =
exp {x2} — 1 satisfies the AZ-condition with 2y = 0, Ly = /2 (so,

1
Zy = V/2). Moreover, UV () = (In(1+2))2, z > 0, and ¢q(c) =
£ 1
J(n(1 +N1(u)))% du. Since in this case N (u) < w + 1, we can put
0 2u P

1 1 2

i € i

N (u) = Lb%_"’ﬂ-l.lt means that ¢(g) = [ (111 <2+(b_a)§°>> du =
2u 0 2u

g (&) . Therefore,

sup —‘}/t _}/TS| sup —|}/t_YS|
o<ft—s|<s D19 (Dolt = s[°) = o<py (t,5)<Dosr D19 (py (t,5))

Now (3.5.62) follows from (3.5.60), since separability of Y and (3.5.61) imply

its separability in the space (T,py) with T = [a,b]. Inequality (3.5.63) is

proved similarly. The restriction on ¢ follows from the inequality

Nl(E) > U(Zo) =e2—1. O
The next result follows from Corollary 3.5.35.

Theorem 3.5.36. Let {X;,t € [0, T]} be the solution of equation (3.5.1) un-

Yy 1
der the condition of Theorem 3.5.21, f(y) := [ <1n (2 + %1}7%)) ’ dv, y > 0.
0

Thenforanya:z\/i,0§t1<t2§T,0<5§2Ez{f12)
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P sup [Xe = X —~>ax, < LA \/5. (3.5.64)
sl e (@) ) T
Moreover, with probability 1
sup | X — X
[t—s| <o
lim sup —>2 S Burtal <1 (3.5.65)

00 BrDi(ty —t1)H f (ﬁ)
Proof. Tt follows from Theorems 3.5.19, 3.5.21 and Corollary 3.5.35. Indeed,
in this case T = [t1,t2], 8 = H, Dy = By,
9 (Dolt = s1") = £ (=) Dotta — )" .
Definition 3.5.37. Let (T, p) be a metric space, © = {O(u),u > 0} be a mod-

ulus of continuity (see Definition 1.16.1). The family of functions {y,t € T}
such that

sup lye — ys|
t,s €T Q(p(t7 S))
t#s

is called the Lipschitz space Ag(T, p).
(Compare with the Definition 1.16.3; note that now our process is not
Gaussian.)

Remark 3.5.38. Theorem 3.5.36 states that the solution of equation (3.5.1)
under the conditions of this theorem with probability 1 belongs to the space

H .
Ao(T, p), where T = [t1,12], p(t,s) = [t —s|, O(z) = f (@;W)’ and in-
equality (3.5.64) gives the estimates of the distribution of the norm of X; in
this space.

Corollary 3.5.39. Let {X;,t € [0,T]} be the solution of equation (3.5.1)
under the conditions of Theorem 3.5.36. Then for any 0 < ~ < 2H with
probability 1 the trajectories of X; belong to the space Ao(T,p), where T =
[tl,tQ] - [O,T],

p(s,u) = |s —ul,0(x) = Cp a3,

CH,'y,l = B7D10H’,Y(t2 — 151)%,61}1’,y = 7_1/2(21’[ - + 21+W/2H)(2H — ’y>_1.
Moreover, for x > +/2 and § < (to —t1) A &

|Xt_Xu‘ 3+\/§
o HT :
Cylt —ul"72

P sup (3.5.66)
0<|t—ul <4,

t,u € [tl,tg]



290 3 Stochastic Differential Equations Involving Fractional Brownian Motion

Proof. From the inequality In(1 + x) < %x'y, x>0,0<vy<1itis easy to
obtain for § < (t2 —t1)

1 H-2 H-2

5 3 5 3
/2 7 <C 3.5.67
+ _ ﬁ t2 _ t] — H,y t2 _ tl ? ( )

and the proof immediately follows from (3.5.64) and (3.5.65). O



4

Filtering in Systems with Fractional Brownian
Noise

4.1 Optimal Filtering of a Mixed
Brownian—Fractional-Brownian Model with Fractional
Brownian Observation Noise

Consider the real-valued signal process X; and the observation process Y;
defined by the following system of equations:

t N t
Xt:n—i—/ a(s,Xs)derZ/ bi (s, Xs) AW
0 =170

M t
+3° [ eoanih, rep,7), (L)
=170

t t
y;=§+/ A(s,Xs)ds+/ C(s)dBH,
0 0

where {W* 1 <i < N} are independent Wiener processes,

{BHJ ,1 < j < M} are independent fractional Brownian motions with Hurst
indices H; € (1,1), B¥ is an fBm with Hurst index H € (3,1), all the
processes are mutually independent, random initial conditions (n,&) are in-
dependent of each other and independent of all the processes (W?, BHi, BH),
the functions a, b, A:[0,7] xR = R, ¢;,C : [0,T] — R are measurable in
their variables and satisfy the conditions that are sufficient for the existence
of pathwise integrals w.r.t. corresponding fBms.

The problem is to construct the optimal filter of the signal X according
to the observation Y, which will be expressed in terms of the conditional
expectation m;(X) := E(X;/FY), where FY := o{V,,0 < s < t}.

Note that the partial cases of this problem were considered in (KLeBR99),
(KLeBRO00), where N = 1,¢; = 0 (see also (KKA98b), (LeB98)), and in
(Pos05), where b; = 0. Suppose that the following condition holds:

(i) the function C' € LI (R), does not vanish and 1/C(s) is bounded on
[0,T], ¢c; € LE(R).
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Here we use the approach to the solution of optimal filtering problem
developed in (KLeBR00) but simplify it and modify it in accordance with our
model (4.1.1).

Introduce the following processes, connected with fBm B :

t t
Z; ::/ zH(t,s)C—l(s)dYS:/ Iy (t,s)D(s, Xs)ds
0 0

t
+/ Iy (t,s)dB? = J,(D) + MH, (4.1.2)
0

where J(D) = f(f lg(t,s)D(s, Xs)ds, M is the Molchan martingale, intro-
duced in (1.8.5), D(s, X5) = A(s, X5)/C(s). Recall that
1

lin(t.s) = Cf s~ (t = ) “Lpocecty, a = H — 5.

Suppose that the functional D satisfies the condition
t
(ii)/ sTUt — 8)TD(s, Xs)|ds < oo P-a.s., so the integral Ji(D) exists.
0
Moreover, suppose that

(ili) D(s,x5)s™* € I§, (L1[0,T7), i.e. there exists the fractional derivative

d t

= | (t=5)7%7"D(s,z5)ds = I'(1 = &) D (D(u, wu)u™")(1)
0

1Y — D(u, x, ) t2%u=
(t — u)ite d“)

= I'(1—a)t™2*E(t,z) € L1]0,T),

=I(1—a)pt > (D(t,xt) + a/ot D(t,

where z; is any Holder function from C''/2- [0, T7]; for example, sufficient con-
dition is

(iii") D(t,z¢)t=> € C**T¢[0,T] for some & > 0.

Then the integral

t
Jy(D) =1 —a)C® / E(s, X)s™2*ds
0

has a.s. bounded variation, so, it follows from (4.1.2) that Z; is the semi-
martingale w.r.t. the o-field F; := o{ 1, &, Xs, Wi, 1 <i <N, B
1<j<M,Y; 0<s<t} and admits the representation

t
Zr = MHF + CH/ E(s,X)s 2ds,Cyy = (1 — a)C, (4.1.3)
0

and, in addition, Z; is FY -adapted.
Further, let
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t
v = Zf — CH/ 7s(E(s, X))s 2%ds, (4.1.4)
0
where 74(Q) := E(Q/FY), It follows from (4.1.4) and (4.1.3) that

vy =Cqg /Ot (E(S,X) - WS(E(S,X))>8_2°‘ds + M.

Moreover, for 0 < s <t <T
E(v —vs/F)) = E(M — M |F,/F}) =0,

and the integral Cy fot (E(s, X) —7ms(E(s, X))) s72%ds is continuous and has

a bounded variation. Hence (v); = t'72%, where (v); is calculated w.r.t. the

filtration {FY,0 <t < T}. So, v is a continuous Gaussian martingale w.r.t.

this filtration. (Evidently, v is adapted to this filtration since Z; is adapted.)
Further we need the following evident result.

Lemma 4.1.1. Any square-integrable martingale {M;, FY ,t € [0,T]} with
My = 0 admits the representation

t
Mt:/ psdus,t € [0,T],
0

where the process ¢y is F) -adapted and Ef(f p2s722ds < o0.

The next statement is proved similarly to Theorem 18.11 (E1I82); see also
Theorem 3 (KLeBR00). For any integrable process X, let X; := E(X;/FY).

Theorem 4.1.2. Let {S;, F;,t € [0,T]} be the semimartingale of the form
¢
S; =Sy +/ asds +my, t€10,7],
0
where ES§ < oo, EfOT aZds < oo and {my, Fy,t € [0,T]} be a square inte-

grable martingale with mutual bracket (m, M), = fot A5 2%ds.

Then the process {Sy,t € [0,T]} satisfies the following stochastic differen-
tial equation:

t t o N

S, = So+ / dst / (AS+OH (SSE(S, X)—Symy (E(s, X))))dus, te0,7].
0 0

Proof. 1f we define the FY -adapted process

t
Mt = St — S() — / &Sds, (415)
0
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then for s <t E(M, — My/FY) = E(S; — S;/FY) — [! @udu
= B([! aydu/FY) — [! @ydu = 0.

Therefore, M; is a F -square-integrable martingale. By Lemma 4.1.1, M;
admits the representation

t
M, :/ psdus,t € [0,T], (4.1.6)
0

whence . .
§t = §0+/ a5d5+/ YsdVs.
0 0
Now we use the same reasonings as in Theorem 18.11 (ElI82). On the one

hand, with the help of (4.1.3) the product S;Z; can be decomposed by the
1t6 formula as

t t
S, 2} :/ Ss(de—i—CHE(s,X)s_mds)—&—/ Z¥(osds + dmy)
0 0

t
+ / Ass 29,
0

t —_—
StZt* :StZt* :/ (CHSSE(S,X)Siza
0

whence

+ G 25 + A5 2)ds + N}, (4.1.7)

where N} is continuous FY -martingale.
On the other hand, using (4.1.4) and (4.1.5)—(4.1.6) we obtain the following
decomposition for Sy Z;:

t
S,z2r = / (Zias + CuSsms(E(s, X))s ™2 4+ pgs ) ds + N7, (4.1.8)
0

where N7 is a continuous FY - martingale. It follows from (4.1.7)—(4.1.8) that
N1 = N2 and \, + CySsE(s,X) = C’H§s7rs(E(8, X)) + ¢s, whence the proof
follows. a

Now we can establish the form of the optimal filter in our model. In this
order we rewrite all the integrals fg cj(s)dBSHj, 1 < j < M, by using Theorem
1.8.3, in the form

t t
| enit = [ K esams,
0 0

where .
K§(t,s) = C’g)/ C(u)u®(u — s)* du.

S
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Further, consider for any ¢t € [0,T] the process
Xt =y +/ a(s, Xs)ds + Z/ bi(s, X )dW?
0 = Jo

M
+ Z/O K (t,8)dM5,0 <u <t, (4.1.9)

so that X! = X; from (4.1.1).

Evidently, {X!,0 < u < t} is the semimartingale with respect to the
filtration {F;,0 < ¢t < T'}. Therefore we can use Theorem 4.1.2 to establish
the following result.

Theorem 4.1.3. Let ¢ € CZ(R), m(¢) = E(p(Xt)/FY),

N
1
t _ / P 2 72% "
£iyle) = als, )0/ () + 5 3 sy +Z@ i,(t:))°s ¢ (@),
0<s<t<T, pB; =1-2a;, and the conditions (i)-(iii) hold.
Then the equation for the optimal filter m; has the form:

7(6) = mo(6) + / ro(Li . (X1))ds + C / (xt (6E) — 7 ($)m(E))dvs,

0

where ©{(9E) = E((X)E(s, X)/FY), wi(9) = E(¢(X0)/FY),

7TS(E‘) = WS(E(S7X))‘

Proof. Tt follows from (4.1.9) that X} is a “boundary” value of the semimartin-

gale X! 0 <wu<t.
N

Since 6(X0) = 6(n) + [ (6/(XD)als, X.) + 3 3 6" (X)EE(s. X,

i=1

3001 = 20 (K, (1, 5) P27 (D) ds+Z / & (X1)bi(s, X,)dW
j=1

+ Z/ qﬁ’(Xﬁ)K;}j (t,s)dMM i and A, = 0 in our case, the proof immediately

follows from Theorem 4.1.2. O

4.2 Optimal Filtering in Conditionally Gaussian Linear
Systems with Mixed Signal and Fractional Brownian
Observation Noise

Now we suppose that the real-valued signal process {X:,¢ € [0,7]} and the
observation process {Y;,t € [0,T]} satisfy the following system of equations:
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Xt:77+/ de+Z/ 5)dW!
M t

- Z/ ¢;(s)dB (4.2.1)
j=1"0

t t
_ H
=¢ +/0 A(s)Xsds —I—/O C(s)dBy, tel0,T]

where {Wi 1 < i < N} are independent Wiener processes, {Bi 1 <
j < M} are independent fBms with Hurst indices H; € (1,1), B¥ is
an fBm with Hurst index H € (%, 1), Wi, BHi BH are mutually indepen-
dent, random initial conditions (n,£) are independent of all the processes
(Wi, BHi BH), a, b;, ¢;, A, C:[0,T] — R, are bounded measurable func-
tions which satisfy the conditions sufficient for the existence of Lebesgue in-
tegrals, corresponding pathwise integrals w.r.t. fBms and It6 integrals w.r.t.
Wiener processes.

As before we suppose that C(s) does not vanish and 1/C(s) is a bounded
function on [0, T']. Suppose also that the conditional distribution 7o := E(n/§)
is Gaussian. Under these assumptions the mutual distribution of the pair
(X,Y) is well-defined, and this pair is conditionally Gaussian pair, i.e., for
any 0 < t; < to < -+ < t, < t < T the joint conditional distribu-
tion of (Xy,,...,Xy,) given FY is Gaussian. The same is obviously true
for the system ((X,E(-,X)),Y). Then for any ¢ € [0,7] the optimal fil-
ter m; has a Gaussian distribution, which can be completely characterized
by its conditional mean value X; := F(X;/F}) and conditional variance
62 := E((X; — X;)2/FY),t € [0,T). Denote D(s) := A(s)/C(s) and note that
now FE(s,zs) = D(s)x, for any x € C'/?7[0,T]. Suppose that the following
version of the condition (iii) is now fulfilled:

(iii”) D(s)xss™® € I§. (L1[0,T)) for any = € C/27[0,T]. Evidently, the
set of such D(s) is nonempty.

Consider for any t € [0,T] the semimartingale that is similar to (4.1.9):

X;;:n+/ de+Z/ dWZ+Z/ K (t,s)dM ",
0

0 <wu <t so that X} = X; from (4.2.1). Denote 63 := E(n?/£) — (m0)2.
Lemma 4.2.1. For allt € [0,T]

u u
X, =m0+ / a(s)Xods + C / D(s)52dv,, (4.2.2)
0 0

U?—UO—FQ/ ds—l—Z/ b2 (s
0
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M t t
+ Z(l - Qaj)/ (K;}j (t,8))%s 2*ds — (1 — 20()0%1/ D(s)52s 2*ds
= 0 0
t —_— —_— ~
+Cr [ D()((XDPX. - (XD, - 263(RD) ), (4.2.3)
0

where (G1)% ;= E((X;f — XH(X, — )?S)/]:SY)

S

Proof. By using Theorem 4.1.2 and independence of {W?% M} of M we
obtain that

——— ~

Rt B(XY/FY) = mo + / a(s)Xods + C / (X.B (5, X) — Xumo(E))dvs
0 0

=y +/ a(s))?sder C’H/ D(s)a2dvs,,
0 0

whence (4.2.2) follows. Now we apply the It6 formula to the semimartingale
{XE,0<u<t}:

(X1)? = (m)? + / 2a(s)(X!) Xds + 2Cy / D(s)52 X dv,
0 0

+CH(1 - 2a)/ D(s)52s~2%ds,t € [0,T]. (4.2.4)
0
On the other hand,

(2 = 4 [ 20(e) (X)X,

N m M u
+ Z/ b?(s)ds + Z(l — 204]')/ (K;{] (t, 5))25*2111' ds
i=0 70 j=1 0
N u M u
+Z/ 2bi(s)X§dW§+Z/ 2K (t,5)X5dM [T,
i=170 j=1"0 .

whence
u N u
(X1)2 = 2 a(s /t\s s 2(s)ds
(X012 = E(n /§>+/O 2a(s)(X0) X.d +Z/ b2 (s)d

M

— 20 “ Cj s 28—2aj S
+j§::1(1 2 ])/0 (K (t,))%s 2 d
+Cn /OuD(S)((XWs)—@)?S)dV&te [0, 7). (4.2.5)

Subtracting (4.2.4) from (4.2.5) for u = t, we obtain (4.2.3). o
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4.3 Optimal Filtering in Systems with Polynomial
Fractional Brownian Noise

In all previous filtering models the noises were presented as the integrals

w.r.t. a Wiener process or w.r.t. an fBm, but everywhere with nonrandom

integrands. In this section we consider the simple case of a random integrand.
Let the signal process {X;,t € [0,7]} and the observation process

{Y;,t € [0,T]} are defined by the following system of equations:

t N
X, =+ / als, X)ds + 3 ba(BEY™,
0

n=1

t t
Yt:§+/ A(S,Xs)ds—l—/ C(s)dBH2 t € [0, T,
0 0

where (B*, B2t € [0, T]) are fBms with Hurst indexes H; € (1/2,1),

a,A : [0,T] x R — R are measurable functions and b,,1 < n < N are
real numbers. Suppose that the pair (1,¢) does not depend on (B BH2),
condition (i) holds for the function C, and condition (ii) holds for E(s,x)
with any = € CH1=[0,T]. First we try to present the power term (Bf*)" in
the form

BH1 /MtsdB—i—/Kts

where B is the underlying Wiener process (it means that BtH1 =
fot mpr, (t,s)dBs with the kernel my, (t,s) from Section 1.8), M,(t,s) and
K, (t,s) are some Fg-adapted random functions. Evidently, for n = 1

t
= / mu, (t, s)dB
0

Therefore M (t,s) = my, (t,s), Ki(t,s) = 0. For arbitrary n > 2 (Bf")" =
Jo n(BIY g, (8, 8)dBs + [y M5 (B2 (g (1, 5))%ds.
So, the signal process can be prebented as

t N t t
X, =n +/ a(s, Xs)ds + Z by, (/ M, (t, s)dBs +/ K, (t, s)ds)
0 ot 0 0

¢ ¢ ¢
:n—l—/ a(s,XS)ds—l—/ M(t,s)dBS—i—/ K(t,s)ds,
0 0 0

where
Mn(ta 5) = n(Bfl)nilmHl (tv 8)7
n(n —1)

K,(t,s) = 5

(B2 (m, (¢, )%,
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N N
M(t,s) = baMp(t,s), K(t,s) =Y by Kn(t,s).
n=1 n=1

t
Suppose that (B, M), = / Ass™2%ds, where M2 = fg I, (t,s)dBHz.

0
Consider the family of semimartingales
S S S
Xti=n+ / a(u, X,)du + / M, (t,u)dB, + / K, (t, u)du,
0 0 0

s € [0,t],t € [0,T)]. Let the function ¢ € C*(R). Then the process
#(X1),s €10,t] is a semimartingale with the representation

B(X1) = 6(n) + / (XM (1, u)dB, + / L (6())du,

0

where Lt (6()) = (a(u, X,) + K (&) &'(-) + 36" () (M, u))?.
So, Theorem 4.1.3 gives the following representation for the optimal filter

Ts(H(X2)) :
m(@(XD) = o) + [ muLLCedut [ (me (XM )

+ O (mu($(X0) B(u, X)) = mu (9(X0))mu(B)) ) v

If we put s =t then the equation for the optimal filter 7 (¢(X})) receives
the form:
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Financial Applications of Fractional Brownian
Motion

5.1 Discussion of the Arbitrage Problem

5.1.1 Long-range Dependence in Economics and Finance

As mentioned in the paper (WTT99), long-range dependence in economics
and finance has a long history and is an area of active research (e.g.,
see (Lo91), (CKW95)). The importance of long-range dependent processes
as stochastic models lies in the fact that they provide an explanation
and interpretation of an empirical law that is commonly referred to as
the Hurst law or Hurst effect. In short for a given set of observations

{X;,i > 1} with partial sum Y(n ZX“ n > 1, and sample variance
=1
=n! Z , —n 'Y (n))?, n > 1, the rescaled adjusted range statistic

or R/S—statistic is defined by

50570 (e, (v 570) - i, (0 - Y e) ) mz

Hurst in (Hur51) found that many naturally occurring empirical records
appear to be well represented by the relation E ((R/S)(n)) ~ cinfl asn — oo,
with typical values of the Hurst parameter H € (1/2,1), and ¢; a finite positive
constant not depending on n. But in the case when the observations come from
a short-range dependent model, then E (R/S(n)) ~ can'/? as n — oo, where
co does not depend on n. The discrepancy between these two relations is called
the Hurst effect or Hurst phenomenon. The analysis of the R/S-statistic,
provided in (WTT99), (TTW95) and (TT97), leads to the recommendation
to use a diverse portfolio of time-domain-based and frequency-domain-based
graphics and statistical methods, including the graphical R/S-method, the
modified R/S-statistic (Lo91) and Whittle’s approach. Also, another (possibly,
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surprising) recommendation is: in the case when statistical analysis cannot be
expected to provide a definitive answer concerning the presence or absence
of long-range dependence in asset price returns, a more revealing and also
much more challenging approach to tackle this problem consists of providing
a mathematically rigorous physical “explanation” for the presence or absence
of the long-range dependence phenomenon in stock returns.

5.1.2 Arbitrage in “Pure” Fractional Brownian Model.
The Original Rogers Approach

Suppose that we establish that the existence of long-range dependence on the
financial market in which we operate, and we must model a share price process
using long-range dependence of returns. So, we can try to replace the clasical
log-Brownian model (B1Sc73)

dSt = St</1,dt + O'th), t 2 0
involving some Brownian motion W by the model involving fBm B*:
dS; = Sy(udt +dBF), t >0, (5.1.1)

where H € (1/2,1).

Three main problems arise immediately: what will be the class of finan-
cial strategies, what will be the kind of stochastic integral w.r.t. the fBm
used in the model and is such a model arbitrage-free or not? There has been
wide discussion on these topics and we will present here the main (in our
opinion) results and conclusions. It seems that the first attempt to construct
arbitrage on the financial market that is modeled with fBm, was made by
Rogers (Rog97). He did not use geometric fBm like (5.1.1) but fBm itself,
and exploits its stationary properties, obtains an arbitrage possibility and im-
mediately concludes that fBm is an absurd model for finance markets (as we
shall see later, the situation is not so dramatic).

The notion of arbitrage that will be used (only in this subsection) is the
following: we say that an arbitrage exists on the interval [a, ] if there is some
trading strategy whose gains process {n:,a < t < b} satisfies the following
conditions: (a) n, = 0; (b) ny > —f for all @ < ¢ < b and some § > 0;
(¢) P{m >0} >0.

The brief description of the Rogers construction is the following. Suppose
that (£2,F,{F:, t € Ry}, P) is a filtered probability space and {X;, t € Ry}
is a continuous integrable adapted process. For any a > 0 and 0 < t < b define

7(t,b,a) ;== inf{u > t: X, — Xy ¢ [—a,a]} Ab.
Lemma 5.1.1. Let, for any rational a,b,t with t < b,
E (XT(t,b,a) - Xt/ft) =0 a.s. (512)

Then X is a local martingale.
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Proof. For any stopping time T' < ¢ equality (5.1.2) can be extended to
E (XT(T,b,a) - XT/]:T) =0 a.s. (513)

Indeed, we can approximate T by a sequence of stopping times 7'(")

= 27" ([2"T] + 1), taking discretely many rational values and decreasing to
T. Now fix N € N, define 7 := 7(0, N, N), fix ¢ > 0 and define the stopping
times o§ = 0,

oy = inf{u > 07 0 Xy — Xoe ¢ (—€,6)} AT,

n > 0. Evidently, o 1 7 as n — oo. From (5.1.3) it follows that
E (Xo,i+1/fo;) = Xo¢ .

Since | X,< | < N + | Xo|, we have that for any n > 0 X, = E (X,/F,<), and
as € — oo we obtain that for any ¢t < N

Xt/\T = E(X‘r/]:t)>
which means that X;,, is a martingale, and this is sufficient. O

Now, as we have seen in Section 1.15, fBm B is not a semimartingale (in
particular, it is not a local martingale) unless H = 1/2. As a conclusion, we
obtain from Lemma 5.1.1 that for fBm {B/?,¢t € R} the following is true: if
we define for any n € N the process

Ya(t) := (Bfg,n_21,n - BZI,”)Q"H,

0<t<1,H € (1/2,1), and Y, := .7:13:,”, then there exist a > 0 and € > 0,
such that
P{E(Yn(Tn)/yn—l) > 5} >¢€

where 7, = inf{t > 0: Y, (¢) € [—a,a]} A 1. Note that by the scaling prop-
erties of BY the sequence {Y,,n € Z} of C[0,1]-valued random variables is
stationary and even ergodic since (), 0{Ys,k < —n} is trivial. The ergodic
theorem guarantees that

P{E(Y,(7)/Yn-1) > € for infinitely many n >0} = 1.

Consider the period (—2'~",—27"] and call this period “promising” if
E(Y(7)/Yn-1) > &. There will be infinitely many “promising” periods. The
investment strategy is the following one: we invest a unit amount in each
“promising” period but immediately sell our holding and wait until the end
of the period if Y;, goes out of [—a,a] during the promising period. So, the
gain (, made during a “promising” period satisfies the relations —a < (, < a,
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E(¢y/Yn-1) > €, and for the “nonpromising” period ¢, = 0. Denote accu-

mulated gain by 7, = Z Cr- Then we can take A > 0 sufficiently small such
k<n
that
E(e_’\""/yn,l) < e M-t

Therefore, e™* is a nonnegative supermartingale convergent a.s. to 0. If
we stop 7, at the first time v when 7,, < —a, then

P{v < oo} <exp{—-Aa} <1

and on the event {v = 400} 7, — +oo. Finally, the arbitrage strategy can

be described as follows: invest a unit amount in Y (which is the same as

investing an amount 2" in B during period n ) in each “promising” period

until either 7, has risen to 1 or falls to below —a. The former happens at

least with probability 1 — exp{—Aa}, and the resulting gain is 1, and if the

latter happens we lose at most 2a. If the latter happens we invest 1/2 in each
5a

“promising” period until either 7, has risen to 1 or has fallen below . If

the latter happens we lose at most 3a, and invest 1/4 in each “promising”
period until either n has risen to 1 or has fallen below 1%“ and so on. To
continue in this way, successively halving the stake when things go badly, we
shall eventually be successful and make a net gain of at least 1, and the worst
that can happen is that our wealth meantime could fall to 4a, so we have

arbitrage in our definition.

5.1.3 Arbitrage in the “Pure” Fractional Model.
Results of Shiryaev and Dasgupta
Consider a (B(r), S(r))-market with

By(r) = €™,
Si(r) = et +oBe ¢ >0,

(5.1.4)

H € (1/2,1). Let for simplicity u = r, ¢ = 1. We construct a portfolio
m=(B,y) with By =1— 2B 5, = 2(BH —1). For such a portfolio we have
that the corresponding capital X/ equals

. 2
X7 = BiBi(r) + 7 Se(r) = € (eBt - 1) .

From the It6 formula (2.7.5) for a pathwise integral w.r.t. fBm,

t 2 t
X7 :/ re® (er — 1) ds+2/ erst+ Bl (635 — 1) dBH
0 0

t t (5.1.5)
- / BodBy(r) + / YsdSs(r),
0 0
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and (5.1.5) exactly means that the strategy w is self-financing strategy in
usual sense. So, for this portfolio X = 0 and X]" > 0 a.s. for any ¢ > 0, and
everyone understands that it is an arbitrage possibility (in any appropriate
definition). This is Shiryaev’s example (Shi01).

A very close result was obtained by Dasgupta (Das98). He considered a
one-dimensional portfolio 7,0 < ¢ < 1, the same model as in (5.1.4), defined
discounted gain as

Gy = / 7(s)B; Y (r) (O’dBSH + (u—r)ds),
0

and determined arbitrage as the following possibility:
(a) there exists a € R such that P{G; > o,0 <t <1} = 1;
(b) P{Gt >0} =1, (¢) P{G; >0} >0.
Now, consider the particular case u = r and the particular portfolio

7y = 2e7tHOBY (e"BtH - 1). (5.1.6)

With portfolio (5.1.6) the gain process equals

t ¢
Gy :/ 2¢7 B (e"Bf — 1) ocdBH :/ 208! (20dBf)
0 0

t 2
72/ o B (20dB!) = e20B _ 1 _2eB 12 = (e”BtH - 1) .
0

Of course, we obtain arbitrage possibility. As a conclusion, we see that
the “pure” continuous-time model based on fBm is not arbitrage-free, if the
arbitrage possibility is defined in any appropriate terms. The same fact is
emphasized in PhD thesis of Cheridito (Che01b), the paper of Salopek (Sal98);
see also an early discussion on arbitrage with fBm in finance in (MS93).

Now we can discuss discrete-time models and “mixed” models (the latter
ones are much more promising).

5.1.4 Mixed Brownian—Fractional-Brownian Model:
Absence of Arbitrage and Related Topics

Let {W;,t > 0} be a standard Wiener process and {Bf?,t > 0} be an fBm
with the Hurst index H € (1/2,1), both defined on a filtered probability space
(2, F, {F, t >0}, P).

Consider a mixed version of the Black—Merton—Scholes model, i.e. a
(B, S)-market with a bond B and a stock S, where

By=e, S, = WietbBltet .4 phceR, tER,. (5.1.7)

For a given strategy (or a portfolio) m = {3, v:,t > 0} the capital {X;,t > 0}
corresponding to this portfolio equals
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Xt :Bt'/gt‘FSt"Yt- (518)

We make the following assumptions about the strategy m:
1) 7 is a self-financing strategy, i.e.

t t
Xt:XO+/ ﬂsdBS—l—/ s dS.; (5.1.9)
0 0
2) w is a Markov-type strategy, i.e.
ﬂt :ﬂ(St,t), Yt :’Y(St,t) (5110)

One needs to be accurate with condition (5.1.9), for it to reflect the real
economic concept of “self-financing”. This entails that the meaning of the
second integral in (5.1.9) should be specified clearly. We understand it now in
the pathwise sense, i.e. as the following limit with probability 1:

t n—1
/ v dSs = lim > Ve (Ssper — Ssp)-
0 k=0

max|sg41—Sk|—0

Here, the sum Zz;é Ysi (Ssps1s — Ssi.) is an obvious formula for the capital,
earned on the price variation of S with a piecewise buy-and-hold strategy
{3t,t € Ry} = {5, sk <t < Sgy1, t > 0}. Hence, the integral fot ~s dSs,
as the capital earned on S with the continuous strategy {v:,t € R}, agrees
with the “fundamental moral” in the definition of self-financing conditions
(for discussion on this topic see Section 5.2.2).

We say that the strategy 7 has an arbitrage opportunity if there exists
T > 0 such that

Xo=0, X7r>0(P—as), P(Xr>0)>0.

In the mixed model (5.1.7) with a # 0 and b # 0, some results in this direc-
tion have been obtained in the papers of (Ku99), (Che01b), (MV02), (Zah02a).
More exactly, Kuznetsov (Ku99) established the absence of arbitrage under
the condition of independence of processes W and B. As we mentioned in
Subsection 3.4.2, Cheridito (Che01b) proved that, for H € (3/4,1), the mixed
model with independent W and B¥ is equivalent to the one with Brownian
motion and hence it is arbitrage-free. Zahle (Zah02a) proved the absence of
arbitrage in the general mixed model with independent Wiener process and
the process of zero quadratic variation (Dirichlet processes, see, for exam-
ple, (Fol81b)). In the mixed model, studied in the paper (MV02), there is no
requirement of independence. Conversely, the absence of arbitrage is demon-
strated under the condition that the process B is connected with the process
W as in formula (1.8.17).

The main result of this subsection is that the mixed market is arbitrage-
free without any conditions on the dependence of W and B¥, if we restrict
ourselves to the self-financing Markov-type strategies with smooth £ and ~.
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Conditions of Self-Financing and Their Consequences

Note that in the case of the Markov-type strategy (5.1.10), the process of
capital X; can be written as a function of price of the stock S at the moment
t:

X :@(St,t), (5.1.11)

where

D(z,t) =" B(x,t) +x - y(z,1). (5.1.12)
We prove in this section that the self-financing assumption strongly restricts
the class of possible functions @ in (5.1.11).

In the case of vy, = (S, t) with smooth (-, -), the integral fot vs dS,s exists
and it can be presented in the form

t t t t 2
/«ystS:/ a%SdeS—s—/ b%SsdBf—i—/ (c+ ‘;) vsSs ds, (5.1.13)
0 0 0 0

where the first integral on the right-hand side is the It6 integral, the second
integral is the pathwise Riemann—Stieltjes integral and the third one is the
Riemann integral. Formula (5.1.13) gives the It6 formula for an exponent of
the mixed process. In addition, we shall refer in this subsection to the Itd
formula for processes with generalized quadratic variation (see Subsection
2.7.2).

The Ité integral in (5.1.13) appears due to the choice of the left end-
point s, in the expression under the summation sign in (5.1.12). Such a choice
is crucial for condition (5.1.9) to have the economic sense of self-financing. The
second integral fg’ b7sSs dBH does not depend on the choice of inner points
of the intervals.

Theorem 5.1.2. Let the (B,S) -market be given by (5.1.7) with a # 0. Sup-
pose also that for all t > 0 the support of the distribution of Sy coincides with

supp(S;) = [0, +00). (5.1.14)
Then in the class of Markov-type strategies (5.1.10) with
{8, ),7(x,1)} € C2((0,+00)) x C([0, +00))
the condition of self-financing (5.1.9) is equivalent to the following one:

(i) There exists a function ¢(z,t) € C?((0,+00)) x C([0,400)), which
satisfies the equation
2

& (z, 1) + % 22" (2,t) +rad(z,t) —rd(z,t) =0, (5.1.15)

and the strategy (3,7) can be expressed in terms of ¢:
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Bz, t) = e " (d(x,t) — x - Pl (x,1));
{W(x t) = qS’ (z,t). (5.1.16)

Remark 5.1.3. Condition (5.1.14) holds, for example, in the case when the
processes W and B are jointly Gaussian, and, hence, log(S;) = aW; + bB}
+ ct, t > 0 is a Gaussian process.

Remark 5.1.4. Under condition (i) we have the identity &(x,t) = ¢(z,t).

Proof of Theorem 5.1.2. Below we use the It6 formula for processes with
generalized quadratic variation; see (3.1.25), (3.1.26). Firstly, the It6 for-
mula holds for continuous processes with generalized bracket. Secondly, if

the process Z has the usual bracket, then it has the same generalized bracket.
Let consider the process S; and prove that it has usual bracket. Indeed,

n n
H H 2
Z AStk _ Z (eawt,CJrl OB Fethar _ oW +bB +ctk>
k=0 k=0

n
2
z : aWtk+1< tk+1+0tk+1 _ ebellc+Ctk)

k=0
n 2 u
n Z (@awtk+1 _ eaWtk) o20BI +2ct
k=0

n
+2 E ®Wikcir B et (eaWthrl - e“Wfk) (@bB’ZHJrCt’““ - engchctk)
k=0
=17+ 13+ I3

Evidently, I3 — fot 5262 du, a.s. and in Lo(P). Further,

bBI  +ctpin ebe]z +cty

tk+

< B et ’bABfi —&-cAtk’

e
and the trajectories of BY belong to the class C*~[0,T] with H > 1/2.

Therefore I7" — 0 a.s., and the same is true for I'. It means that the bracket
of S has the form

t
[S]t:/ a*S? du. (5.1.17)
0

Let us apply the It6 formula (2.7.8) to the processes B ﬂ(St,t) and
Sy fy(St, t) from (5.1.8). We obtain the equalities

Btﬂ(St,t)—ﬁ(l,O):/o d(By 5(Su.u))
:/tg(su,u) dBu+/tBu6£(Su,u) du+/tBuﬁ;(Su,u) dS, (5.1.18)
0 0
/Bu (S ) d[S]..
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and
t
57(80) = 2(1,0)= [ d(S.7(5uw)
0
t t t
:/ (S ) dSu+/ St (Sus ) du+/ Sl (Sur) dS,  (5.1.19)
0 0 0

1 t
+ 7/ (27;(Su,u) +SuA (Su,u)) d[S]...
2 0

Combining equations (5.1.18) and (5.1.19), we obtain:
t t
X, - Xo _/ B(Su,u) dB, _/ 2 (Suru) dS,
0 0

_ /Ot (Bu B, (S ) +Su (Su,u)) du + /Ot (Bu B3,(Sus 1) +Su 7, (S’u,u)) ds,,

t
%/ (Bu ;fx(Su,u)er;(Su,u)+Su~y;’z(su,u)) d[S]..  (5.1.20)
0

Comparing equations (5.1.20) and (5.1.9), we conclude that the condition
of self-financing of the strategy m = {0, %,t € Ry} is equivalent to the
equation

t

/Ot (Bu B1(Sus 1) +Su 7, (Sus u)) du + /0 (Bu B, (S 1) +Su 7 (S u)) ds,,

t
%/ (Bu B2 (Sus ) + 29, (Surw) + Su e (Susw) ) dlSly =0, >0,
0

(5.1.21)

From the same It6 formula and definition of the process S, we obtain that

t t
Sy =Sy +/ Sud(aWu—i—be —l—cu) -|—/ %QQSudu,
0 0

where the integral fg Sy dW,, exists as the usual It6 integral, and the integral
fg S. dBH exists as the limit of the Riemann-Stieltjes sums, because
Sect/?=0,T), BT ¢ CF~[0,T], and 1/2 + H > 1.

Substituting equation (5.1.17) into equation (5.1.21), we obtain that equa-
tion (5.1.21) can be rewritten as

/Ot (Bu 6£(Su,u) + Sy %ﬁ(Su,u)) du

¢
+/ (Bu B (Su,u) + SUW;(Su,u)) Sud(aWu +bBH + (c+ a2/2) u)
0
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2 t
0

Let us take the quadratic variation of the both sides of (5.1.22). Evidently, the
usual bracket of all Lebesgue integrals in (5.1.22) vanishes, and the bracket of
the It6 integral equals

[/0. (Bu Bl (Su,u) + Sy ’y;(Su,u)) S, d(aWu)} _

t

t 2
:az/ (Buﬂ;(Su,u)+Su'y;c(Su,u)> S2 du.
0

Establish now that the usual bracket of the process fg (Bu G, (Su,u) +
Sus(Suw)) Sud(bBH) a.s. equals 0. Tn this order denote f, = b( Buf, (S.
u) + Sus (Su,u)). Evidently, the trajectories of this process belong to the
class C''/27[0, T]. Further, from the estimate in Proposition 22 (FdP99), it
follows that

<Ol lews B0 (a0 2+

)

tkt1
/ fudBf_ftk ABtI:
t

with constant C' not depending on f and B and such § that 1/2+H —25§ > 1,
i.e. 6 < /2. Therefore,

n

S([ 7 gty 23 ([ puant g ant)’

kOtk

+22 i) (ABE)? <2C2 | fll2njoms | BT | n s Y (At
k=0

) 1+2H—-46

+QZ fte) ABfi —0 as.
From all these estimations and (5.1.22) we obtain

t 2
a2/ (Bu 81(Suw) + S0 (Suru))” S2du =0, (5.1.23)
0
Since (5.1.23) holds for all ¢ > 0, we easily deduce that
Bu By (Su,u) + Su vy (Su, u)= 0 (5.1.24)

for all w > 0 and almost all (a.a.) w € £2.
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Substituting (5.1.24) into (5.1.22) we obtain another equation for all ¢ > 0:
¢ a2 [t
/ (Bu By (Su,u) + Sy 'y{(Su,u)> du + ?/ (Bu e (Sus u) + 2795 (Su, u)
0 0

+ Sy (Su,u)) S2% du = 0.
This means that the equality

By B;(Susw) + Su i (Sus ) (5.1.25)
2
5 (Bu B (Sustw) + 29, (Surw) + Su e (Suru) ) 82 =0

holds for all # > 0 and a.a. w € £2.
Condition (5.1.14) of the theorem ensures that equations (5.1.24) and
(5.1.25) may hold if and only if

By B (w,t)+x v, (2, t) = 0; (5.1.26)

2
By Bi(z, t)+z i (=, t)—&-% (Bt B (z,t) 429, (2, t) +a vy (2, t)) 22 =0,
(5.1.27)

forallt >0,z > 0.

The last relations mean that the strategy (ﬂ(St,t)ﬁ(St,t)) is self-
financing if and only if the pair (ﬂ(:r,t),'y(;v,t)) satisfies equations (5.1.26),
(5.1.27).

Now assume that condition (i) of the theorem holds. Substituting 5 and
v from (5.1.16) into (5.1.26) and (5.1.27) we obtain an identity 0 = 0 in the
first equation and identity (5.1.15) in the second one.

Conversely, if (5.1.26) and (5.1.27) hold, we set

o(x,t) := By - Bz, t) + x - y(x,t).
For such function ¢ we obtain from (5.1.26) that
O (2,1) = By - By (x,t) + (2, ) + 2 - 7o (2, 1) = v(w, 1),
Bla,t) = By (1) — 2 y(x, 1)) = e (b, ) =z - ¢l (x,1)),

i.e. we come to (5.1.16). Substituting 8 and v from (5.1.16) into identity
(5.1.27), we obtain that ¢(x,t) satisfies equation (5.1.15). O

Remark 5.1.5. Let the process {Z;, t > 0} be defined on

(2, F, {Fi,t > 0}, P) with Zy = 0 and [Z] = 0, where [Z] stands for usual
bracket, i.e. quadratic variation. Then it is not hard to see that Theorem 5.1.2
is valid for the (B, S)-market with

B75 — ert7 St _ eaWt—i-Z,,—&-ct’

if only condition (5.1.14) holds for the process S.
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Absence of Arbitrage

Theorem 5.1.6. Let the (B,S) -market be given by (5.1.7) with a # 0. Let
the support of the distribution of Sy coincides with

supp(S;) = [0, +00) (5.1.28)

for allt > 0.
Then there is no arbitrage strategy in the class of self-financing Markov-
type strategies (5.1.10) with

{ﬂ(x,t),'y(x,t)} C 02((0,+oo)) X C’l([O, +oo)).

Proof. Theorem 5.1.2 states that for any strategy in the class, described in
the theorem, the process of capital X; is given by

Xt = ¢(St7t)a

where ¢ satisfies the equation

oy (z,t) + %2 22 ¢! (x,t) +rad(z,t) —ro(x,t)=0. (5.1.29)
Suppose that an arbitrage strategy exists. So, there exists T' > 0 such that

Xo=0, Xp>0(P—as.). (5.1.30)

Together with (5.1.28) conditions (5.1.30) are equivalent to the following ones:

$(1,0)=0, ¢(=,T)>0 Va>0. (5.1.31)

We are going to prove that ¢ = 0 is the only function that satisfies (5.1.29)
and (5.1.31) simultaneously. Hence, it would mean that there is no arbitrage
strategies in the given class.

Let us use the standard approach in solving equation (5.1.29). Suppose
the function ¢ satisfies equation (5.1.29) with boundary conditions (5.1.31).
Then a new function 7(z,t), given by

n(z,t) =0(az, T —t), zeR, te|0,T],

where

ez r
0z,t) = e @0 G (1), a=g— 1 B=-T o

N =

satisfies a heat equation

1
i (z,1) = 512(2,1) (5.1.32)



5.1 Discussion of the Arbitrage Problem 313
with additional conditions
VzeR n(z0) >0, n0,T)=0. (5.1.33)

Here, an inverse change is given by
a2 7‘2
b t) = a(b-) (o5 +EE) ) (m(ﬂf),T _ t) ,
a

The continuous solution of equation (5.1.32) is well known and has the form

et = [nle.0)- 2n) e (-0 ) ag

which together with boundary conditions (5.1.33) gives n = 0 and, therefore,
¢ =0. O

Convergence of Lebesgue—Stieltjes Integrals to the Integral
w.r.t. fBm

In this subsection, we use Theorem 1.15.3 and prove a theorem which
establishes the convergence in probability of integrals with respect to B>#
from (1.15.15) to the integral with respect to fBm.

Theorem 5.1.7. Let the process f be such that for some € > 0 and for a.a.
we 2
fw) e ¢2a=H+e[0 7). (5.1.34)

Then r -
/ f(u)dBH? i/ f(u)dBT as B — 0+,
0 0

where £ denotes the convergence in probability.

Proof. For any N > 0 we introduce the step process of the form

N
fN(u) = Zf(ukfl)l[uk,l, uk)(u)v u € [OvT)a fN(T) = f(uN)7
k=1

where T

Then the following obvious inequality holds:

T T
/ f(u)dBEP / f(u)dBY
0 0

<

T T
[ ) = sty anz?) + | [t (s - B)

T
+/0 (fn(u) = f(u)) dBf| = I,(N, B) + Io(N, B) + I3(N).




314 5 Financial Applications of Fractional Brownian Motion

We shall establish that for the subsequence Ng such that Ng = [ 5?/2} the

following convergence holds:
P P P
Ii(Ng,B) =0, I3(Ng,B) —0, I3(Ng) —0 as [ — 0+.

Condition (5.1.34) is equivalent to the relation: there exists a finite random
variable K = K(w) such that P-a.s. V0 <z <y <T we have

[f(@) = fy)] < K |z -y (5.1.35)

with A=2(1—-H) +¢.
Consider I1(Ng, 3). We use (5.1.33), (5.1.34), (5.1.35) to obtain:

T
1 (N ) = /0 (Fu) — fu, (u) dBHP
N ug (u—B8)+
—C _ B H-1 _ o1, 1-H daw. | d
> / ()~ f) (u / (u—y)°y ) u
<CK§:(Uk_Uk1))\/uk 'LLH_% /(u_a)+(u_y)a—1y§_HdW du
- k=1 k-1 0 ’

=:CK(1(N,3).

where W is now the underlying Wiener process (before it was denoted B,
but now B is bond process). From now on C' means a constant, the value of
which is not interesting for us. Without loss of generality we may assume that
B < T/2. Let estimate the mathematical expectation of ¢y (NB, ﬁ):

A I CEOn R
ECl(N,@,B) < B2 E / u' T2 F / (u—y)* Ty T dWy| du
k=1 k=1 0

N (u=)4 . Lo\
< B2 Z/ u® / (u—y)?" 2y 2 Mdy | du
1 0

N

k
R 1—8/T 1/2
< 65 </ (1 _ y)QH—3y1—2de> Z/ uH—l du
0

k=1Y Yk—1

. 1/2 1-B/T 1/2
<Cp2 (/ (1—y)* 3y 2 dy + 22“/ (1- y)QHde>
0

1/2
< 0Bt (1+52a—1)§, (5.1.36)

Substituting A = 2(1 — H) + ¢ in (5.1.36) we obtain
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1
B (Ng, §) < Cal =12 (14 g21) " = 0(5/2) 0, 8- 0+.

Hence, I1(Ng, ) L0 as 8 — 0+.
Let consider I (Ng,ﬁ).

N
(509 = |3 e (81~ BE) - (8112 )
k=1

N
<> 1w = fun-n)| - |BES — BE| + | 1(7) (B ° - BE)

The term ’f(T) (B&F — lef)’ L, 0 because BI'? £ BH as 8 — 0+. Denote
(N, B) = S0 (up, — wp—1)™ |BES — BH |, With the help of Theorem
1.15.3, the mathematical expectation of ‘BtH’ﬁ — BH

the following way:

can be estimated in

tH, t<p

<C
ﬂ",/t(l—&-ln%),ﬁgt
< C max <5H7 Bﬁ/T(l—i—an)) =o(B*?), B—0+ (5.1.37)

for any fixed p > 0. For N = {ﬁlT/z}, p=-¢/2and A = 2(1 — H) + ¢ we obtain
from (5.1.37) that

E‘BtH’B—BtH

N
ECQ(Nﬂaﬂ) < ﬁ% ZE|BTIJII:[3 _ B{L—Ik| < I@% ([Nﬂ] + 1) o (ﬂafp) _
k=1
o (5 e

[SIE)

)) =0o(1) =0, B— 0+.

Hence, I>(Ng, ) P00 as 8 — 0+.
Finally, it follows from Theorem 2.1.7 that

— 0

T T
13(N5)| /O Iy (u)dB) — /O f(u)dB]!

a.s., and hence in probability, as 8 — 0+. O
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The Capital Process as a Limit of Semimartingales

Let the (B7S)—market be given by (5.1.7) and a Markov-type strategy

(B, %) be self-financing for this market. Then the capital, based on this strat-
egy, is given by

t t
X = Xo+ [ B(Ss)dB.t [ 5(S..9) ds.
0 0
For 3 > 0 and the given (B(-, 9,7, )) consider the processes
S,@B _ eaWt—i-bBtH’B-ﬁ—ct

and
t ~

t
X?:Xo+/ B(S2,s) dBS+/ 7(82,s)ds?. (5.1.38)
0 0

The It6 formula and definition of B:# imply that the process X? can be
rewritten as

t
Xf:x0+/ (rB.A(SE.5) + (b (BE2), 4 ¢) 50 +(52.5) ) ds
0

t
+a/ S8~ (S8, 5) dW, (5.1.39)
0

with

(BH’ﬁ)/ =CWas /(Sﬁ)+(8 — U)aflufo‘dVV
s s — YH 0 ws

which means that X7 is a semimartingale at least if the following condition
holds:

T
/ E (Sf’y(Sf,s))zds < 00. (5.1.40)
0

Theorem 5.1.8. Let H € (3/4,1) and the pair (3(7),'7(,)) satisfy the
assumptions:

(i) Vt=0 f(.1), 5(.1) € C'(R)

(i) VT,L >0 there exists K = K(T,L) > 0 such that
Bla,t) = B(z, )

(iv) YT >0 there exist M = M(T) >0 and N = N(T) > 0 such that

+ () = F(z,s)| <K |t—s>, ¥ |e| <L, t,5€[0,T].

B, t)] + e, < M1+ J2fY), vee[o,T].

ThenXtﬂLXt as (3 — 0+ for any t € [0,T].
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Remark 5.1.9. Evidently, conditions (ii)—(iv) imply (5.1.40) and the pair
(B,S’B) can be regarded as a new stock market with a price of the stock

being a semimartingale. It follows from Theorem 1.15.2 that Sf Ei S, as
8 — 0+ at any moment ¢ > 0. If, additionally, condition (5.1.14) holds for
S8 and (3,7 € (C? x C1)(Ry), then the strategy (B(SE,S),’?(S?,S)) is self-
financing and the market (B , 8P ) is arbitrage-free. In this case the process
X5 is a process of capital in this market.

Proof of Theorem 5.1.8. Using (5.1.38), (5.1.39) and (5.1.9), we may write

x? - X,

t

:/Ot(B(SE,s)—B(SS,s)) st—l—/Ot’y(Sf,s) dsf_/o (8., 5) dS,
[P0~ 1) o [ 676 - gte .
0 0

wo ([ Pante = [Lawas?) + e+ 2 [0 - o) s

where

fos)=eB(S,s), f(s) =€ B(Ss, ),
9%(s) = SP4(S2,5),  g(s) = S7(Ssr5).
To prove that Xtﬁ — X4, it is enough to establish that

/0 (f7(s) = £(s)) ds = 0; (5.1.41)
[ (@)= g(s)) aw, L0 (5.1.42)
/tgﬁ(S) dB}"? iJﬁ/tg(S) dB; (5.1.43)
0 0

[@o-sw)is Lo g0 Ly

The convergence in (5.1.41), (5.1.42) and (5.1.44) holds if fot (f5(s)

— f(s))zds L. 0 and fot(gﬁ(s) - g(s))st P00 as 8 — 0+, which, in turn,
follows immediately from the relations

E(f°(s) — f(s))° < C B>, (5.1.45)
E(g°(s) - 9(s))" < C 8>, (5.1.46)

which will be proved in Lemma 5.1.10.
Let us prove (5.1.43). Obviously, the following inequality holds:
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t t

| st~ [ o) apt
0 0
t t

[ atsyante — [gaps
0

0

< + /0 (gﬁ(s) —g(s)) dBf’ﬁ’ . (5.1.47)

The trajectories of the process n(t) = aW, + bB} + ct a.s. belong to the
space C'27[0,T]. It means that for any p > 0 there exists K (5,w) > 0 such
that

In(t) —n(s)| < Ki(8,w) |t — |27, Vt,s€l0,T]. (5.1.48)

Let us prove that the process g(s) =: w(n(s),s) also belongs to C%’[O,T]
P-a.s. Indeed, it follows from (iii) that VL > 0 there exists K2(L) > 0 such
that

[(z,t) —p(x, s)| < Ko(L) |t — 8‘% , Y|zl <L, t,se[0,T]. (5.1.49)
It follows from the definition of ¢ (z, s) and (iv) that 3M, N > 0
[0 (x,5)| < Mexp{N |z|}, Vsel0,T]. (5.1.50)
Now we use (5.1.48)—(5.1.50) to obtain

[ (n(t),t) —w(n(s),s)| < [L(n(t),t) —(n(s), )| + | (n(s).t) — ¥ (n(s),s)]
< sup [l (2, )] - In(t) — n(s)| + [ (n(s),t) — ¥ (n(s), s)|

Jzl<n(s)| Vin(®)]

sMexp{N sup |n<t>|}K1<5,w> |t—s|%‘5+Kz<sup In(t)l> It — 5|
te[0,T) t€[0,T7]

< Ky(S,w) [t — 5|70,

where

Ks3(8,w) = Mexp {N sup 77(t)|} Ki(0,w) +T°Ks ( sup |77(t)> .
te[0,T] te[0,T]

For any H € (3/4,1) it is possible to find ¢ = ¢(H) > 0 such that
Cz700,T] ¢ C2A=H)+<[0, T]. So, we can apply Theorem 5.1.7 to the first
term on the right-hand side of (5.1.47) and obtain its convergence to 0 in
probability.

Consider the second term on the right-hand side of (5.1.47). Using (5.1.46)
we obtain, as in (5.1.36), that
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B| [ @)~ 9 s

(s=B)+ 5
/ (s —y)*ly=@ dW, | ds
0

2

(s=B)+
<c /[ s (E(QB(S) —g(s))*- /0 (s —y)>* 2y dy> ds

0
t
/ sH=1ds
0

(1-B/T)+ o o
<Cp” / (1—y)"* "y " dy
0

cop (1+p1) o (gt), B-ox

Jy(£9() = £()) dBEP| = 0 it H € (3,1). O

gE/O 19%(s) — g(s)] - C s

2

which means that F

Lemma 5.1.10. Inequalities (5.1.45) and (5.1.46) are true for every s € [0, T
and 8 € (0,1) with a constant C that does not depend on 3 and s.

Proof. We prove only inequality (5.1.46) since (5.1.45) can be established
similarly.
Denote a function v (z,s) := exp{az} - v(exp{z},s). Then the processes
g°(s) and g(s) are given by
9°(s) = ¢ (aW, +bBH-P t¢s, s),  g(s) = (aWs +bBY +cs, s).

We obtain from the Holder inequality that

2
oY(z, s
E(g%)—g(s))?@( ap |20 -b(Bf*ﬁ—Bf)>
z€I1 (s, B,w) i
o (x,5) |\ " i 2\ &
<V [E su —_— E(BHA — pHy™)* 5.1.51
B ( erl(s,pﬂ,w) Ox ( ( ) ) ( )

where p, ¢ > 1, 1/p+1/g=1 and
.[1(5, ﬁa w)
= {3: . aW, 4+ min(bB? P bBE) < 2 — ¢s < aW, +max(be’ﬂ,be)}.

In the case when 2¢ < ﬁ (which is equivalent to the inequality p > i),

we can use Theorem 1.15.2 and derive the following estimation:
1
1 2gH\ q
(E(vaﬂ—Bf)Qq)q <C (s2%)7, , o<y
(ﬂanSq +ﬁQQ(H_1)+1S2q_1)q , ﬁ <s
< C max (/BQHa ﬂQaT + 5204—1/17 T1+1/p)
<O YP Be(0,1), (5.1.52)
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where C' = C'max(1, 2T, 272H).
To estimate the first expectation in (5.1.51) note that

Ii(s, 8,w) € {a+ |a] < |aW,|+ [pBE | + [bBIF| +|c] s}
C {x szl < |aW| 42 ’be‘ + |b(BSH’5 —Bf)| + |c\s}
=: I1(s, B, w). (5.1.53)

We use (5.1.50), (5.1.53) and the Holder inequality to obtain

E  sup
z€I; (s, B,w)

1

< M (Eexp {2p]\7(|aWs| +2|bBH| + [b(B* — BT)| + | s)}) ’
(5.1.54)

P

9p(z, s)

ox

2p %
> < M? (E sup exp{2pN|:c}>

z€lz(s, B,w)

< M? exp{Ls}

1
x (Bexp{3L|W,|} Eexp{3L|BY |} Eexp{3L|BI7 — BE|})",

where L = 2Nmax(\c| .lal,2]b]). For a Gaussian random variable with zero
mean & ~ N (0,0?), the following bound is well-known:

a2

Eexp{a €] }g 2 exp {202} . (5.1.55)

We use (5.1.55) and Theorem 1.15.2 to deduce from (5.1.54) that

2p %
E sup
z€ly (s, B,w)

< 2012 exp{Ls +312/2 (E(W,)? + B(BY)" + B(BI7 - 35)2)}

o(z, s)

ox

< 2112 exp{LT + 3L2/2(T +T2H
+ Cmax(8*",3>*T(1+InT — 1n5)))} < C < o0, (5.1.56)

for some C' > 0 and all § € (0,1). Summarizing (5.1.51), (5.1.52) and (5.1.56)
we obtain that for any p > ﬁ

E(¢°(s) — g(s))”> < Cg**~V?, s€[0,T], B€(0,1), (5.1.57)

where constant C' does not depend on p or (3. Since p is arbitrary, inequality
(5.1.46) follows from (5.1.57). O
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5.1.5 Equilibrium of Financial Market. The Fractional Burgers
Equation

Definition 5.1.11. The financial market described by equation (5.1.7) is in
equilibrium on [0, T] if both the kernel ¢; and likelihood ratio %| 7 are the
functions of ¢t and W;, twice differential in both the variables, and do not
depend on the path of {W,,0 < s < t} (for the corresponding notations see
Subsection 3.2.3).

This definition generalizes the usual definition of equilibrium of the finan-
cial market involving only the Wiener process (see (HC93)), where the path’s
independence of %| 7, is declared, and the kernel ¢; equals simply e(t, W}),
up to a constant multiplier.

Theorem 5.1.12. If the financial market is in equilibrium, then p; satisfies
the Burgers equation

’ ’ ]_ "
7@(8,%)@95(8,%) = <pt<87x) + §¢zm(3ax)'

Proof. Let ¢; = g(t,W;), and fot s AWy — fo ©2ds = G(t,W;), where
g,G € C? (R4 x R). Then

t 1 t
/ g(s, W) dW, — 5/ g*(s, Wy)ds = G(t, W), t € [0.T].
0 0

From the It6 formula,

t ’ 1 /7 t ’
Gt Wi) = [ (G, W) + 3G (s Wo)ds + [ Grls, Wo)aw.
0 0

From here g(s, W) = G,(s, W), —¢°(s, W) Gy(s,Wy) + 3G, (s, Wy),
or, simply, ¢g(s,z) = G! (5 :c) f% 2(5,x = G}(s,x) + LG/, (s, z). Further,
94(s, @) = GYy(s, ), —39%(s,x) = G, (s,z) + 19..(s, ). Therefore,
1
9e(s,w) = Giy(s, ), —9(5,2)g5 (5, 7) = G (5, %) + 595 (s, @),
whence the proof follows. a

Remark 5.1.13. Tt is easy to see that the “principal” kernel 8; = ot~ satisfies
the equation

1
s*M0(s,2)0. (s, 2) = af(s,x) + s0,(s, ) + 559;’%(3, z),
s >0, z € R, and @« = H — 1/2, which can be called, in this connection,

the fractional analog of the Burgers equation. (Recall that the usual Burgers
equation has the form u} = v/ + wul,.)
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5.2 The Different Forms of the Black—Scholes Equation
on the Fractional Market

5.2.1 The Black—Scholes Equation for the Mixed
Brownian—Fractional-Brownian Model

Consider a mixed version of the Black-Merton—Scholes model (5.1.7) with the
value process X, described by (5.1.8), and self-financing strategies, defined
by (5.1.9)—(5.1.10). Consider C(t, S;), the price of a European call option with
striking price K at time t € [0,77]. Suppose that C € C[0,T] x C?(R), then
we can present the function C(t, S(t)) := C(T — t, S(t)) according to the Ito
formula from Theorem 2.7.2 as

~ - t - 2
C(t,S(t)) =C(0,x) +/ (C;(u,su) + cCl(u, Su) S +Cé%5u
0

+O;;252 du+a/ Cl(u, S)SudW,, +b/ Cl(u, Su)SudBE . (5.2.1)

Now, let the portfolio on value process consist of one option and an amount
of —4 of underlying assets. The number —d will be specified later. The value
of this portfolio equals X = C —§5.

The jump in the value of this portfolio in one-step time equals

~ ~ ~ 2 ~ ~
AX = dC — §d8 = (C{+cCl + %C§352>du + aClLSdW, + bC,SdBH

28
- 5(anWu +bSdBH + %du + chu). (5.2.2)
If we choose § = % to eliminate the stochastic noise, then
2
! a” = 2
dX = (ct +5C4s-S )du.
The return of an amount X invested in bank account equals r X dt at time dt.

For absence of arbitrage, these values must be the same. Hence we obtain the
traditional Black—Scholes equation

C’/—l—f 25’2%—7"64—7“5’5'3 =0,

052
or, in terms of C(t,S),
! 1 2 2(92 !
-C, +7 S w—rC—!—rSCS:O.

Remark 5.2.1. The same equation was obtained by Zahle (Zah02a) for the
process Z; instead of aW; +bB}, where Z; = aW; +bZ;, and Z is continuous
process with vanishing generalized quadratic variation.
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5.2.2 Discussion of the Place of Wick Products
and Wick—It6—Skorohod Integral in the Problems of Arbitrage
and Replication in the Fractional Black—Scholes Pricing Model

This section appears as a result of the interesting discussion of the related
problems contained in the papers (SV03) and (BH05).

The fact of the existence of arbitrage in the “pure” fractional Brownian
model is, to some degree, the consequence of the fact that the mathematical
expectation of the stochastic integral w.r.t. fBm defined in the pathwise sense
is nonzero (and you immediately obtain such an integral as a limit of the port-
folio value created by step buy-and-hold strategies; we discussed this topic in
Subsection 5.1.4). Note, however, that the arbitrage opportunity constructed
by Rogers (Rog97) does not depend on any particular notion of integration.
The same is true for the pre-limit arbitrage of the fractional Black—Scholes
model considered in (Sot01). Nevertheless, many efforts were made to cre-
ate the “pure” fractional model which will be “free of arbitrage”, with the
help of the stochastic integral constructed by Wick products. We mention in
this connection the papers (HO03), (EvHO03), (Ben03), (BO03), (BHOS02),
(Mis04). Now we present the corresponding list of propositions for alternative
definitions of portfolio values and self-financial conditions:

(i) the price of risky asset S is modeled by a geometric fBm and is the
solution of the equation

dS; = S; $dBH, Sy = s, (5.2.3)

where H € (1/2,1) everywhere. In this case

S; = sgexp®(BI) = spexp {Bf - %tzH} (5.2.4)
(see Section 2.3.1 for the definition of the Wick integral and recall that
exp®(X) = Y07, X©™). Such an approach was developed in (EvHO03) and
(HOO03). The portfolio value is defined in (EvHO03). The standard way is
Vi = fiBy + 9:St, where f and ¢ are the respective numbers of units of the
riskless and the risky asset held in the portfolio. However, in (HO03) the
portfolio value is defined as

Vi = fiBi + g+ O St

The standard It6-type self-financing condition dV; = g¢;dS; is replaced by
dVy; = g:S; & dBH in (EvH03) and by dV; = g; ¢ dS; in (HO03).

The paper (BHO05) claims that the definition of V; as V; = f;B; + g¢.S: to-
gether with dV; = ¢;S; > dB! (where we put B; = 1) has no economic inter-
pretation as a self-financing condition. Here are the brief arguments. Consider
a buy-and-hold portfolio. It must satisfy

V;g - Vu = gu(St — Su), (525)
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from intuitive point of view. However, in our case V; — V,, = fi guS. o dBH

where the last integral, in general, does not coincide with g, f: S, & dBH and
does not coincide with the right-hand side of (5.2.5). To be precise with this
statement, consider the following example from (BHO05): let the initial capital
xz > 0; at time t = 0 we put our money into the bank account and wait
until ¢ = 1. Since By = 1 we receive z at time t = 1. At this moment we
put our money into the risky asset, i.e., buy x/5; shares at the price S; and
hold this position until ¢ = 2. The value of this portfolio at time ¢t = 2 is
Vo = S%SQ. Evidently, such a strategy must be considered as self-similar since

nothing was added or subtracted. Nevertheless, S%Sg # X+ f02 GuSy & dBH
with g, = F-1(1,2)(w). Indeed, E(x+f02 guSu & dBH) exists and equals z, but

S, 1 1 1
tEZ2 = zEexp {Bf — B — —9%H 4 712H} = xexp{f(l - 22H)}
S1 2 2 2

1 1
xEexp{BY —-BI} = zexp {5(1—22H)} exp {5-(2—1)211} = rexp{1-2%*},

which is not « unless H # 1/2. There are some other objections concerning
this model, see (BHO5).

As to the model with dV; = g; & dS, simple buy-and-hold strategies will
be self-financing in this case. However, the objection in this case is that such
a definition of portfolio V; = fidB; + ¢ {> dS; is hard to motivate from the
economic point of view. The reasoning in (BH05) is more moral and practical
than mathematical: indeed, to calculate the value of portfolio in this case one
needs to know Wick calculus and it is hard to instruct the broker how to
do it. But there are also some mathematical reasonings against this model,
because it can be proved that there exists a portfolio f = 0, g1 > 0 such
that g1 ¢ S1 < 0 with positive probability (index 1 stands for the moment
of time here). It is sufficient to put 2 = {w € 2|Bf(w) € (1/2,3/2)},
g1 = S1 — 1, where S; = exp{B# —1/2}. Then g; > 0 on 2, P(£2') > 0,
g1 <>Sl = Sl <>Sl — Sl = eXp{QB{{ — 2} — exp{B{{ — %} < 0 on .

In spite of all this criticism, we can say some positive words about Wick
(and Skorohod) models with fBm in finances. For other interesting facts and
approaches to these topics see, for example, (AOPU00),(Oks07).

First, we mention that geometric fBm can be written in two forms:

St(l) = Spettto Bl op 5,5(2) = S’oe“t""’BtH_étw (5.2.6)
The first form is very simple to understand but the second one is similar to
usual geometrical Brownian model S; = SpettToBi=37°t hecause ESt(Q) =S5y
for p = 0. (In Section 6.1 we shall consider the null hypothesis H : S = St(Q)

against A: S = St(l), but in a more complex form, see below.)
As mentioned in (SV03), if we consider it in the Riemann—Stieltjes sense,

the geometric fBm St(Q) with © = 0 is the solution of the equation
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ds®? = s (aBH — Ht**dt), (5.2.7)

and in the Wick—-Skorohod sense 5St(2) = 552)535 or dSt(2) = St(2) O dBH
i.e. we obtain the model (5.2.3). Nevertheless, due to the Riemann—Stieltjes
interpretation, we can consider self-financing condition as

t
Vi=V, +/ 98P d(BI — Hs*ds),
0

and it has a clear economic meaning. Indeed, one can consider the Riemann—
Stieltjes integral as an almost sure limit of simple predictable trading strate-
gies.

Now we use the Itd formula (Theorem 2.7.6) for m = 1, S := St(2), Y; =
oBH + ut — 22" H € (1/2,1) and F(t,z) = F(t, Spe®), take (5.2.7) into
account and obtain

F(t.Y) 1= F(t.5) = FO.50) + | 5w S

t t
+/ a—F(u,Su)S (u — Hou®) du—l—a/ a—F(u, S,)d(BE — Hu?*du)
0 or 0 T
u

0
¢ O*F OF
2 2a 2
+ Ho /0 u (78;102 (u,Su)S; + e ( ,Su)Su)du
L or L oF
= F(0,50) +/0 E(u’ Su)du+ p ; 87(”7 Su)Sudu

2

+a/t 8—F(u S,)d(BY — Hu?*du) + Ho? /t u%‘a (u, S,)S%du
0 8.’1’; B v 0 81‘2 “ ’
Consider the assumption
OF 2 O*°F
E s E 2 ) 2.
Os;;;(ax(ssw) + oili%(w(ss)s) < (5.2.8)

Let F(t,8;) := C(t,S;) := C(T — t,5;), where C(t,z) is the price of some
European option with C(T,x) = c(z), and S satisfying assumption (5.2.8).
Then, similarly to (5.2.2), we can present dC' in differential form as

~  aC
dCy = 035" S(dBlf — Ht**dt)
ac aC 2 0e 02C
(ns o5+ o ot aSzS)dt.

Now, if the portfolio of value process V' consists of one option and an
amount of —J of underlying assets, then the value V= C — ¢ - S, the jump in
the value of this portfolio in one time step equals



326 5 Financial Applications of Fractional Brownian Motion

dV, = dC, — 6 - dS,
oC

=0g - SudB[ — HE*dt) — 8(o S, (B — H**dt))
9C  9C | 5. 5, 0°C
+ (,uSt%'FE-FJ Ht ﬁst _NStCS)dt'

If we choose § := % to eliminate the stochastic noise, then

- .
dv = (3—0 + aQHtM—a ¢

2
ot 952" )dt'

The return on an amount V; invested in the bank account equals rVdt at
time dt. For absence of arbitrage they must be equal, whence we obtain the
fractional Black—Scholes equation (“Wick” version):
ac 92C aC  ~
- Ht**~— 8> 4 rS— —rC = 0.
T R T
We can solve this equation on the segment [0,7] with boundary condition
c(z) = (x — K)T, where K > 0 is strike price, and obtain

~ 1H§+T(T—t)—|—(T2H—t2H)J—2

C(uS):C(T—t,S):S@( K — e 2)

In £ 4 (T —t) — (T2H — $2H) 2
o/T20 _ 21 :

where @(-) is a function of standard normal distribution. Note that it coin-
cides with the solution of usual Black—Scholes equation for H = 1/2.

_ Ke—r(T—w@(
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Statistical Inference with Fractional Brownian
Motion

6.1 Testing Problems for the Density Process for fBm
with Different Drifts

As we have seen in Subsection 5.2.2, the form of geometric fBm (5.2.6) depends
on the kind of integral that is used in its calculations: if we use the Riemann—
Stieltjes integral,

1 t
SV =5y [ SWds+o [ SMDdBY, then
0 0

St(l) = Sél) exp{ut+oB}, and if the behavior of geometric process is guided
by the Wick integral,

1 t
A = 8 4 p / SPds + o / S@ ¢ dBH, then
0 0

St(z) = 5’82) exp{ut + o B — L1o?t*#}. So, the natural question arises: what
trend actually has geometric fBm? This question was considered in the paper
(KMV05), and here we present a solution of this problem. In what follows

the notation X,, = op(l) means that X, 2, 0, X,, = Op(1) means that
Clim limsup P{|X,,| > C} =0 . Assume that H € (1/2,1). For a fixed p € R

let P, 5, be the distribution of the process
o2
X = O'Bg{-i-/,ct—?tﬂ{, 0<t<T (6.1.1)
in the space C|o 7} of continuous functions. Similarly, P, , is the distribution

of the process
X;:=0BF +ut, 0<t<T (6.1.2)

in the space Cio 77
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Suppose now that we observe a trajectory of the process {X;, 0 <t < T}
in the space Clo 7). Denote by Py the law of X. We want to test the following
complex hypothesis:

H:Pxe{P,oo:neR oceR}
against the complex alternative
A:Pxe{P,,:peRoeRy}.

From the point of view of the general theory, models of observation (6.1.1)
and (6.1.2) are equivalent to the classical model

t
X; = / g (t,8)dX, = oM + uBit' 2% — 0 H Byt (6.1.3)
0
and _
X; = oM + uBt' 2, (6.1.4)

where

t t
Xt :/ lH(t78)dXsa MtH :/ lH(t,S)dBE,
0 0

the kernel [y is defined in Section 1.8, By := CS’)B(I —a,l —a),
Bs = C’S)B(l +a,1+a).

Introduce the following density processes (Radon—Nikodym derivatives)
based on the observed trajectory of X:

AP, .0

(X p,0,0) = ar, (X) (6.1.5)
and P
fo(X : pyo) = F‘;’”(X). (6.1.6)

Theorem 6.1.1. Assume we observe X on the interval [0,T]. We have

- ~ 2
fi(X : p,0,0) =exp {a%XT —bX+— cl%Tl_Q‘l +duT — k:UQTQH} (6.1.7)
o o

and
B
fo(X : p,0) = exp {a;Xt - c;Tl_QO‘}7 (6.1.8)
where ~ . - "B
X! = [y s*dX,, a=Bi, b= TEE 0k 610
—1B2 d=B\ByH, k=L (6.1.9)
¢=3b1, 4= D1baM, = 8a-m-

Proof. Follows immediately from (6.1.1) to (6.1.6) and the classical Girsanov
theorem. 0
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6.1.1 Observations Based on the Whole Trajectory with o and H
Known

In this section we demonstrate how to test the hypothesis H against the

alternative A, when o is known and the whole trajectory {X; : ¢t € [0,T]} is

observed. We can use the likelihood ratio to test this (for the likelihood ratio

see (Bor84), p. 319). In our problem the likelihood ratio {(X.) = [(X.|o) has

the form

sup g f1 (X5 p,0,0)
sup,,c g fo (X5 p,0)

Note that in (6.1.10) both upper bounds are attained, since the densities f;
and f5 are the quadratic functions of u. More precisely, we have

I(X.]o):= (6.1.10)

Sube i f1(X 1,0,0) = exp { 3552 (X0) T2~ — 200X, - T2

T 2a0-1y 27, 2m2H (6.1.11)
+2ab [ s ' Xods — 4a’ko*T },
and the value of p giving the maximal value in (6.1.11) is
- a)N(t + dTo?
=— 6.1.12
HH = o2 (6.1.12)
Similarly, for the denominator in (6.1.10) we have
o370
22§f2<x3“’0) =exp{w} (6.1.13)
an the maximum in (6.1.13) is achieved by
)Z' T2a—1
fig = GTT (6.1.14)
c

We obtain the following theorem as a direct consequence of (6.1.10) —
(6.1.14):

Theorem 6.1.2. The likelihood [(X.|o) from (6.1.10) admits the representa-
tion

T
(X |o) = exp { — 2abX T + 2ab / $2071X ds — 4a2ka2T2H}.
0

Remark 6.1.3. Note that in the case when H = £ we have (X |0) = 1. It
means that our method does not work in this case, because the drift (—o?%)

has the same order in ¢ as ut, and we cannot distinguish them. Therefore our
method works worse if H is close to %
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Next we describe the testing procedure. Given a confidence level 1 — p,
p € (0,1/2), consider the critical areas defined by K; := {X. : {(X.|0) > K, }
and Ky := {X. : [(X.|0) < k,}. The critical values 0 < k, < K, are chosen in
such a way that we have

sup Py (K1) < p, sup P, o(K2) < p. (6.1.15)
HER HER
The test is now clear: if X. € K; we accept H, if X. € Ky we accept A. If
[(X.|o) € [ky, K,) then no hypothesis is accepted. Inequalities (6.1.15) show
that the probabilities of so-called errors of the first and of the second kind
will not exceed the level p.

Next we compute the critical values K,,k,. To compute k, recall that
under A the process X has the same distribution as the process ocZ; + put.
Similarly, to compute K, we use the fact that under H the process X has the
same distribution as the process cZ; + ut — %21521{.
We have that

T
WoZ 4u-|lo) =exp { —2aboMH 0T2°‘+2ab0/ 520‘*1M5Hd574a2k02T2H}
0

and

2

l(oZ. +p- —% . |o) =expl(0Z. + pu- |o) exp {8a’ka*T?"}.

Hence, we have that

Pyo(Ky) = P{ — 2abo MH . T

T (6.1.16)
+2abo [y $**TMHPds > log K, + 4a2k02T2H}
The random variable in the above expression is Gaussian with zero mean
and variance
02— o?HB2o212H
B 1-H
Therefore, by (6.1.15)

log K, n v

f), (6.1.17)

P, (K :1413(
1,0 (K1) - 5

where @ is the distribution function of standard normal distribution. If £, is

such that 1 — @(&,) = p, then K, > exp{v¢, — % .

Similarly, ) . .
Prool(Fy)=1— qﬁ(; log (k—p) + 5), (6.1.18)

that is k, < exp{—v, + %} Finally, we can choose K, = max(1,exp{vé, —
v? -1
51, k, =K, .
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6.1.2 Discretely Observed Trajectory and o Unknown

Assume now that we observe the process X discretely and the intensity o
of the fractional noise is unknown. We replace the parameter o in I(X.|o)
with a consistent estimate &,, where n is the number of time points, and
instead of the stochastic integrals w.r.t. X we will use sums in terms of the
increments of X. We obtain a quasi-likelihood ratio, which is constructed
from the observations. The critical values will be computed uniformly w.r.t.
all possible values of p and 0. We will give an asymptotic description of the
critical levels.

First, choose the critical values independently of the parameter o. For
K, > 1 we have that

1 1
Slog K, + g >2,/3log K, = \/210g K,

and from (6.1.17)

P,o (K1) <1—9(\/2log K,).
52
Take K7 :=e? and put K{ := {X.:(X.) > K}. Then we have

sup P, (K7) < p. (6.1.19)
wn,0>0

2
Similarly, using (6.1.18) and taking k7 = e~ and if K3 :={X :1(X) <k}
we will have
sup Ppg.q(K3) < p. (6.1.20)
w,0>0
Put
Ky ={X 1k, <UX) <K}

note that K is (a conservative variant of) the region, where neither the
hypothesis H nor the hypothesis A is accepted. Let Cy := %.

Vi, \MH
Theorem 6.1.4. Assume that T > (Cfffp) . Then we have that

A 27
5“115) P, (Kj) < C—lT exp{ T } (6.1.21)
and -
4 csT
P, (K5 < —T1H {— i } 6.1.22
sup P, (Kg) < & 17" exp 3 ( )

Proof. We have that

* * (% 1 «
Puo(K3) < Puo({X :1(X) > ki) = 1— @(5 + =~ log k:p). (6.1.23)
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We have the following inequality for x > 0:

1 o2
1-— Gp < e 2z,
Apply this to (6.1.22) with » = O — 1€ gy > (V2
pply this to (6.1.22) with z = =15 — eopm 3, and i >(T1) we
obtain (6.1.21). The estimate (6.1.22) is obtained similarly. O

Corollary 6.1.5.
lim sup P, ,{K;} =0
T—o0 m

and
Tlim sup Py oo {Ky} = 0.
— 00 n

Assume that we observe the process X at points 0 < t, 1 < ---t,, < T,
where t,, ;, € . Put A" = max{t,, 1, |7"|,T — t,} and assume that
lim A™ = 0. (6.1.24)
n—oo
We will introduce a discrete version of the functional [(X.). Put s = t,x,
Asp = spq1 — Sk, 2, = Xy, , and Azy = xpq1 — 2. Assume that o7 is some
consistent estimator of o2. Put

In(21,. .., @n) = exp ( 206720 Z Sp1 (T — si) "% Axy,
k=0

+2abCY;) i‘ill <Z s (s Awl> Asy — 4a2ka,%T2H>.
k=1
With the help of constants K and &} from (6.1.19) and (6.1.20) define
the critical domains

K, ={(@n1, s Tan) ER|lp(@n 1, ., 200) > K}

and
K3, = {(®n1,- s Tnn) ER|ln(Tn1, o 2nn) <k}

If the observations belong to K7, then H is accepted and if the observations
belong to K3,, then A is accepted.

Theorem 6.1.6. Assume that we have (6.1.24) as n — oo. Then for any
uw e R, 0 >0 we have that

P,J o

ln(xn,la ce ;xn,n) (X ‘0') (6125)

and
Pu o

(@t ) 231X |0). (6.1.26)
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Proof. We prove the claim (6.1.25) (the claim (6.1.26) is proved similarly).
Denote by [(X.|o) the random variable {(X.|o), when the process X; is re-
n(@niy-- s o)
the variable where we replace AX,, ; by 0, AZ,  + pAty — M Then
for any € > 0,C' > 0 we have that

placed by the process 0Z; + ut — <L

Puoo{lln(@ni,- . Tnn) — (X lo)| > e}

<Puaa{|l (xnlv-- xnn)|>c}+Puoa{‘l(X lo)| > C'}

+ Puoo{llogl(Zni, ..., Znn) — log [(X.|o)| > ee~C}. (6.1.27)
The first two probabilities can be chosen sufficiently small for large C' > 0.
The structure of the functionals I(X.|o) and 1,,(Zp 1, ..., %n ), the facts that
On Pﬂf 5) Sz 11 Sppr (T — 5) " Asy, — fot I (t,s)ds and

C’I(LIS)Z 20 12 sia ( “ As; Ask—>/ Za— 1/ L (s, u)duds,
k=1 0

supply that it is sufficient to prove that
oy Z s%) (T — s) " ABH " aif (6.1.28)
where AY}, := Y(x41)r/n — Yir/n for any process Y, and that
o skt (Z 573 (s ABH> Asy,
k=1
P T
liy / s I H s, (6.1.29)
0

To prove (6.1.28) consider for f, r(s) = Cg’)s,;fl(T - sk:)ia]-{se[sk,sk+1)}

( 0(5 Z S (T “YAB; )
— 9Ha / / (Uit (Ty8) = for () (st (Tow) = fo () [ — s 2du ds.
0 0

We have that f,7(s) 1 1 (T,s) for s € (0,T), and [, [ 1(T, s)lg (T, u)
X |u — s]**"1duds < co. Therefore, by monotone convergence,

T T
[ @) = £ 60 o (o) = i () = P2 s — 0
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as n — oo and (6.1.28) follows.
To finish, we prove (6.1.29). Denote g(s) := s>~ MH and

k—1
5 — _ _
gn(s) = OI(LI)Siill Z Si+a1 (sk — s:) “ ABlHl{SE[SImSkH)}'
i=1

Then, for any s € (0, 7],
Elg(s) — gn(s)| < 5?27 — 5397 B|MH | + 2Has?* ! /
1/2

< (B Jy fi @arls:0) = fus (@)Ut (5,7) = fus () u = v dudr)

(6.1.30)

and as in previous inequalities, the second term on the right-hand side of

(6.1.30) goes to zero, moreover the left-hand side can be dominated, according
to Remark 1.9.5, by

5g)s2a—1T1—H + 5?[|‘1H(8’ ')||L1/H[0,s] < ég)Tl—H7
where 6‘2) are some constants, ¢ = 1,2, 3. From here

E| fOT(g(s) — gn(s))ds| — 0, as n — oo and we obtain (6.1.29).
Corollary 6.1.7. Assume that (6.1.24) holds. Then

limsup P, »(K7,) < p, limsup P, »,(K5,) =0
n

n

and
ll%n lim Sup(Pu,g + Py,a,a)(Kgn) = 07

where Kg,, = {(zn,1,- -, Tnn) t K <logly(@n1,. - Tnn) < K}

Proof. By Theorem 6.1.6 we have, as n — oo:

Puo(K1,) = Puo(K7)s Puoo(K3,) = Puo(K3)
and
(Puo + Pu,ma)(Kgn) - (Pu,o + PM,O',G')(KS)'
Hence the statements of the corollary follow from Theorem 6.1.6. O

Note that according to Corollary 6.1.7 the proposed test procedure has
asymptotically the level of errors less than or equal to p for both kinds of
errors. Note also that the probability not to make a decision goes to zero as
T — oo. It is also easy to see from the proof of Theorem 6.1.6 and Corollary
6.1.7 that this convergence is uniform for all x4 and all ¢ > g9 > 0, where oy
is fixed.
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6.2 Goodness-of-fit Test

6.2.1 Introduction

Suppose that H was tested against A, and we conclude that, e.g. A is true.
Consider a certain functional depending on the trajectory of the observed
process {X;,0 < t < T}. If the distribution of this functional under A is
known we can construct the corresponding goodness-of-fit test. For a given
confidence level we either reject A or do not reject A. If we reject A it means
that the observed trajectory does not fit the model described by A, and we
conclude finally in this case that both A and H are wrong.

If the parameters in the models are unknown we propose an asymptotical
test which provides a given confidence level as T' — +oo.

6.2.2 The Whole Trajectory Is Observed and the Parameters
p and o Are Known

Introduce a functional which depends on the whole observed trajectory
{z(t),t € [0,T]}, in a linear way:

T
Qr ::/ Z(T,s)dXs,
0
where
Z(T, S) — 81/47H(T _ 3)3/47H.

We choose here the exponents i — H and % — H different from % — H in

order to obtain the functional which is essentially different from MH. The
reason for that will be clear from Theorem 6.2.3. The integral exists in both

cases when Xy = 0B + ut and Xy = o B + ut — %QtzH.
Denote

5 7 17
B:B(f—H,f—H), B :B(H f,f—H).
s 4 4 : e

Theorem 6.2.1. Let the parameters p and o be known.

(i)  Assume that we have H: Xy = o BH + ut — %2t2H. Then
R =TH'Qr —uBs - T'"H +62H - B, - TH ~ N(0,Cy0?);
(ii) Assume that we have A: Xy, = o B + ut. Then
R% :=TH='Qr — uBs - T' "7 ~ N(0, Cy0?),

where

1 1
C :2Ha/ / (us) =T (1 = u)(1 — )i - |u— s>~ duds.
0 0
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Proof. Assume H. Then we have
T
Qr = 0/ Z(T,s)dB? + uyT'72*B3 — 0? HB4T (6.2.1)
0

and so .
RY = TH—la/ Z(T,s)dB!.
0

Obviously, R¥ is normally distributed with mean zero and with variance
T /T ) s
B(RE)? = 02T2a’12ozH/ / (us) ¥ H (T—u)(T—s)) 7 |s— |2~ du ds,
o Jo

i.e. E(R¥)? = 62Cy and the first claim now follows.
Assume A. Then we can write Q7 as

T
Qr = 0/ Z(T,s)dB? + uT'=2* B3, (6.2.2)
0

and the second claim follows from (6.2.2) as above. O
The goodness-of-fit tests are based on the statistics

Rp= L _ R T

o(Ch)2

Fix a confidence level 1 — p,p € (0, %), and let {» be a 2-fractile of a
standard normal law, i.e P{N(0,1) > £s} = §. We reject H if |§¥| > e,
and reject A if |§?| > o

Note that under H, E? L, —o0, T — +o00, therefore the inequality
E? < =&z is an additional argument in favor of H.

Also, if A is true, then E? LN +00,T — 400, therefore the inequality
E? > &g Is an additional argument in favor of A.

Remark 6.2.2. Suppose that in reality we have the model X; = (TB:II
+ ut, Hy > H, not o BY + ut. Denote the law of X in this case by P. Then

. TH—l T
(C2)z Jo

and E(E;I)2 has the order T?(H1=H) for large T, thus E;I L 0o, T — oo,
and
—H - HB,TH HB,TH
Ry =Ry + o =7 Hop1)+ 24— &
(Co)2 (C2)2

Therefore our statistics can distinguish this case, too.

400, T — oo.



6.2 Goodness-of-fit Test 337
6.2.3 Goodness-of-fit Tests with Discrete Observations

Asymptotic Behavior of Discrete Statistics for ¢ Unknown and o
Known
Suppose for simplicity that we observe the values X&r,k =0,1,...,n. We

substitute in R?, R;I a discretization of Qr,
n—1 1 3
N (k—l—l)T)z*H( KTNi—H
= - T— —) A Xy.
Qr kZ:O ( - - k

Instead of 1 we substitute the estimates (6.1.12) and (6.1.14), respectively.
Thus we define

RE = TH1Qp — [iaBsT' 7 + 6> HB,T!

and R R
R :=T"'Qr — imBsT" .

Under hypothesis H we have

R = o7 H :Z; (k :; 1)%_}[ (1 - S) %_HAB’;’TT (6.2.3)

n—1 1_ 3_ 2 n—1 1_
k+1\1—H kni—H 1 o kE+1\a2—H
ta kz=0 n n n 2 k-zzo n

R (G R O RN ey

n n

and under hypothesis A

Aot (T st o2

n—1 1 3
k4 ING-H /. k\i-H 1
+uT S (L) : (1 . f) L aBsT M,
=0 n n n

To begin we find the rate of convergence of the integral sums in (6.2.3)

and (6.2.4) to the corresponding integrals.
Define R%# by

.

T
o _ _ _ ~
T [ I = Bl £ BT = i)

and ]TZJI? similarly, with figg replacing jia .
We study the differences R? — Ri“: and R — RH. Put
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n—1 1 3
k1) i-H KT §—H
) )4 (7’—7)4 '1[H,(kf1)T)(s)’

w0 5 ()
k=0

1
1(6,0) ::B(d—i—l,ﬂ—l—l):/ s°(1 — s)Pds,
0
k\° 1
)&

and . 5
— (k+1
k=0

338

‘We have that
N . T
RA - RA = H-1 / (gn (T.5) — ¢ (T, 3)) dBY

0
— T H (I, (1/4—-H,3/4—H)—1(1/4—H,3/4—H)) (6.2.5)
and
- - - - 2
RM _RH-RA _RA_ %TH2H<In (H —3/4,3/4 — H)
2 n—-1 1/4—H 3/4—H
_ _ _ 0 k+1 B E

I(H —3/4,3/4 H)) T <}§<( . ) (1 =) (626)

(0 )0 )

n n
Using self-similarity, we obtain that

T 2
E <TH_1/ (Qn (T,S) - Q(T7 8)) dBf)
0
1 2
([ (@ (.9 = a1, a2 (6.2.7)

According to Remark 1.9.5 we have
2
< cullgn(1,8) —a(L,9)lZ, 0,1 (6:2:8)

B (/ (00 (1)~ a(1,)) B¢

Now we use these preliminary calculations to prove the next result. Let

n = n(T) be the number of approximation points.

Theorem 6.2.3. Assume
T8 H
—— — 0, T — o0, with = T

(iii) For 3 <H <3,
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(iv) For3 < H <1,

T8
Then under H R B
R _RFY =0p(1), T— o0 (6.2.9)
and under A N _
R% — R} =o0p(1), T — oo. (6.2.10)

Moreover, under H E? ~ N(0,72), and under A Ef“: ~ N(0,72), where

1 .1
r? = 202aH/ / w(s)p(u) - |u— s|20¢_1 du ds,
o Jo

with

B
o(s) = s%*H(l - s)%*H - Bﬁjs*a(l —5)7

Proof. To prove the claims note first that using Lemmas B.0.1 and B.0.2 from
Appendix B we have that RYf — RE = 0p(1) under H and R® — R = op(1)
under A. Next, we substitute (6.1.12) into R¥ and obtain

T
pH_ 7 1 g sy Bz, —a H
RT*I"li—H/O (84 (1—‘78)4 7B71$ (T*S) )dBS .

This implies that under H E¥ ~ N(0,72). Similarly, one shows that under A
R% ~ N(0,72). O

Remark 6.2.4. For the kernel Iy (¢, s) instead of Z(,s) we obtain the degen-
erate distribution of R¥ and R#. This is the reason why we take the kernel
Z(t,s).

Goodness-of-fit Test

Based on Theorem 6.2.3, we construct the goodness-of-fit test similarly to

the one from Subsection 6.2.2. Choose £z as there. We reject H if ‘ﬁ?‘ >rée,

and we reject A if ‘ﬁ%‘ > r&z. The test is applicable for large T only, contrary

to the test from Subsection 6.2.2, because for the probability pg(T") that H
is rejected when H is true, we have now

Jim pu(T) = p

and similarly for A and pa (7).
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6.2.4 On Volatility Estimation

In this subsection we construct an estimator for the parameter o. We end this
subsection by giving the goodness-of-fit test for the case where both p and o
are unknown.

Introductory Computations for Volatility Estimation

Assume H. Then the background process is X; = o B + ut — %2152H, t>0.

We make observations at time points t; = ’%T, k=0,1,...,n. Put, as before,
AXy = Xwt1p—Xeqp, k=0,...,n—1. Then we have, with obvious notation,
that
o2
AXy, = 0 ABJ! + pAty, — ?A(tzH)k,

k=0,...,n— 1. Consider now AT)f,k and write this as

AXk 1 [LAtk 0'2 oH

H_H

In (6.2.11) we used the notation e = ABTki‘H". By self-similarity the distrib-
ution of the vector (eg,...,en—1) is the same as of the vector

H H
BY - By Bt = B d HH H pH H H H
n wodph_pHpH_pH | pHl_p

1 n—1-
oy

1

nH
where we again used self-similarity. Simple computation gives Fey, = 0,
Ea% =1 and

1
Beyer = 5 (Jk =1+ 15 —2[k — 1] + |k — 1 — 1]*).

Ifk>1>1and % < H < 1, then, applying the mean value theorem twice
gives

0 < Eepe < 2Ha(k —1)%* L. (6.2.12)
D _ n"pae _ nfax, : )
enote py := g, Y = "p-+ and rewrite (6.2.11):

2
Yt = 0 + p1 — %TﬁHnHAtZH.
To simplify the notation put

2
Y = oep + 1 — %THnHAT,fH,k —0,1,...,n—1, (6.2.13)

where A2H = (EEL)2H _ (k)20 e yse a sample variance to estimate o :

= (2 —72) with 7, = LT 6.2.14
On = 7 (yn —¥n) with 7, - : (6.2.14)
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Let )
Z = O€p — %THTLHAT,?H, k=0,1,...,n—1. Then
0.2
Z, = 0, — 7THnH*l (6.2.15)
and
= " (Zo2)= <52 Tl A

T n-1

2 _
+ %TQHHQH(ATTQLH)2 2 (6.2.16)

+0THnH§nT,%H— OjTQHnQH(AT%HF).

Again we have a problem with the rate of the discretization with respect
to the observation interval. We start with one lemma:
Lemma 6.2.5. Assume that X,Y are two standard normal random variables:

EX =FEY =0and Var(X) =Var(Y) = 1.
Assume that EXY = q. Then
E((X*-1)(Y?-1)) =24 (6.2.17)

Lemma 6.2.6. With the notation above:
(v) IfH <3, then B|e2 —1| < C’ﬁ.
(vi) IfH =3, then E[e2 — 1| < C'y/ &
(vii) If% < H <1, then BE|e2 — 1| < Cn2?*~1,
Proof. We have that

1 n—1
2 —1== 2_1q
R DO
From Lemma 6.2.5 and (6.2.6):
— 2 1 ! 2
B(e2-1)" = — > B} -1+ o > B -1 -1)
i=0 0<j<i<n—1
c C
<=+ Y G- (6.2.18)
S P P
Note that )
Y. (i=NTTt=) (it
0<j<i<n—1 j=1

This and inequality (6.2.18) give the result. O



342 6 Statistical Inference with Fractional Brownian Motion

We have -
7, L ont-1 (Bf’ - 5TH) (6.2.19)

so that

2
0< B2 < g?n2! (2E(B{f )2+ %TzH). (6.2.20)

Estimation of o

Theorem 6.2.7. Assume H. If n(T) is such that % — 0, then
TH(G2 — 02) = 0p(1).
Assume A. Then

(viii) If 3 < H < 2 and n(T) is such that :ﬂ

7 — 0, then TH(G2 — o?)

= Op(l). .
(ir) If H=2 and n(T) is such that %%(T)) — 0, then TH(52 — 0?)
= Op(l). o
z) If3 < H <1 and n(T) is such that —1—= — 0, then TH (52 — o2
() 4 n(T) Y n
= Op(l).

Proof. Using Lemma 6.2.5 and (6.2.16) we obtain that

o TH T2H T3H
THE[G? — 0| < C (THE|5;4; ST i ) .

n1—2a

where C' depends on 2. Under H the statement follows from Lemma 6.2.6.

Under A we have )

~ no —5 —
6*= 5 (F - @),

n—1
and
TH
TH . E|G? - o?|<C <THE52 -1+ e 2a) .
The claims (viii)—(x) follow from Lemma 6.2.6. O

6.2.5 Goodness-of-fit Test with Unknown p and o

If the parameter o is unknown, then using the observation Xir, k =
0,1,...,n, with n = n(T), an estimator 6> = 72 is constructed. The con-
struction of this estimator is explained in Subsection 6.2.4.

If

3H
T1-—2a
n(T)

-0, T—oo (6.2.21)

uau

we have (62 — ¢?) - TH 0, when H is true.
If conditions ( ili)—(x) of Theorem 6.2.7 hold, we have the same conver-
gence for (2 — 02) - TH then A is true. Define the statistics
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SA .=, 'RAl | SH.—,'RH| (6.2.22)

o=0 o=0
Consider the model with unknown u and o.

Theorem 6.2.8. (a) Assume that H is true, and that W —0,T — oo.
Then
§¥ — N(0,1) in distribution.

(b) Assume that A is true and conditions (vii)—(z) of Theorem 6.2.7 hold.
Then §:,5 — N(0,1) in distribution.

Proof. (a) Suppose that H is true. By Theorem 6.2.7 we have 52 — T £ o.
Rewrite (6.2.22) as

QH —~1pH
Sy =r" Rrlo=s-

SHIS

72 (RE + BT (jim — pmlo—s) + HBT (6% = 0%))

q>\ B

Now, & — o and HB,TH(G - o) 2,0, as T — oco. From (6.1.12)

BT (i1 — patlo—s) equals BsTH (52 — 02) 25 0, (6.2.23)

where Bsy is some constant.

And now from (6.2.23) and Theorem 6.2.7 the convergence S — N(0,1)
follows.

(b) If A is true then TH (52 — 62) = 0 holds under the conditions of the
Theorem 6.2.7. The proof now follows in the same way. 0O

The goodness-of-fit test is now organized in such a way. We reject H if

|SH\ > £p, and we reject A if |SA\ > £ Asymptotic relations for the errors
pa(T) and pu(T) are the same in Section 6.2.4.

6.3 Parameter Estimates in the Models Involving fBm

In this section we consider very simple diffusion models involving fBm and in
some cases the Wiener process. Our goal is to demonstrate the properties of
drift parameter estimates depending on the form of the model. We follow but
slightly modify an approach of (MRO1).
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6.3.1 Consistency of the Drift Parameter Estimates in the Pure
Fractional Brownian Diffusion Model

First we consider the “pure” fractional diffusion (nonlinear) model and estab-
lish strong consistency and asymptotic normality of the maximum likelihood
drift parameter estimate.

The Girsanov Theorem for the Pure Fractional Diffusion Model
and Likelihood Ratio for Drift Parameter

We assume that the fBm B with H € (1/2,1) is defined on a probability
space ({2, F, P) and denote by (F;);>o the filtration generated by Bf. Con-
sider a diffusion equation containing a stochastic differential driven by B:

dX; = fa(t, X;)dt +b(t, X;)dBf, Xi—o = Xo € R, (6.3.1)
eR, 0<t<T, T>0.

Differential equation (6.3.1) can be rewritten in the integral form
t t
X, =Xy + 9/ a(s, Xs)ds —|—/ b(s, X,)dBH, t €0,T). (6.3.2)
0 0

Here we use pathwise construction of the integral w.r.t. fBm. Suppose that
equation (6.3.2) has unique pathwise solution. (Sufficient conditions of exis-
tence and uniqueness of the solution on the interval [0,7] are presented in
Theorem 3.1.4.)

Now, let T > 0 be fixed. We are in a position to find the likelihood ratio

328 for the probability measure Py(t) corresponding to our model and the

probability measure Py(t) corresponding to the model with zero drift. Suppose
that the following assumption holds:

(i) b(t, X¢) #0,t €]0,T] and % is a.s. Lebesgue integrable on [0, T].
a(t,Xy)

Denote ¢, := ) and introduce the new process

t
BE .= BH +9/ psds. (6.3.3)
0

Let also the following conditions hold (recall that & = (1 —2a)'/2, @ = (1 —
2a)~1/2):

(ii) / L (t,8)|e(s)|ds < 0o, t€[0,T]

0
(iii) 9/0 lH(t,s)go(s)ds:&/O dsds, t€[0,T]

and

t
(iv) E/ s2*§2ds < oo, t € [0,T).
0
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Then L, = fot s"‘dqdés is a square-integrable martingale for the Wiener
process B w.r.t. the measure Py(t) such that fot L (t,s) déf

=a fot s~ dB,. According to the Girsanov theorem for fBm (Theorem 2.8.1),
under the assumptions (i)—(iv) and

(v) Eexp {Lt - ;<L>t} =1,

the process EtH is an fBm on [0,T] w.r.t. the measure @ defined via the
relation

dPy (t) 1
= Ly — =(L t 7). 3.4

dpo(t) exXp t 2< >t y L E [07 ] (6 3 )
Remark 6.3.1. We can try to present the likelihood ratio (6.3.4) as a function
of the observed process X;, according to statistical tradition. Toward this end
recall that

t t t
/ Lu(t,s)dBY = & / s~ dB, = / Lt s)b~(s, X.)dX..  (6.3.5)
0 0 0

Suppose that the process J; := fg I (t,s)b~1(s, X5)dX, admits a differential
of the form dJ; = F(t, X;)dXy; then, evidently,

t t
L, = / 5*6,dB, = a/ $26,F (s, X, )d X,
0 0

and §, is a functional of the process X under the conditions of Lemma
6.3.2 (see below). In turn, the existence of the differential d.J; can be es-
tablished separately for fot L (t, s)psds (it is realized in Lemma 6.3.2) and for
f; lg(t,s)dBE = M but the last problem is of the same complexity as the
original one. Another possibility is to establish, similarly to Lemma 6.3.2, the
conditions of the existence of the derivative (s*d;)’, in general, this problem
is solvable; then we can rewrite

¢
L; =1“6,B, —/ By(5%5,)'ds,
0

and, of course, B is an adapted functional of X. Indeed, we can present B
via X with the help of B¥ (see (6.3.5)), relation (6.3.3) and the equality
BE = [[b7 (s, X, )dXs — [y psds.

Consistency of the Drift Parameter Estimates

In order to find the maximum likelihood estimate of the parameter 6, we
use likelihood ratio (6.3.4), which can be rewritten as

dP@(t) {/ta n 1/t2 2 }
=ex s%0,dBs — = s%462ds ¢,
dPy(t) P 0 2 Jo
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where d4 is defined according to the integral representation (iii). First we
establish sufficient conditions ensuring the existence of representation (iii).

Denote 9(t, z) = Z((f;f;’ so that ¥(t, X;) = ¢(t), I(t) := fot L (t, s)p(s)ds.

Lemma 6.3.2. Let ¢(t,x) € C1[0, 7] N C?*(R). Then fort >0

I'(t) = C(H)y(0,0)t 7> +/O lu(t,s) (Vy(s, Xs) + 09 (s, Xs)a(s, Xs)) ds

t 5
—acyy) / =™ [ ) + 0L X, Ja, X)) duds
+(1-2a)C t—2a/ 2= 2/ (s —u) =Y, (u, X )b(u, X, )dBH ds

+ Ot / —(t — )Y (u, X )b(u, Xy )dBE,
0

where C(H) = (1 —2a)B(1 —a, 1 — a)CS’).
Proof. According to the It6 formula (2.7.3),

s = ¢(0,0) + /Os(wg(u,Xu) + Wl (u, X)) 0a(u, Xy,))du

+/s ¥y (u, X )b(u, X, )dB,. (6.3.6)
0

Substituting (6.3.6) into the integral I(t fo L (t, s)psds, we obtain
t s
1(t) = C(H,1)0(0,0)£—2° + / Lu(t,s) / !, X )duds
0 0
t s
—|—0/ lg(t,s) | ¥h(u, Xy)a(u, Xy, )duds
0 0

t s
/ H
—l—/o ZH(t,s)/O i (u, Xo)b(u, Xy )dB, ds, (6.3.7)

C(H,1) = C}?B(l —a,1 — «a) and now our aim is to differentiate I(t). The
first term on the right-hand side of (6.3.7) is obviously differentiable, i.e. can

be presented as C(H)(0,0) fg s72%ds. The second and the third terms can
be transformed using integration by parts:

s_a/ z/;é(u,Xu)du:/ u_o‘wg(u,Xu)du—a/ u_l_o‘/ Wy (v, X, )dvdu,
0 0 0 0

and
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= /Ow;(wxu)a(u,xu)du: /Osu—%;(u,xu)a(u, X,)du

o ) —l-a “ l
a/o u /Owr(u,Xu)a(v,Xv)dvdu. (6.3.8)

According to representation (6.3.8), there exist a.s. the fractional derivatives
of order «, i.e. the derivatives of fractional integrals:

d

pn lH t,s) / Py (u, X )duds-/ Ly (t, 8); (s, Xs)ds

—aC® /Ot s1ma( _ g)-a /OS¢;(U,Xu)duds. (6.3.9)
d [* 8 t
- /O Lu(t,s) /O W (u, Xu)a(u, Xa)duds = /0 L (8, 80 (5, X )a(s, X.)ds

t s
— ozCS) / sTITO(t — 5)T / ! (u, Xy)a(u, X, )du ds. (6.3.10)
0 0

Further, it follows from Lemma 2.8.2 that

t s
/ZH(t,s)/ U (u, X )b(u, Xy )dB2 ds
0 0

=W~ 2a/ 2= 2/ (s — u) =Y, (u, Xo)b(u, X, )dB2 ds. (6.3.11)

The proof follows immediately from relations (6.3.9)—(6.3.11). O

Now, we can rewrite (6.3.6) as

dP@(t) = g ' oy B 072 g 2a( 1/ 2
dPy(t) eXp{a/o s°I(s)dB, — 2(1 —2a)/o 57 (I'(s)) ds}. (6.3.12)

It follows from (6.3.12) that the maximum likelihood estimate is achieved
under the condition

T 9 T
/ 7 (s)aB* — 2 / $20(1'(s))2ds = 0,
0 0

«

whence . N
~ a,s*I'(s)dB;s

, = Lo "L (5)dBs (6.3.13)
Jo s22(I(5))2ds

Using Lemma 6.3.2, we obtain
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t o~
B + 9@/ s*I'(s)ds = By, (6.3.14)
0

where Et is a Wiener process under measure Q. Substituting (6.3.14)
into (6.3.13) we obtain

~ ot
~ o[, s*I'(s)dBs
5, — o+ Lo l'(5)dB, (6.3.15)
Jo s2*(I'(s))?ds
Recall that under condition (iv) fot s*I'(s)dBs is the square-integrable
Py-martingale with angle bracket fot s2%(I'(s))%ds.

Theorem 6.3.3. Let the conditions of Theorem 3.1.4 and (i)-(v) hold for
any T > 0 and, moreover,

(vi) /000 s2*(I'(s))%ds = 00 a.s.

Then the maximum likelihood estimate (§T is strongly consistent as
T — 0.

Proof follows immediately from representation (6.3.15) and from Theorem

6.10 (LS86). This theorem establishes that é’) — 0 a.s. if X; is a square-

integrable martingale and (X)_ — oo a.s. In other words,

fot s*I'(s)dBs

———————— — 0, t = o0,
Sy 52 (I'(s))?ds

with Py-probability 1.
Ezample 6.3.4. Consider the linear model of the form

dX; = 0Xdt + X,;dB}.

In this case p; = 1, so fg dsds = fot lg(t,s)ds = C(H,1)tt =2,
§; = C(H)t=2*. Hence
ot
~ ~*d By
0, =6+ OJL_
C(H)tl—2a

Since a fg s~*dBy is the square-integral martingale with the angle bracket
~ [t . —«

t'=2 _ 50 when t — oo, then, according to Theorem 6.3.3, % — 0,

a.s.ast— 00 .

So, the estimate 9At is consistent with probability 1.
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6.3.2 Consistency of the Drift Parameter Estimates in the Mixed
Brownian—fractional-Brownian Diffusion Model with “Linearly”
Dependent W, and BfI

Now we consider the linear mixed Brownian—fractional-Brownian diffusion
model represented by the stochastic differential equation of the form

dX; = 0Xdt + 01 X,dB; + 09 X:dBH (6.3.16)

Xieo = Xo € R,OLStEtLST, T >0, {0,01,02} CR, 0100 <0,01isa
parameter that we need to estimate.

We suppose that the Wiener process B and the fBm B in (6.3.16) are con-
nected via the relations (1.8.3), (1.8.5). The integral form of equation (6.3.16)
is

t t t
X, :X0+9/ Xsds—i—ol/ XSdBS+02/ X dBH, 0<t<T. (6.3.17)
0 0 0

The existence and the uniqueness of the solution of the equation (6.3.17) was
established in Theorem 3.2.1.

The Girsanov Theorem for the Mixed Fractional Diffusion
Model

First we try to change the probability measure Py for the another measure
Py, Py(T) ~ Py(T) in order to exclude the drift 6 X;dt from equations (6.3.16)
and (6.3.17).

We introduce probability measures Py ;,¢ = 1,2 and Fp;,7 = 1,2 as fol-
lows. The probability measures Pp1(t) and Py i(t) are determined by the
following condition:

oo [ -1 2]
d = ex sdBy — = 5 ds
APor(D) P, s dB, 2/, (b

for a nonrandom function s such that fof Y2 ds < oo and

t t
Eexp{/ ¢SdB§1>—1/ ¢§ds}:1.
0 2 0

Here the process Bt(l) is created according to the Girsanov theorem,

t
BY .= B, +/ by ds, (6.3.18)
0

and B,El) is a standard Wiener process with respect to the probability measure
Py1(t). The probability measures Py 2 and Py o(t) satisfy the relation

t t
dPo(?) = exp {/ s°0,dB? — 1/ 5252 ds} ,
dPO,Q(t) 0 s 2 0 8
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where §, satisfies the relation fot I (t, $)|ds|ds < oo, t € [0,T] and admits the
following integral representation:

¢ ¢
/ L (t,s)psds = &/ s ds, (6.3.19)
0 0

)

the Wiener process Bt(2 is defined from the equation

t t
/ I (t,s)dBH? = &/ s~ *dB®.
0 0

Moreover, the process
t
Bf? .= BH + / @5 ds (6.3.20)
0

is a fractional Brownian motion on [0, T] with respect to the measure Py o(t).
So, the total drift coefficient equals

t t
01/ ’l/)sd5+0'2/ psds = 6t,
0 0

and if we suppose that the functions ¥ and ¢ are continuous, we obtain that

O'l’l/Jt + 020t = 0. (6321)

dPe,i (t)
dPo)i (t)

Obviously, from (6.3.18)—(6.3.20) and since the likelihood ratios
must coincide, we obtain that

¢
ME = MF + &/ s %sds
0

and .
MHE = MH +a/ Sds,
0

whence t%0; = 1y, t € [0,T]. Moreover,

t t
/ L (t, s)psds = &/ s~ “yds.
0 0

Multiplying by (t — s)*~! and integrating, we obtain

t s
C’S) / (t—s)>t / u”*(s —u) " %pyududs
0 0

t s
:&/ (t—s)a*/ Sudu ds, (6.3.22)
0 0
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and the Fubini theorem applied to both sides of (6.3.22) gives

t a It
C(H,Q)/ u” %, du = —/ (t — u)*6ydu,
0 0

«

whence
1

7t = C(H,3)

Here C(H,2) = C’S)B(a,l —a),C(H,3) = % Substituting (6.3.23)
into (6.3.21), we obtain a Volterra equation of the second kind, with weak
singularity, of the form

t
ta/o (t —u)* tu= P, du. (6.3.23)

t
g2 o a—1, —«
t t— wdu =0,
01wt+C(H,3) /0( ) uT Yy du
or
+021/t(t—u)0‘_1 du =t (6.3.24)
Pt g1 C(H,?)) 0 Pu o 0'1’ e

where p; =t~ %Yy, e, = 0t~*. We solve (6.3.24) using successive approxima-
tions

t
(mt1) , 02 1 a-1(n)q, _ ©t
— t— du = —. 6.3.25
m +md&$4<u>puu = (6.3.25)

Denote for simplicity C' := Z=73; and start with pgo) =0, pgl) = 5. Then
we obtain from (6.3.25) that
2) ¢ [

_ €t
=(-1)— t—u)* le,du+ —.
04 ( )01 ; (t—u)* e,du p

It is very simple now to prove by induction that for n > 1

n—1 t k
(n) — i —-C k/ t— kaflp (a)d E
Pt o1 ;( ) 0 68( 3) F(kOé) s+ 0_17
and the solution p; = lim,— p,E”) evidently can be represented as a series
1 & t I'"(a) et
= — —C’"/ es(t — s)m ! ds + —.
S e R ¥ s
Hence
40 > I(a) /t N . 0
=~ — o\ a(t na=14 e
djt Pt o1 n:1( ) F(na) 0 s ( 8) s+ o1
0 > I'"(a)
=—I(1- - na 6.3.26
o lA=a) 2 O vyt T (6.3.26)
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The series on the right-hand side of (6.3.26) can be expressed in terms of the
Mittag—Leffler function E,(z) := .7, WZH) (see, for example, (P099)),

Ay = —Ctn(sinma) " By )0 (—CI(a)t®),

and in these terms

Py = %(At +1).

Therefore, the likelihood ratio for the mixed fractional Brownian model equals

dPy(t) {/t 5 1/t 2 }
! = ex sng - = st
APor(D) P, YsdB, 3/, ¥,

= 12 tA 1)dBWM — 16° A, +1)%d
= exp o O(SJF) s 952 0(s+) S
1

whence the maximum likelihood estimate for 6 equals

3 _ fo (A(s) + 1)dB"
T f5<A<s> +1)%ds

[T (A(s) + 1)dB, + £ fO 1)2ds fo s) + 1)dB,
Jo(A st T AGs) + 1)%ds
For the demonstration of the consistency of the estimate 01 with proba-
bility 1, it is sufficient to prove the divergence of the integral fo s)+1)%ds
when t — oo. Note that C' < 0 since Z—; < 0, and
S (O @) s S e
I'((n—1)a+1) I'(n+1)

n=1

= Y (T =esp {(~CT()*) — o,
n=1 ’

when ¢ — oo because a > 0 and —CT'(«) > 0. Note that §; = t~%1); satisfies
conditions (ii)—(vi). So we have proved the following result.

Theorem 6.3.5. The drift parameter maximum likelihood estimate of the
linear Brownian—fractional-Brownian model (6.3.16) is consistent with prob-
ability 1.

The Asymptotic Normality of the Maximum Likelihood Esti-
mates

First, consider one of the limit theorems for the stochastic integrals w.r.t.
the Wiener process {W;, Fi,t > 0}. Let {h(s),s > 0} be an F,-adapted pre-
dictable function such that E fo h2(s)ds is finite for any ¢ > 0 and
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Fn(t) = o{h(s), W(s), s <nit}. Consider the sequence Y, (t) := Ont h(s)dWs.
Evidently, Y,,(t) are F, (t)-square-integrable martingales, ¢ € [0,7T], and their
angle brackets equal (Yy,) (¢) = Ont h2(s)ds. Suppose that the following con-
ditions hold:

(vii) there exists an increasing real-valued sequence {A,,, n > 1} such that
A, T 00, n — oo and for some constant ¢y > 0 we have that

/ h*(s)ds - A2 Z e,
0

Consider the sequence of normalized square-integrable martingales
X, (t) == At Ont h(s)dWs. Then (X,,) (1) = [i" ho(s)ds - A, Z ¢, there-
fore X,, satisfy conditions of Theorem 4.1 (LS86), if we consider the set of
convergence points consisting of one point ¢ = 1. By using this theorem we
obtain the following result:

Lemma 6.3.6. Let condition (vii) holds. Then the random variable

Z, = /0 " h(s)aw, - ( /0 ' h2(s)ds> o

weakly converges to the random variable cgl/QN(O, 1).

Proof. From the Theorem 4.1 (LS86) and the condition (vii) we obtain
that X, (1) weakly converges to the value Z(1) of the Gaussian martin-
gale Z with independent increments such that (Z) (t) = cot. Evidently,

Z(1) ~ c(l)/zN(O,l). Moreover, from the same condition, the weak conver-
gence holds:

Tp=— " X, (1) = ¢ 2N(0,1).

O

Consider the estimate 5; satisfying relation (6.3.15). We see that for the
pure fractional diffusion model h(s) = A(s) + 1 and is nonrandom. Therefore
we obtain from Lemma 6.3.6 that

1/2

</ (A(s) + 1)2ds> (61 — ) — N(0,1).
0
Moreover, under the assumption

(viii) there exists an increasing real-valued sequence {4,,, n > 1} such that
A, T oo, n— oo and

n
/ $20(I0)2ds - A2 5 o, n — o0,
0
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we have a weak convergence
1/2 o
oo/ 2 A (6, — 6) — N(0,1).

In this sense we say that the estimates én and 0?71, are asymptotically normal.

6.3.3 The Properties of Maximum Likelihood Estimates
in Diffusion Brownian—Fractional-Brownian Models
with Independent Components

Now we consider an “opposite” situation when the components of the dif-
fusion model are independent, more exactly, the processes B and B are
independent, where B¥ is a fBm and B is a Wiener process.

The Estimates of the Drift Parameter in the Mixed Brownian—
Fractional-Brownian Diffusion Model Where B; and B/ are Inde-
pendent

Let the diffusion equation contain stochastic differentials with respect to
fBm and the Wiener process,

dX, = 0X,dt + 01X, dB; + 02X, dB

Xieo=X0€R,0<t<T, T>0,{0,01,02} C R\ {0}, where the processes
B; and B are independent. Evidently, we can rewrite the solution of our
simple linear equation as

X: = Xoexp{0t+ o1B; + angI — 1/20%t}.

It was mentioned by B.L.S. Prakasa Rao in the private conversation that
we cannot prove the equivalence of the observation of the whole process X;
and the observation of its two independent components, B; and Bf, i..,
we cannot separate these components (note that the measures corresponding
to these processes are singular). So, we suppose that we observe both the
components. Let, as before, § be the parameter to be estimated. We shall
try to represent the estimate of § via the components B; and B because it
seems to be impossible to represent it via the whole process X;. Let Py be
the basic probability measure corresponding to the process X. We introduce
probability measures P ;,7 = 1,2 and Py ;,7 = 1,2 as follows. The probability
measures P 1(t) and Py 1(t) are determined by the following condition:

dPy(t) {/t ) 1/t 2 }
R Rl = e Sst - = Sds

for a nonrandom function v such that fot Y2 ds < oo and

t 1 t
Eexp{/ wsngU—f/ wﬁds}:L
0 2 0
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Here the process Bt(l) is created according to the Girsanov theorem,
t
BY .= B, +/ by ds (6.3.27)
0

and Bt(l) is a standard Wiener process with respect to the probability measure
Py1(t). The probability measures Py 2 and Py o(t) satisfy the relation

dPy o (t) { /t 5 1 /t
: =ex $0,dB? — = s295% ds b
dPO,Q(t) p 0 8 2 0 s

where 0, satisfies the relation fot L (t,8)|0s]ds < oo, t € [0,T], admits the
following integral representation:

t t
/ lu(t,s)psds = &/ s ds, (6.3.28)
0 0

the Wiener process Bt@) is defined from the equation

t t
/ I (t,s)dBH? = a/ s~ dB?,
0 0

and the process
t
BF? .= BtH—i—/ s ds
0

is a fractional Brownian motion on [0, T] with respect to the measure Py »(t).
So, the total drift coefficient equals

t t
01/ wsds—i—ag/ psds = 0t,
0 0

or, if we suppose that the functions 1 and ¢ are continuous,
0'11/},5 + 020t = 0. (6329)

Since B; and B} are independent, the final probability measure Py(t) is the
product of the measures Py 1(t) and Py 2(t). Thus the final likelihood ratio is

dPy(t) _ H Coagm L [f e }
Y0 = exp /OdeBS 2/0 Yy ds

t 1 t
X {/ $%8,dB® — f/ 52052 dsH
0 2 0

t t 1 t
:exp{/ Vs ng1>+/ 590, dB? —5/ (Y2 + 52*52) ds}. (6.3.30)
0 0 0
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Solving equations (6.3.28) and (6.3.29) with respect to the functions ¢, and
d¢, respectively, we obtain

1
Yy = —(0 — o201), (6.3.31)
01

!/

5 =a ( /O t lu(t, s)apsds> . (6.3.32)

t

Substituting equalities (6.3.31) and (6.3.32) into likelihood ratio (6.3.30), we
get at the point t = T that

/

dPg(T) 1 —~ s
Po(T) exp{ . /0 (9 0’2<p5)d s +a . S ) lH(S,u)gOu du d N

S

_ % /OT [01%(9 — o2p5)% + 5@ ((/Os L (s, u) o du)ls)Q] ds}. (6.3.33)

If follows from (6.3.33) that the maximum likelihood estimate §1T of the pa-
rameter 6 satisfies the equality

1 [T 1 [T
— | dBWM — 7/ (0 — o9p,)ds = 0,
01 Jo g1 Jo

which can be rewritten as follows:
T
alBé}) +0’2/ psds— 0T =0.
0

This gives us the following estimate of the parameter 6:

alB(Tl) n o9 fOT psds
T T '

0L = (6.3.34)

Now we solve equation (6.3.29) with respect to the function ¢; and substitute
it into equation (6.3.34):

T
ol=9+ 2L <B<Tl> - / b ds> . (6.3.35)
T 0
Substituting (6.3.27) into (6.3.35) yields
0L =0+0,—L. (6.3.36)

It is evident that the estimate (6.3.36) of parameter 6% is strongly consistent.
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We can construct another estimate of the parameter 6. The function §; is

!

expressed via ¢; by equality (6.3.28). Denote also ¢; := (fot Lp (t, 8)1)s ds) .
t

Then

/

¢ ¢
0 = </0 I (t, 8)es ds)t = %2& </0 I (t,s)(0 — Ulws)ds)t
—a <9 ( tlH(t,s)ds) - C”g)
g9 0 + g9

- a(EC(H)t—Qa - %g), (6.3.37)

g2

where C(H) = CW(1 - 20)B,CY B, = B(1-a,1—a). Using equal-
ity (6.3.37) for likelihood ratio (6.3.30), taking the logarithms, differentiating
with respect to 8, and equating the derivative to zero, we obtain at the point

t=T . .
0C(H
/ s~ dB§2) — &/ <()s_20‘ — 01@) ds =0,
0 0 02 02

T T

C(H

/ s ap® _ g3 S p1-2a 501 / Ui (T, s)tbs ds = 0.
0 g2 02 Jo

or

This implies another estimate for the parameter 6:

ood [i 57 dBY + o1 [ L (T, s)ibs ds

52 =
Cg’) Bl T1—2a

(6.3.38)

Now we substitute the expression (6.3.31) for the function t; into rela-
tion (6.3.38) and obtain with C(H,1) = C®) B, that

~o . B 09
9T =0 C(H, 1)T172a

T T
/ 1 (T, s)gs ds—&/ s~*dB®?
0 0

Recall that & [} s~ dB = [\ 1;(T,s) dBH2.
Further,

T T T
/ ZH(T,s)gasds—/ ZH(T,s)dBf’Z:f/ (T, s)dB.
0 0 0

So, the second estimate of the parameter 6 is given by

T
02.=0 L/ 1u(T, s) dBY
T + C(H,l)Tl_ga o H( 33) s

or
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0'262 fOT S_a dés
CH1) T2

02 =0+ (6.3.39)
where B, is some Wiener process. The strong consistency of the estimate 5%
is also clear. R R

Now we compare the estimates 6} and 6%. First we compute the vari-
ances of the remainder terms in formulae (6.3.36) and (6.3.39) and compare

o?T~1 and o3C(H, 1)_2T2"_1 Since H € (4,1), it is obvious that there

exists a number N such that oiT~! < 03C(H, 1) 27201 for all T > N. It
means that the variance of the deviation between the estimate 51 and true
value is smaller than that of the corresponding deviation between the estimate
9% and the true value. It this sense, the estimate 9% is better than 92

Local Asymptotic Normality and Asymptotic Efﬁc1ency of the
Estimate of the Drift Parameter in a Linear Brownian Diffusion
Model

Consider (only for comparison with the fractional case, see below) a pure
linear Brownian model

1 1
dXta = WQXt dt+ cXy dBy, Xi—g = Xo, c € R\ {O}, te [O,T], GRS (271:| .

Put © = (0, 00) and let § € ©. According to Definition 2.1 (IK81), a family
of measures Py(t) has the property of local asymptotic normality (LAN) at
the point § € © as t — oo, if

dPyy at,0)u(t)

Zte( ) dPg()

= exp {U&tﬂ — %UZ + C-t(u, 9)} (6340)

for some function A(¢,6) and any number u € R, where &9 = N(0,1) as

t — oo with respect to the measure Py(t), and (:(u,0) Fet) 0, t — oo, for

all numbers v € R. We say in this case that the LAN property holds for the
family of measures Py(t) as t — oo at the point 6.

Theorem 6.3.7. The LAN property holds for the family of measures Py(t)
as t — oo at any point 0 € O.

Proof. We change the probability measure Py(t), which corresponds to the
process X! for the measure Py(t). Then the drift §X; dt disappears and we
obtain

t
X$=X0+c/ X%dB;,
0

where B; = By + t0/(cTP) is a Wiener process w.r.t. the measure P(t).

Consider the likelihood ratio corresponding to this change of measure with
s =0/(cTP):
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dPy(t) /t 0 ~ 1 /t 62
= ——dBs — = ———d
dP,(t) P, TP 2 Jy (P2

B 0 5 1 0
B Y Pr P

Now we consider the linear model with a parameter 6 shifted by A(t)u.
The likelihood ratio for such a change of measure is of the form

Poettnl) _ ey {1500+ AWWB. ~ s 0+ A )
and
dPyyacop(®) _ dPoragon(t) (d%(t))‘l
dPy(t) dPy(t) dPy(t)
= exp {071_'[3(9 + A(t)u)ét — %Tlﬁ)Q(e + A(t)U)Zt — CTiﬁEt - ;(C;i'ﬁ)Zt}

uA(t) 5 1 , A%(t) A(t)ub
eXp{ a5 Ot 3 et (cTﬁ)Qt}'

Set A(t) := ¢T'®/y/t. Then

dPp a(t,0)u(t) { B, 1, u9\/{€}

dB(t)  OPY\YE T 2% T ers
Since B, /vt = N(0,1) under both the measures Py(t) and Py(t) and, in
addition, ufv/t/(cI”) — 0ast — oo for T >t and a > 1, the above definition

implies the LAN property for the family Py(t) as ¢t — oo and at any point
0e€o. O

Consider now the asymptotic efficiency of the estimate of parameter 6.
According to definition (11.3), introduced in the monograph (IK81), an esti-
mate {6;,t > 0} of a parameter ¢ is asymptotically efficient under the LAN
property for the cost function w(A~1(t,0)x) at the point 6 if

lim lim sup FEp,pw (A_l(t7 0)(6; — 0")) = Ew(N(0,1)).
0—0%—00 |g/—0|<$5

Let w € W, where W is the class of functions defined on © and satisfying the
conditions:

1) w(u) > 0, w(0) = 0, w is a Borel function, continuous at zero and not
identically zero;

2) w(u) = w(-u),

3) the set {u: w(u) < ¢} is convex for any ¢ > 0.
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Further we consider the cost function w (A~'(t,0)z) € W), where W, C W
is the class of functions of W that have a dominant polynomial.

Consider the maximum likelihood estimate of the parameter 6 in a linear
Brownian model

~ TP e’ 1 e’
p=—B =— | Bi+ —0t| =0+ —B,.
tttt<t+cTﬂ> T

To prove the asymptotic efficiency of the estimate 5,5 we use Theorem 1.3
of Chapter III from (IK81). According to this theorem, the estimate 6; is as-

ymptotically efficient in the sense mentioned above if the following conditions

hold:

(a)  limy_oo A7Y(t,00)A(t,01) = B(6;,602) exists, the convergence is uniform
in §; € © and B(01,6,) is continuous in 6;;

(b)  ¢(0) := A~1(t,0)(8, — ) = N(0,1) uniformly in §; € O as t — oo with
respect to the measure Py(t);

(c) forany N > 0 random variables |A71(¢, 0)(0, —0)|V, are Py(t)-integrable
for any 6 € © uniformly in ¢ > to(N).

cT?
Vit

Condition (a) holds in our case because A(t) = does not depend on

6. Now we check condition (b):
~ NI 1
0)=A"1(t60)(0,—0) = ——B, = B,—
G (0) (t,0)(6; — 0) 5 Bt NG
under both the measures Py(t) and Py(t). Condition (¢) now is evident. Thus
the estimate 6, is asymptotically efficient as ¢t — oc.

Local Asymptotic Normality and Asymptotic Efficiency of the
Estimate of the Drift Parameter in a Linear Fractional Brownian
Diffusion Model

Now consider a pure linear fractional Brownian model

= N(0,1)

1
dX, = ﬁe)gdt+XtdBtH,Xt:0 = Xo,0 €0, [0,T),8€ (1 H,1].

It will be clear later that in this model it is sufficient to consider
06 € (1 —H, %) Now ¢y = 0/T5. Then

~ t t /] 0 Con e
8 [ dus = [ atos) g ds = U )Eb = (0/T) O )
Therefore 8, = T%a fg s~ dB,C(H,1) 12! where
t R t 0 1o
| sdB,=a [ s7°dB,+ —C(H,1)t'"2
a/o s a/o s + 7 (H,1)
In other words,
. TG [ s~ dB,
5=+ L 0Jgs "B
C(H, )2
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Theorem 6.3.8. The LAN property holds for the family Py(t) as t — oo at
any point 6 € ©.

Proof. We change the probability measure Py(t) for the measure Py(t). As a
result, the drift 6 X; dt disappears. The corresponding likelihood ratio is given
by

0C(H,Da [* ., = 1 2,1-2a

Now we consider the linear model with parameter 6 shifted by A(t)u and
denote for simplicity K = C'(H).

Ppyawyu(t) O+ADWK 1, .5
7dP0(t) = exp {7Tﬁ /0 s *dBs
1 t1—20¢
— 5 (0 + AWK }

The likelihood ratio for this model is of the form

APy awoyu(t) _ dPoraoy(t) (dPp(t)\ ™
dPy(t) dPy(t) dPo(t)

K t PN 1 K t172a K t172a

Set A(t) := TPa/Kt'~H. Then the likelihood ratio obtains the form

APy a@o(t) _ exp {~ Jos™@dBs 1, ueKtlH}

APy (1) REETE T3a
Since . .
sT*dB;
a% = N(0,1)
and
wfK1—H

Tha — 0 ast— oo,

the LAN property holds for the family Py(¢) as t — oo at any point € ©. O

Now we check the asymptotic efficiency of the estimate @g Consider con-
ditions (a)-(c). Two of them, (a) and (c), are evident. To check (b) we use the
following relations:

C(H)'=H TP [T s~ dB,

G(0) = A7} .0)0: — 6) = —5— o Ty
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( fg s_"“st) o
=—r = N(0,1).

Therefore, the estimate 9At of the parameter 6 is asymptotically efficient as
t — o0.

Remark 6.3.9. The maximum likelihood estimators for the drift coefficient in
the stochastic differential equations involving fBm were considered also in the
paper (TV03), the estimate of the diffusion coefficient for diffusion driven by
fBm is contained in the paper (LL0O).



A

Mandelbrot—van Ness Representation: Some
Related Calculations

Now we calculate the constant that appeared in the Mandelbrot—van Ness
representation of fBm (see Section 1.3, Theorem 1.3.1).

Lemma A.0.1. The following equalities hold:

-1 . 1/2
c® .- (/R (14 8)* — 5%)2ds + 1) _ QHsnrHIQH)) 7

2H r'(l1+a)

Proof. Recall that the constant Cg) is chosen to normalize the fBm
Bl =C? [ ky(t,u)dw, =cPra 1 dw,
tEvE L u(t,w)dW, = C'I'(1+ o) R( - (O,t))(x) x

(see Lemma 1.1.3). Therefore, the first equality is evident, since

/R(kH(t,u))zdu = /O ((t —z)® = (—x)%)%dz + /Ot(t —z)%dx

— 00

=21 </O<><>((1 +8)* — 5%)%ds + 2;{)

We obtain the second equality if we note that

[ e @it = o= [ (Fueren@) a

and according to Theorem 1.1.5
~ — —a Tl .
FI210,0)@)(N) = T (VIA ™ exp { T sign A}

it)\_l T
= B |)\|_°‘exp{%sign)\}.
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Therefore,

1 .
/(131(0 o)(@)2de = 7/ [ — 112|020 -2)
R ’ 27 Jr

= 1
- (1= costA)?|A|**72dA + — / sin® tA[A| 7272 d)
27 Jr 27 Jr

1 [% (1 —cost))? 1 [ sin®tA
- ;/o \2o+2 A+ ;/0 A20+2 dA

_pen 1/°°<1—C°SA)2dA+1 TeEA N e
T Jo \2ot2 7w Jo A2et2 2HsinmHI'(2H)’

whence the proof follows.



B

Approximation of Beta Integrals
and Estimation of Kernels

These results were obtained by E.Valkeila (KMV05).
Lemma B.0.1. Assume that —1 < § <0, 8> —1 andn > 2. Then for 3 >0

|I(6a/6) 7171(5a6)| < Cl(d’ﬂ)n*&*17 (BOl)
and with —1 < 8 < 0 we have
|I(Oévﬁ) - In(§a ﬂ)| S 02(57 6)niaiﬁil (B02)
(for the value of the constants, see the proof).

Proof. We start the proof with

1(5,8) = 1.(6,8) = /0; s°(1—s)Pds —n=0"!

n—2 kil s 8
+;/ (s‘s(l—s)‘*—(k::l) <1—:)>ds

1
—|—/ s°(1—s)Pds —n P71,
1—1

We work first with the integral on (0,1/n). We have

1 1
/ (1 —s)lds—n0"t = / / (3‘5 - n_‘s) ds
0 0

+/0H s ((1 —5)f - 1) ds; (B.0.3)

here
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if 3> 0, then

1
|/ 1—5 71)d5|§/ s°ds
0

and if 3 < 0 and s < 1/n, then 0 < (1—5)” —1 < 277 —1. Use these estimates
in (B.0.3) to obtain

|/ 01— s)Pds —n=°71 < Cy(6, B)n 0L,

(B.0.4)
Next, we work with the integral on (1 — 1/n,1). We have
1 1
/ s°(1 — s)Pds —n=P71 / ((1 — )7 — n_ﬁ) ds
1—1 1—1
1
+/ (1- s)ﬁ (35 —1)ds,
-5
and this gives
’/ 51 —s)Pds —n P~ 1‘ < W'ﬁ Al 970 =AL (B.0.5)

We continue with the middle term. We have

([ e (5 (-

n n

S () e
+i<[f+ <k21>6<(1_8)6_<1—§>6> ds>. (B.0.6)

The first term on the right-hand side of (B.0.6) is always positive, when § < 0
We use the estimate

—((k+1) /n)" < (k/n)” = ((k+1) /n)’ .

If >0, then (1 —s)? <1 and so for the first term on the right-hand side of
(B.0.6) we obtain

M !

(k+1)/n
(/km (86 —((k+1) /n)6> (1-s)° ds)
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n—2
<n 'Y (k‘5 ~(k+ 1)5) <n=1, (B.0.7)
k=1
If 8 <0 then
(k+1)/n 1
5 3\ (1 _ 6\ ds < 5-p-1(1.6
/k/n (5 ((k+1)/n) )(1 s)Pds < 1+6n (k

~(k+ 1)5) ((n B S oy 1))5“) < p=8-A-1 (k:5 — (k+ 1)5) :

and this gives the estimate

0=y ( [ e - s)‘*ds> <0 (B0S)
k=1 \’k/n

Finally, the second part of the middle term is
n—2 (k+1)/n 5
Jo=Y / (k1) /) (1= 5)° = (L= k/m)") ds )
k=1 \/k/n
If 3 > 0, then with calculations similar to above
[T <0707, (B.0.9)
and if 8 < 0, then
1
|| < —Bzﬂn—“—ﬁ—l. (B.0.10)

Combining the bounds (B.0.3)—(B.0.7) and (B.0.9) we get C1(d, ), and com-
bining the bounds (B.0.3)-(B.0.6), (B.0.8) and (B.0.10) we get C3(5,3). O

Lemma B.0.2. Put
H ._ﬂ§<<k+1>1/4—H (1_k>3/4—H <<k+1>2H_<k)2H>
L n n n n
k=0
1\ H-3/4 3/4—H
—215{(1‘“r ) (1—k> l).
n n n

|H,| < Cp~min(L3+) (B.0.11)

Then

Proof. The proof of Lemma B.0.2 is similar to Lemma B.0.1. 0O

The proof of the following lemma is obvious.
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Lemma B.0.3. Consider the expression

Uy (H) = *Z <<k+1> ) (z>2H>2

_ C

Then

(B.0.12)
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